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Topics in Gvroscopic Motion 


By H. PORITSKY,'! SCHENECTADY, N.Y. 


After a brief review of the fundamental kinetic equations 
of gyroscope motion, the following topics are considered: 
(a) The erection of an electrically driven gyroscope when 
an electrical torque is applied. (b) The effect of in- 
equality of the principal moments of inertia normal to 
the spin axis, on gyroscope motion. (c) The effect of 
inertia of the gimbals on motion of the gyroscope. 


1 INrROpUCTION 


EVIEWING briefly the kinematic and dynamical concepts 
which are fundamental for the study of motion of a gyro- 
scope (and of rigid bodies generally with 
pertect alignment and balance will be considered. Fig. 1 shows 
schematically a gyroscope rotor Ry and the inner and outer gim- 
bals Mt, Ry by means of which R, is suspended in a fixed reference 
<vstem Ry. Here A; is the spin axis of Ry, ay the angle of rotation 
about 1, of Ry relative to Ry; Ae is the axis of rotation of FR, rela- 
tive to Ry and as is the angle of rotation of Ry about As; Ay is the 
axis of rotation of Ry relative to the fixed reference frame Ry, and 
a@, the angle of rotation of Ry about this axis, 

The assumption of perfeet alignment implies that the axes 1), 
AL, Ay interseet at a common point O, and that the axis A, is por- 
pendicular both to Ay and Ay. In Fig. 1 these axes are shown 
in What might be called ‘the initial position’? for which each angle 
a@, vanishes, A), Lo, 4) are mutually perpendicular and coincide, 
respectively, with fixed rectangular co-ordinate axes Zz, ¥, 2. In 
Fig. 2 are shown on a unit sphere S with center at O the intersee- 
tion with S of these axes as well as Ag after proper rotations 
through angles ay have been carried out. For ease of visualiza- 
tion, Ry, Re, Ry are indicated in Fig. 2 by means of heavy line 
quadrants of great circles, 

In addition to the fined (2, y, 2)-"Xes, it Is convenient to intro- 
duce several other co-ordinate systems, namely, systems fixed 
relative to Rs, Rs, Ry, with subseripts 3, 2, 1, respectively, and 
initially coincident with the (xr, y, z)-svstem: also unit vectors 
along these axes, i,j, ki are introduced, Some of these 
unit vectors are shown on the unit sphere with center at O in Pig 
2. The relations between the eo-ordinates or the unit) vectors 
for each =Vstem and those of other sVstems are deduced readily by 
inspection of Pig. 2 Thus, since the vectors i, j, are obtained 
by rotating the vectors i, j about the A, axis through an angle @ 


there follows from Fig. 2 


= i cos a; 4 j js isin 4 j cos ay, ky = k. [1] 
Similarly, the relations between any two sets of unit vectors ean 
be written down by inspection from Fig. 2 and by manipulating 
the resulting equations. The relations between the correspond- 
ing co-ordinates are of the same form, with the respective eo- 
ordinates replacing the unit vectors. 
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hig. Gynoscore ano Gimpat Rinas 


hig. 20 xration of Gyroseore AND GIMBALS 
on A 


Since R&R, is a rigid body, its (true) velocities (that is, the veloci- 
ties relative to fixed Newtonian svstem the [2, y, 2]-system 
or the Ry system) can be specified at any instant by means of a 
rotation vector w. By applying the law of relative velocities, 
this vector w may be represented us a sum of three rotation vee- 
tors@, = = representing, respectively, the 
rotations of RR, relative to Ry, of Ry relative to Ry, of Ty relative 
to Ry The traces of these vectors on S are also indicated in Pig 
2. By resolving ky along i, ky one obtains 

@ = G + Gy + Oy 
= + ojo + Cok (2) 


Ob + ap tT Qt; COS 
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the subscripts 22, ye, 22 denoting components relative to the 
Rsystem of axes, The motion of the systems is similarly 
represented by the rotation vectors Gi + dy, @s. 

To pass from the fixed system [ty to the gyro rotor Ry, starting 
from the initial position where a; = 0, one carries out the ro- 
tations in the order ay, Qt, 

The angles a;, Q2, ag, though introduced in the foregoing by 
means of gimbal rings and their relative rotations, may, of course, 
be used in absence of gimbals as convenient variables to describe 
the (rotational) motion of a general rigid body with a fixed point 
O. ‘These angles are different from but closely related to the 
commonly used Kuler angles y, 9, ¢. 

Turning to dynamical considerations, it will be assumed that 
the rotor Ry is balanced. This implies now not only that its 
center of mass (gravity) is on the axis of spin A; (this is also the 
z,-uXis), but also that it lies at O. Hence A, is one of the prin- 
cipal axes of inertia of R, through O. The moment of inertia of 
R, about A, is denoted by 7. It is further assumed at first that 
J, K, the other two principal moments of inertia of Ry about the 
two principal axes of inertia through O normal to A,, are equal to 
each other, These axes can then be chosen as any two mutually 
perpendicular axes, normal to the zy-axis, such as the 
fixed in Ay or as the ys, 2-axes fixed in Ry If J #4 AK, then only 
a fixed set of axes in Ry can be used as principal axes, and these 
will be chosen as the 

If the inertia of the gimbals is negligible, then the motion of the 
can be derived from the yveetor equation 


= © [33] 
dt 


where M is the moment of momentum vector of Ry about O, and 
QO is the net veetor torque representing the sum of the vector mo- 
ments about O of the external forees acting on Ry! Here M may 
be expressed in either of the forms 


M = J ani + ji 4 Wer k;) 
M = lwni: 4 K( wy» je + Wer ke) [5] 


where Wr, @yi, Wa are the components of @ along the axes of R; 
and Wr, Wy, We, asin Mquation [2], its components along the axes 
of Ry. Since Ry, Re (and Ry) rotate, the several vectors ji, 
ke (also iy, ja, ky. . ) vary with time, and this fact of course must 
be taken into account in carrying out the time differentiations. 
The (vector) velocity of each of these unit veetors may be found 
by inspeetion from Fig. 2 or from the vector produet of the proper 
rotation veetor by the unit vector in question. Using the /)- 
components one obtains from Mquation [3] the Euler differential 
equations 

Tan = Qa 

K oy + 

Kon — (1 


=Qy f.... 
= On 


where the right-hand members are the components of torque 
Similarly, using .-components, 


K 


K jw, 


along (about) the axes of PR). 
there results 
= 
+ + 


A Wy Wy = 
kK Wy: = Qe 

? The reason for this retrograde notation is due to the fact that in 
some problems the reference system A, is itself not fixed, but moves 
relative to a fixed system. This happens, for instance, when FR, is 
an airplane executing a loop or a turn, or when /¢4 “‘stands still,’’ that 
is, partakes of the rotation of the earth. It is then necessary to add 
further co-ordinate systems, and one resorts to i, .., 74, .., While re- 
serving x, v, 2 for the truly fixed Newtonian system co-ordinates. 

’ The contribution to M of a force F acting at P is the vector 


product FX OP. 
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The appearance of the d-terms is due to the fact that while @ is 
the rotation vector of R,, the Re-system has a different rotation 
vector, namely @ 

Expressing @22, @yz, We in terms of a), Q2, @; one obtains from 


Equation 


K 
dt 


K (a 
dt 


sin As) = Qa 


/ (ay 
dt 


+ COS 


+ K) (a, SIN Ay) Gy COS = 


Com a Qe a, = Qa 


Alternatively, the equations of motion may be derived by start- 
ing with the kinetic energy of Ry, say, in the form 


T = = + K{ + 


[9] 


expressing @,.,... in terms of a,, and applying Lagrange’s equa- 


tions. Utilizing Equation [2], there results 


d 
(ay ay 
dt 


sin = Qar 


K t+ cos (/ 
dt 


K = Qe (10) 


SIN COS Oy 


K sin® ae Ta sin a) = Qa 


where Qa, are the torques about the axes A; so that 


dW = Qa, day + daz + Qa; lay 


is the work done by the external forees during a displacement 
which increases Q), @, @; by the amounts day, day, das. 

The foregoing equations suffice for Section 2. In Section 3 
where it is no longer assumed that J = A, /quation [4] is modi- 
fied as in Equation [26]. If, as in section 4, the inertias of the 
gimbals, R., Ry must be taken into account, then, to formulate 
the dynamical equations, one must include the moments o! 
momentum Mb», M; of or their kinetic energies 7), 7 
One either resorts to separate moment of momentum relations 
for R,, Iz, Rs, similar to Equation [3] and including the inter- 
action torques in the external torques, or one may add these equa- 
tions vectorially, eliminating the equal and opposite interaction 
torques. In the Lagrange equations the total kinetic energy is 
the (scalar) sum of the energies of R,, R:, and Ry. 

The motion of &; under no torques, consisting of its rotation 
with constant spin velocity s about A; held fixed, is too trivial 
to illustrate the dynamical equations. — A less trivial illustration is 
offered by precession where under the action of a torque Q about 
un axis normal to A,, the direction of A; changes so that the end 
point of i, rotates at a rate p given by 


Q = Isp, = s [12] 


The usefulness of a gyro lies in the fact that with high spin s, 
the changes of the direction of the axis, represented by the pre- 
cession rate p, is small, 

The simple motion of rotation about a fixed (spin) axis is not 
the only possible motion under the action of zero torque. A more 
complicated motion, known as “‘nutation,’’ is possible, and will 
resylt if the rotor R,, while spinning about its axis A), is also given 
an initial component of rotation about an axis normal to the A;- 


— 
\ 
d 
iS) 
| 
d 
dt 
» 
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axis. In this motion the spin axis A, and the instantaneous 
vector w deseribe a circular cone (herpolhode) C in space and a 
circular cone (polhode) Cy relative to R;. This motion is dis- 
cussed by J. L. Synge and B. A. Griffith.4 

For inertialess P., Rs the motion of these gimbals during nuta- 
tion of the rotor 2; is shown in Fig. 3 and may be deseribed on the 
unit sphere as the motion of a spherical three-bar linkage, with 
A; fixed, A, describing a circle or cone C, with uniform velocity, 
where the pole of Cs is along the constant M direction. 


hig. 3) Nevrationan Motion or Gyroscope GIMBALS 


The explicit expressions of a), Q, ay during nutation ‘as fune- 


tions of time are quite complicated. However, for small displace- 
ments of A; from a fixed position and small deviations of a) from 
a constant spin s things simplify. For small values of @ — s, 


G2, ds one may neglect their products in Equations [10] and one 


obtains 

Oy sin = 0 

K @& + 18 cos = 0 113) 
K @ + (1 K sin® ae Ts 


Ta, sin ag = 0 


Neglecting variations in s, sin @, Cos @), one solves Equations [13] 
by putting 
= By, ay = Byer {14] 


s = B, 


where p, B,, B,, Bs are constants, Substituting in Equations 
[13], eliminating B,, B,, By, and neglecting the solution p = 0, 


there results 


1*32/K? = = 18/K 


[15] 


This leads to small sinusoidal variations in a, of (angular) fre- 
queney A = s//K which is constant and independent of a, a 


2) or Roror Sreep anp Reacrion ON GIMBAL 
LINGS 


The condition of constant spin velocity at zero torque is, of 
course, un ideal one. Any gyro rotor must experience torques 
due to friction in its bearings and air drag 


driven gvro the rotor AR, and the gimbal #. form the rotor and 


For an electrically 


stator of a synchronous electrical motor, and constant rotor spin 
is obtained, say, by making it run in synchronism with the stator 
field. The rotor is driven by the electromagnetic torque which 
at synchronism adjusts itself so that it just overcomes friction in 
the bearings and air drag 

When the power is suddenly turned on or off, the torque bal- 
ance existing at steady spin is disturbed, and the rotor experi- 
Synge and B. A, Griffith, 
New York, N. Y., 


Principles of Mechanies,”” by J. L 
second edition, McGraw-Hill Book Conipany, Ine 


1949. 


ences a large torque Qa, which tends to accelerate or decelerate it. 
Similarly, if the applied field varies in frequeney or amplitude, 
the electric torque varies too, and there isa tendency for the rotor 


speed tochange, It will now be shown that if ag # 0, an aceceler- 
ating (electrical) torque Qa, will also cause the spin axis A, to 
precess about A+ so that ay approaches zero 

Let Q, be the net torque which the stator Ry exerts on the rotor 
R,. The component of along Ay, 8 the electrical torque 
(less the frietion torque in the bearing), but Q) may also have 
components normal to A, whieh are transmitted through the 
bearings as a force at one bearing and an equal and opposite force 
at the other one Clearly Ry must experience the reaction torque 

Q, Which is exerted by the rotor Ry on it 
of negligible inertia. Then 

Q, to Ry, and the latter, in turn, must transmit this reaction 

Q, through its bearings on the axis Ay to the outer supporting 
frame Ry. 

While there is some friction in the bearings along each axis Ay, 
This means that only a 


Suppose are 


ean only transmit the torque 


A>, As, this friction is generally small. 
limited torque component ean be transinitted by Ry to Ry along 
the Asaxis, and by Ry to Ry along the Ayaxis. Neglecting fric- 
tion along the A., Ay bearings altogether, it follows that Q, must 
referring to Fig. 2, Q, 


be normal both to As and to Ay, or 


must point along the veetor iy 


Q, Qi, 


Thus while an electrical torque 


[17] 


is exerted by the stator 2d upon the rotor Ry about the Spit aXts 
Aj, the reaction of such a torque cannot be supported by the 
supports ol the stator 

This difficulty 
Ry also exerts on Ry a further torque component such that when 
As will be seen from 


can be overcome by supposing that the stator 


added to Qi; it leads toa net torque along iy 


Figs. 2, 4, the vectors ij, i), ke, ke all lie in plane normal to A 


Q,* tan oO, 
Q 


e 
Pig. 4 Vector Representation of Reaerion 
Torqurs 
Hence the added be directed along k 
given by 
tan ask 
Indeed, addition of the Torques 17}, IS} yields 
+ tan cok 
= ser Oy lip COS 4 sin 1) 


Qe Oe iy Q 


The torque component given by Equation [18], being normal 


to Ay, will produce a precession p, of magnitude 
da tan 
p= 20) 
dt Is 
toward ke This precession is 
For positive Y, it leads 


causing the spin axis A, to move 


just of the tvpe discussed in Seetion | 


: 
A, 
R, 
a, 
R, 
A, 
At+E 
| 
t 
k 
Q=Q,seco, 
| 
| 
= 
| 
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to a decrease in the angle a. toward 0, thus displacing the axis 
A, in Fig. 2 into perpendicularity to the axis Ay. 

We proceed to study the motions in greater detail. Under 
the Torque [18] Equation [8] yields, upon neglecting the terms 
in Gy, Codey 

d 


(a 
dt 


Qe) = Q, 
. (21) 


I = Qe tan 


The second Equation [21] leads to dy = O showing that Ry 
is stationary, and that the precession consists of a rotation about 


the fixed j-axis. The first and third Equations [21] now yield 


d d(sin ay) 


QaAt 


day 
lay, 


[22] 


tan sin 


Thus if Q, is positive and a@ = s is positive, the spin velocity 
will be increasing; day and a» will be of opposite sign so that ay 
approaches the value zero, An accelerating torque (positive 
Q,) will therefore “rectify” the gyro, that is, will chuse ay to up- 
proach zero, bringing the spin axis into perpendicularity to Ag. 
On the other hand, a decelerating torque will cause ae, if the 
latter is initially different from zero, to depart further from it, and 
will thus “‘upset”’ the gyro, swinging the spin axis A; toward Ay. 

Integration of Equations [22] yields 


sin = const [23] 


= 


In particular, if a constant torque Q, is “turned on 
t = Owhen Gy = Gyo, Qe = Qu, there results 


“at the time 


SIN = sin + [25] 
Owing to the neglected terms the solution obtained is not exact. 
This may be explained by means of the vector Min Fig. 5. The 


2,2, 


Moment or Momenroum Variation IN Gyroscope EReerion 
initial M-vector points along the spin axis i, The torque given 
by Equation [18], acting about the fixed a-axis, eauses the end 
point of M to move along a line parallel to the z-axis and thus 
makes the spin axis rotate into parallelism with the z-axis. Such 
a rotation, however, implies a small rotation component about 
the y-axis and involves small torque components about this axis. 

Actually the bearings do possess slight friction. So long as 
the torque Y, exceeds the bearing friction in magnitude, the fore- 
going results essentially apply, since only a limited torque com- 
ponent can be transmitted normally to Ay, However, when the 
torque Q, gets to be of the same order of magnitude as the fric- 
tion torques, then the argument just used no longer applies, since 
the bearings ean then transmit that torque. For small lay) the 
tendeney to exact perpendicularity between A, and Ay-axes is 
resisted by friction — Friction about the A.-gimbals may be relied 
on to supply the small torques about the As-axis whose need was 
indicated previously. 
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The swinging of the spin axis A; into perpendicularity to the 
axis Ay is one of the most noticeable effects produced when the 
power is turned on in starting a gyro. “Upsetting”’ the gyro 
axis is sometimes induced by reversing the applied voltage. 


3.) Roror Unequat Moments or INERTIA 


We shall now consider the effect of dropping the assumption 
J = K which was made in section 1. This is of interest, of 
course, for rotating of bodies which are not solids of rotation 
(for instance, airplane propellers), but also for gyros, since, even 
under balance, the assumption J = A is generally not 
quite satisfied, 

In place of Equation [4] we now start with 


M = + 26) 
for the moment of momentum. 

We consider first uniform precessions, and the torques required 
to produce them, — As in section 1, assume a uniform spin a, = 
s, and suppose that the spin axis A; rotates with a uniform ve- 
locity p about the je-axis, assumed fixed. Eexpressing the rota- 


tion vector (see Equation [2] ) 
[27] 
in the Ry-system 
= si; cos a k; sin 28) 
we obtain from Equation [26] 


M = Isi; + Jp cos aaj; Kp sin axk, 29) 


and, introducing once more [.-vectors 


J+K K 
M = Isis + + cos 2a 


sin 2a;. 


Hence, differentiating 

diz 
dM i, 
dt dt 


K) sin 2a, + K) cos 2ay 


sin 2a 


Replacing a by s, and noting from Fig. 2 that. 
jr, ke) 
= (--pk:, 0, 


one obtains 


dM 
dt 


K) sin 2a, + ps ke 


[--I + (J — K) cos 2a] [33] 
This is the torque Q required to produce the assumed precessional 
motion. 

From Equation [33] it will be noticed that, in addition to the 
steady precessional torque — Isp ke, there are pulsating torque 
components along all three dire ctions is, je, ke of frequency 2s, i.e., 
double the spin frequency, Usually, for large s, the magnitude 
of p is small compared to s, the p?-term may be negleeted in com- 
parison with the other terms, and the variable component of 
dM /dt (and torque Q) is of magnitude (J A ps and rotates 
about the b-axis in direction opposite to the gyro spin, 

The (reaction of this) pulsating torque is exerted on the engine 


4 
—— 
30) 
| 
31] 
M dt 2 
[32] 
3 


and its mountings by two-bladed propellers during banking and 
looping maneuvers of a plane. 

The motion of « solid with three unequal moments of inertia 
under the action of zero torques, is a classical problem whose 
solution may be found in any advanced book on dynamics such 
as references.*%® We shall review this solution briefly. 

Differentiation of Equation [26] and substitution in Equation 
[3] leads for @ = 0 to the general Euler equations 


(K J WyiW: = 0 
Jay + UI — = 0 [34] 
Kon + (J = 0 


Multiplying Equations [34], respectively, by wei, wy), @a, add- 
ing, and integrating, there results the energy integral 


+ Jwy? + Kwan?) = = const [35] 
where 7 is a constant. Next, sinee M is a constant vector Mo, 
the equation 


yields another integral. 
Replace the components of @ by 2) in Equations [35), 
[36]. The former equation yields an ellipsoid 


+ Jy? + Kz? T [37] 
which for 7 1 will be recognized as the ellipsoid of inertia for 
the gvro rotor, Similarly, Equation [36] leads (for unequal J, 
J, K) to an ellipsoid which is different from the ellipsoid of Equa- 
tion [85]. The intersection of the two ellipsoids for various 
M.?/T gives the possible paths Cg of @ in the Riy-space. The 
family of curves Cg is shown on Fig. 6.67 


hig. Posstere or Roration Vecrons in Space 


Consider next the dot product of @ by My (with the same sub- 
stitution of ... in place of 


M + Sy 


Ke, [38] 


From the constancy of the right-hand member of Equation [38] 
it follows that in the fixed space (/i,) the end point of the vector 
® lies on a fixed plane B-B which is normal to the invariant 
veetor Mo. Let Y, Fig. 7, be the point of interseetion of Mo 
with this plane; then from Equation [38] it follows that 


0Q =d = 27/M,y [39] 


From Equations [26], [35] it will be noted that in Ry, with 2, 1, 
Zz, unrestricted, M is the gradient of the function 7T(1, Yi, 21) 


‘Dynamics of Particles and of Rigid, Elastie and Fluid Bodies,” 
by Webster, sections SS 
‘Introduction to Theoretical Physic<.' by L. Page, second edi- 
tion, D. Van Nostrand Company, Inc., New York, N. Y., 1935, sec- 
tion 42 

’ Based on a figure from reference 6, p. 135, 
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M = grad = VT.... ... [40] 


Hence M Ini, + + is normal to the ellipsoid, 
Equation [37], at 2, yi, 21, the end point of @. Therefore the 
ellipsoid, Equation [37],touches the fixed plane B-B at the end 
point of the rotation vector, Since the points of @ sre instan- 
taneously at rest, no slipping can oecur between the ellipsoid 
and the plane B-B at their contaet point P. Henee the motion 
of R, may be described by saying that the ellipsoid which is fined 
in Ri, has its center fixed at O, and rolls without slipping on the 
fixed plane B-B. The body cone C; is the cone joining O to the 
proper curve Ce in Fig. 7. 


5 


big. 7) or Inertia on 


At the ellipsoid rolls without slipping on the fixed plane B-B, 
the contact point P (the end point of @) describes on B-B a plane 
curve Cy from which the space cone C is obtained by joining its 
points to O; the curve Cy is shown as a plane curve in Fig. 7. 
Since no slipping occurs between Cy, Cp, at corresponding points 
which are at the same distance from O 


dsp? = = p? d@? 4 dp?, p? = r? d?, d 27'/Mo. .{Al] 


where dsy, dsg are the elements of length along Cp, Cg, and p, 6 
polar co-ordinates in B-B with the pole p = Oat Q. The curve 
(pg, In general, is not a closed curve. Let Cg be expressed in the 
polar form 


p =f(0) [42] 


with @ 
of Cg; the function f(@) is periodic in 6, of period IL generally 
different from a, and f(@) is symmetric in 0 about @ 0,0 = 
11/2. A complete description of Cp corresponds to an increase 
21 in @ The general shape of Cy is shown in Fig. 8 


= O corresponding to one of the four points of symmetry 


6 =0 


S or Roratton Vecron Exp Pornr on bixen Plane 
To describe the motion in time we recall the analytical solu- 


tion of the equations [34} Their integration is carried out by 
converting one of them into the form (here k is a proper con- 


dt \* 
(1 £2) (1 —- k? 


obtained through elimination of two of the components Wa, 


stunt) 


Wy, Wa by means of Equations [35], [36], and introducing 
7, £ as proper multiples of ¢ and the remaining w-component, 


st 
a 
| | 
is} 
T 
' 
q 
, 
#3 
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The solution of Mquation [43] leads to the elliptic integral of the 
first kind 


dt 


yielding for & the sn-funetion 


& = enr.... {45} 


The other two w-components likewise may be expressed in terms 
of the elliptic funetions en, dn defined by 


cnt = V1 sn*r 
46) 
dnt = Vi k? } 
More explicitly, assuming that 
[47] 
one obtains the following results :* 
Case (a): If 
M? > 
then the solution of Iquations [34] is given by 
= wy Q sant, Wa = Rent {49} 
where, with positive radicals 
rT = p(t bo) 
M2. 2KT 271M? 217 — | 
K) J(l — J) kK) 
(Mt — — J) [50] 
= (J K) (21T M?) | 
J) — 2KT) J 
Case (hb): If 
< 2JT {51} 
then the solution of Mquations [34] is given by 
Wr) Pent, Wy Qsnt, wa = Rdnr..... [52] 


where 2?) Ror ore asin Equation [50] and 
27K 

SS — K) 
(207 — M*)(J — K) 
P= ‘ 

(Il — J) (M? 
(J — K)(2IT 


M?) 


These two cases correspond to the two sets of closed curves in 
Fig. 6 which are separated by the plane curves passing through 
the y-axis. Case (a) corresponds to polhode curves Cg enclosing 
the z)-axis; case (b) to the curves Cg enclosing the 2\-axis. 

For a gyro rotor rotating about the z-axis the convention of 
labeling axes to satisfy Mquatior [47] may contradict the choice 
of x-axis as the spin axis, and a proper permutation of the co- 
ordinates 2, %1, 21 in Equations [47] to [70] may be required. 

To complete the determination of the motion choose the z-axis 
in Figs. 1, 2 along the veetor Mo 


M = M, = Mok. [54] 


® Reference 4, p. 409. 


MARCH, 1953 


Introducing 2.-components in Equations [26] there results 


M = + (Jwy cos Ay - Kou sin ay Ne 


+ (Jwy: sin a + Kay cos a; )ke [55] 
while from Equation [54] there results 
M = Mo (--sin + cos 
Upon equating j-components, there follows 
sin Q@ = [57] 
tana, = J wy: Kw {58} 
and recalling Equation [2] 
Wr. = We = Gy SIN Ae... {59} 
One obtains upon utilizing Equation [57] 
= — . [60] 
Solving for é& from Equations [59], [34] there results 
+ K%w,? 
and upon substituting in Equation [59] and integrating 
t t 
| f + Ken” 
0 0 + 


After expressing t, @2) in terms of wy by means of Equations 
[49] to [53] one obtains an integral which may be expressed in 
terms of elliptic integrals of the first and third kinds. Corre- 
sponding to a complete description of Cg and an increase of® 
4K* in 7 in Equation [49], [53], ay increases by a period 2 II. 

The path of the end point of i: = i: is determined by ag and 
a. This path is generally not a closed curve, and resembles the 
curve Cg in Fig. 8 (except for its being spherical, rather than 
plane). 

With i, determined as in the foregoing, Equation [58] deter- 
mines ay, and this completes the description of the motion of R). 

The description of the motion of 2) just given is based upon the 
choice of the axis As along the invariant direction of M. How- 
ever, once the motion has been so obtained, it can be described 
in terms of the angles a; in Fig. 2 for an arbitrary position of 
As unrelated toM. 9 shows schematically the curve Cy, the 


— 
Patu or Gyroscope Axts ror Unequat Mo- 


MENTS OF [INERTIA 


hia. 9 


path of i, and the gimbals Ry, Rz and angles a», ay both for the 
special choice of axes and for a general choice. This figure 
should be compared with Fig. 3. 


®° K* is used in place of the usual A to avoid confusion with the 
moment of inertia about the 2:-axis. 


A 
Rp 
R, 
R A 
qs 


PORTITSKY 


Of interest also are the loci in R, described by the vector Mo. 
From Equations [49] one obtains for the curve Cy deseribed by 
the end point of M, 


Cy: Ma, = IP dnt, My = —JQsnt, My = KR . [63] 


The curves Cw for Various motions may be plotted in Ry in 
4 manner similar to the curves Cg, and are shown schematically 
in Fig. 10. They lie on a sphere of radius Wo, and may be ob- 
tained from Cy by stretching the ellipsoid in Fig. 6 in the ratios 


£22. 


hic. 10 (left) Posstetne Locr or Fixep 
Momentum Vector Relative To THE 
SPACE R, 


As the motion proceeds the vector given by Equation [63] 
indicates the point of Cy which coincides with the fixed vector 
Mo. To complete the determination of the displacement of 2, a 
rotation about Mb is now effected such that the end point 7? of the 
corresponding @-vector given by Equation [49] is brought into 
the invariant plane B-B in Fig. 7. 

For a gyro rotor with high spin, say, about the z-axis, k? in 
Equation [50] is small, and, neglecting powers of k higher than 
k?, Equations [49] reduce to 


= Pl kK? sin? t/2), @y = —Qsint, = Reostr 


where 7, P, Q, R, p are given by Equations [50], and where Q, 
R are now small compared to P. The same result follows from 
Equations [34] when one neglects @y:, @a in comparison with 
@z;. The curves Cg thus reduce to ellipses, described with a 
period 27 /p and average angular velocity 

Neglecting k*-terms one obtains from the foregoing equations 
the following values and relations 


wn =P, 27 = M = IP, 


p? = Pxl K) (I — J)/JK {65} 

sin = 1, @ = 

ana = KR ant = Jd) 
a, = + P [G8] 


ay = p {69} 


K) (1 --J) 


= ¢ 
JK 


@=p+P=Pf})1 
where bars denote average or mean values. The last relation 
agrees with Equation [15] ford = K. 

A similar treatment is possible for nutations near the K-axis of 
inertia. On the other hand, rotations initially near the J-axis 
are unstable, and their curves Cp, C4 depart widely from the 
neighborhood of the J-axis as the motion proceeds. 


4 INerTIA OF THE GimBaL RINGS 


We shall now include the effect of inertia of the gimbals, re- 


turning, however, to the assumption J = AK. Furthermore, it is 


TOPICS IN GYROSCOPIC MOTION 


assumed that Ry, Rs (as well as are perfectly balanced, so that 
0 is the center of gravity of all the BR, and A,, Ay are prin ipl 
axes of inertia of R,, henee that be, ure its three prince. 
pal axes of inertia, with Jo, Js, Ay the principal moments of inertia 
about the axes, and Ay a principal axis of inertia of Ry with Ay 
“sits thomient of 

As pointed out im section 1, the motions of Ry, Ry, Ry are speci- 


fied bey the rotation vectors 


+ & + [71] 

= + Gh» + + Gye + 


respectively, Introducing the R.-components, adding the sepa- 
rate Mand 7, there results 

M = [lay (1 + 4+ Ky sin + (K+ 

+ (K + Ke + cos cok |72} 


sin @)? + (A J 


+ [Ky + K + Kocos? ay + sin® 


2T = lla 


One is led to the Lagrange equations 


d | 

(ay sin = Qa; 
dirs 
(K + Je) + cos 

dt 74] 

K +1, Ky sin cos ay | 
d 
it (AK + Ke + + (1 K +l, Ky sin? ae 


Tay sin Var | 


Comparing these with Equations [10] it will be noted that the 
first equation has not been changed, while the seeond and third 
equations retain their general form except for certain changes 
in the values of the constant coefficients, namely, the values of 
inertia terms. However, no unique change of inertias enables 
one to pass from Equations [10] to [74] 

Again, comparing with the case studied in the preceeding section 
of negligible Ry, Rs inertias and three uneousal Ry-inertias, it will 
be found that the two cases cannot be reduced one to the other 
by replac ing one set of the inertia constants by another one, 

We consider the case of zero rapopole d torques and zero friction 
torques in the gimbals, Ga, 0. Then M is a constant vector 
in space, and 7 also may be shown to be constant. Unlike the 
case J K and negligible Ry inertios, the mite rals 


M=M, const 75] 


T const |76] 


do not lead to simple equations for the polhode curves (paths of 
@) in the P)-system, due to the facet that Ay is always tied down 
to the fixed axis Ay and Ay is partially tied down to Ay (namely, by 
having A, normalto Ay). The shape of the solutions of quations 
(the polhode curves) in 2) is theretore not independent 
of 

For Qa, = Othe first Equation |74) integrates mito 


ay sin a 77] 


where A is a constant; this shows that ws, is constant. This re- 
lation mav be used to eliminate a) from the second Lage inge 
Mquation which takes on the form (for Qa. = 0) 
da 
(kh Js) IA COS Oy 
dt 
+(K Ko id: sin Gy COs = O 


- 


a 


— 
\ 
7 
Cy 
| 
q 
From Equations [67], [68] it will be seen that 
[ | 
~ 
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and from the third one which integrates (for Qqa = 0) into 


dy ((K + Ky + Ky) + K 


Kz) sin? ay) 


= + Al sin a, . [79] 


where C is a proper constant. 
second-order differential equation for a 
(kK + J: 
(1A cos + (K K,) sin cos ay) (C+ AT sin ay] 
(K + Ke + Ky) + (he K K,) sin® a, 
=0 
A first integral of this is furnished by 


(K + + 21 u2)Flu) = 0 [81] 
where u = sin ay and Fis a proper integral of the second term 


in Mquation [80| 


"UA +(K (C + All 
u = sin F(u) = du 
(K + Ky + Ky) + (12 


[82] 
This integration is expressible in the form 
const + const In r) + const In(u + r) 
where 


K + K, + K; 
r= 
K + Kz 


but the next integration leading to vasa function of time 


7 du 
d= VK +J; 84) 
21 — (0) 


cannot be carried out in terms of elementary functions.” 

A somewhat different set of differential equations is obtained by 
equating the components of the constant vector M in the /- 
system, given by Equation [72], to the right-hand members of the 
first Equation [75]. No loss of generality results from a choice 
ot the fixed axes so that M, = 0, whereupon there follows upon 
reealling Equation [77] 


+ Ky)dy sin ag = TA M, cos 


+ M, sin ay 


(kK t+ = 


M, sin a, 


(K + Ke 4 cos ay = M, cos ay sin ay 


COS 


Multiplying the first equation by sin ay, the third one by cos as, 
and adding, there results 
Kz + Ky) cas? ay) 


= JA sin a, + M,. 


4 Ky) sin? ag + 4 


[S86] 
and this can be identified with Equation [79], showing that 
Co = M,. From Equation [86] and the second Equation [85] 
follows 


Elimination of ay leads to the 


MARCH, 195% 


M, sin ay da; TA sin Q@ + M 


(K +J2)da,  (K + Kz + Ks) + K — sin? a 
{87} 
This integrates into 
M, cos a] 
= Gia:)] 
(K + Jy) 
(88) 


where 


sin a, + M,} da, 
Ga) = 
(K + Ko +Ky) K,) sin® 


As in Equation [82), the integral can be expressed in terms of ele- 
mentary functions. 

Equation [88] vields ay as a function of ay and enables one to 
calculate the path deseribed by the Ay-axis. However, to deter- 
mine the manner in which this path is described in time requires a 
further integration for ¢ derived from Equation [86] or [S5}. 

Steady rotation of R, about a fixed axis A, with stationary Ro, 
R;, is of course, a possible motion even when Rs, Rs possess inertia, 


Tt is represented by 


= s = const i, @ =a 0 
Equation [72] now yields 
M 
and, expressing i: in terms of i, j, k from Fig. 2 
M = /a& cos ay cos a + j sin Cos -k sina 


Under the assumption Wy = Qused above Mquation yields 


a, = 0 42] 


IA cosa, M, = sin a [5] 


z 


and these relutions are verified from Equations [85], [S6] when 
ure equated to zero, 

We consider next small nutations near the steady rotation 
just considered, — For small displacements from a2 = AQ», a, = 0 
Equations [85], [86], [93] vield the linearized differential equa- 
tions 


(AK + J 
[((K + Ke + Ky) + (hh K 


Mia 


Oe = 


‘ 
Ky) sin® " 


= TA cos a (fas Ay 


expressing A in terms of s from Equations [90], [95] there 
results for a2 - Q»), @ exponential solutions e™ leading to (ap- 
proximately) elliptic curves Cy, for the ij-veetor, deseribed with 


(angular) frequeney A, where 


Ae 
(K + J2) (CK + Ke + +1 K 


This frequency depends upon the gimbal and gyro inertias, as 
well as upon the angle ae. Equation [95] agrees with 


15! for vanishing gitnbal inertias, 


L/h 


A Comprehensive Stability Criterion 
for Forced Vibrations 


in Nonlinear Svstems 


This paper deals with the forced vibrations described 
by the differential equation 


ag + cq + = P cos Wt 


wherein & denotes a nonlinear function of g and/or 4. 
It presents a criterion for determining their stability. 
It is shown that under very weak restrictions, which 
equivalently means, for a large variety of cases (including 
all of practical importance) the stability depends on the 
sign of 0g*/o/’ (¢* denoting the maximum value of a(/) with- 
ina period). The motion is stable if this derivative is posi- 
tive; it is unstable if it is negative. 


FORMULATION OF PROBLEM 
HE investigations in this paper pertain to the foreed vibra- 
tions in a so-called quasilinear system, as described by the 
differential equation 


aj + eq + cP(q, = Peos Qt. [1 


where & denotes a nonlinear function of q and/or ¢ of not too 
large numerical value, so that the deviation from linearity is 
within certain limits. Vibrations of this kind have already been 
given considerable attention. 

In many cases one is not so much interested in the steady-state 
periodic solution q(t) itself, but rather in the maximum value 
max(q) q* of that function within a period and in how this 
maximum value q* depends on the frequency & of the driving 
term P cos Qt. The plot of g* versus 2 or 2? is known as a re- 
sponse curve, and the function describing the relation as a re- 
sponse function 

Even for rather simple expressions as, e.g., = pq? 
(uw? being a constant), Equation [1] has no known exact solution. 
One, therefore, must resort to methods of integration which pro- 
vide approximate results. A considerable number of such meth- 
ods have been suggested and are in use.4 The more prominent 
among them are perturbation and iteration methods of various 
tvpes and the averaging methods, for which the so-called Ritz or 

1 Professor of Engineering Mechanics, Stanford University, Stan- 
ford, Calif. 

2 Associate Professor of Mathematies, University of California, 
Berkeley, Calif. 

3 “Non-Linear Vibrations,”” by J. J. Stoker, Interscience Publish- 
ers, Inc., New York, N. Y., 1950. 

Presented at the West Coast Meeting of the Applied Mechanics 
Division, Los Angeles, Calif., Jume 26-28, 1952, of Tuk AMERICAN 
Socrery op MecHanicaL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1953, for publication at a later date. Discussion re- 
ceived after the closing date will be returned 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 


Division, January 25, 1952. 


By K. KLOTTER! ann FE. PINNEY? 


Galerkin method may be quoted as an example.t Levery one of 
these methods may lead to curves for which Fig. | gives two quali- 
tative examples. Once these response curves are established, the 
next concern is to decide whether the motion corresponding to 
any one point on these curves is a stable one or not. By this ex- 
pression we mean, whether a slight disturbance to the motion 
tends to fade away or tends to build up. The intermediate case, 
where a disturbance continues to have the original magnitude, 
may be reckoned among either the stable or the unstable cases, 
as some particular viewpoint may suggest 


‘Nonlinear Vibration Problems Treated by the Averaging 
Method of W. Ritz.” by K. Klotter, Contract N6-onr-251-2, Techni 
cal Report 17, Part I, Part IL, Stanford University, or Proceedings of 
First National Congress for Appled Mechanics, HL, 1941, 
Paper 140, 
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One way toward the answer to this question is to set up a dif- 
ferential equation for a variational quantity 6, in the dependent 
variable q, of small amount, thus allowing linearization, and to 
inspect the long-range behavior of the solution of this linear dif- 
ferential equation. Investigations along this line have been 
carried out for particular cases, especially for the “Dufling equa- 
tion,” when ® = The differential equation for the varia- 
tional quantity 6, in this case, is a Mathieu equation, and the 
behavior of its solution as ‘to stability is well known; it is fully 
described by the so-called Ince-Strutt chart. 

This method, which up to the present time has been applied 
to special cases only allows considerable generalizations. © even 
the generalizations of this method, however, are confined to cer- 
tain classes of nonlinearities P(q, g). So far no general rule or 
criterion hus been offered which would allow one to determine 
the stability of the motion from a comprehensive point of view. 
It is the purpose of the present paper to tender a criterion which 
has a wide range of applicability.® 


Tue Crirerion 


In the response diagrams of many special cases, for which Fig. 
1] shows the prototype, we can distinguish three regions, denoted 
by I, IT, and III, respectively. In regions I and IIT the sequence 
of the individual curves in the family of curves is such that, for 
a fixed value of Q, q* increases as the parameter P increases, 
whereas in region IT, g* decreases as P? increases. In other words, 
Regions IT and TIT are characterized by 0g*/0P > 0, region IT by 
0q*/0P <0. In all special cases, which have been investigated, 
regions I and IIT contain the representative points of a stable 
motion, whereas region IT contains the points representing an 
unstable motion, 

From these special eases one may derive the conjecture that 


ol’ 


will be a very general stability criterion. 

In the next two sections we will prove that the conjecture holds 
true under very weak restrictions and we will establish and dis- 
cuss the conditions of its validity. 

DERIVATION OF “SIGNIFICANT EQUATION” 
We rewrite Equation [1] by dividing it by the factor a of @ 


== + + G) — pcos Qt = 0. 


making use of the abbreviations 


and {4) 
a 


Under the assumption that the driving frequeney Q does not 
differ too much from « (the natural frequency of the linearized 
system), we may adopt the procedure known in the literature on 
nonlinear systems as the method of Kryloff-Bogoliuboff.’ 

The procedure starts out with giving the funetion q(t) the form 


q = Q(t) cos [xt + [5] 


® See footnote 3, p. 213, et seq. 

* For more specific systems, investigations leading to similar re- 
sults are included in the following: “On Simple Harmonie Vibra- 
tions of a System With Non-Linear Characteristics,’ by F. John, 
Studies in Nonlinear Vibration Theory, Institute for Mathematics 
and Mechanics, New York University, New York, N. Y., 1946. 

7 “Introduction to Non-Linear Mechanies,"’ by N. Kryloff and N. 
Bogoliuboff. Translated by 8. Lefschetz, Princeton University Press, 
Princeton, N. J., 1949. 
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or, denoting 
xt + = x(t) 
equivalently 
q = Q(t) cos rf 
Assuming 
Q cos = 0 
the first and second derivatives of q become 


= —KQsingz.... 
and 


Q sin K°Q cos — cosz 
respectively. Inserting q into Equation [3] and dividing by x 
we obtain the first equation of the following set, the second being 
identical with Equation [6] 

) 


4) sin z — @Q cos + KP(q, = cos Qt 


Q cosz— ¢Q sinz =0 


) 


Multiplying these equations first by —sin x and cos z, respec- 
tively second by cos z and sin z, and adding, we obtain in turn 


Q = sin x — cos Qt sin x 

{10} 
K 


Qe = KP(q, cos — cos Qt cos z 
In view of the assumptions made (# and p sufficiently small) Q 
and ¢ are small, meaning that Q(t) and ¢(t) are slowly varying 
functions of time. 
Now we introduce a new argument into the trigonometric func- 
tions by putting 
= o(t) + (kK —Q).. 
then 
Qt = g(t) + Kt — V(t) = x(t) — H(t)... [1b] 


After denoting 


Equations [10] become 


KP sin — psin z (cos zcos 3 + sinzsind) | 
= K*P cos — pcos x (cos cos + sin rsin 
+ 


{12} 


It was noted previously that both Q and ¢ are slowly varying 
functions of time; the same remark applies to J, if A< 1. 

According to the general procedure of the adopted method, 
we now derive the average value of both Q and jj, denoted by Q 
and #, by integrating over a period of sin z and cos z and divid- 
ing by the length of the period. Thus we obtain 


.. [13] 


| 


[5a] 
{5b} 
Q 
kK 
} 
| 2 2r 
| #(q, sin — sin 3 
2r Jo 2 


Introducing the abbreviations 


P 
Ma] 
A* c 
and 
1 "2s 
S(Q) = Pq, dz 
2r 


C(Q) = cos x dx 
2r 0 


Equations [13] may be written 


.< 
Q = S(Q) — sin J 
K 2 


| 


These equations, the result of applying the Kryloff-Bogoliuboff 
procedure, are the starting point for a new line of reasoning. In 


vQ = C(Q) — cos + QA 
K 2 


the steady state 


Q=0, [16a] 


the constant values of Q and & being denoted by 


Q=Q, [166] 


Therefore the quantities with subseript zero satisfy the pair of 


relations 


S(Qo) = » Sin v 


[17] 


Ss 
QA + C(Q) = cos 


~ 


from which follows 


2 
(2) = + [C(Q.) + QA]? 
i {18} 
S (Qo) 
+ Qod 


tun 


The quantities Q and 3 themselves may now be expressed by their 
mean values Q) and J) and the deviations & and n 


[19] 


ntial equations 


By Equations & and satisfy the differe 


s 
E/k = & d 


Qon/K = ELC'(Qo) + Al 4 = n sin Jy 


These are two simultaneous linear differential equations of first 


order with constant coefficients. They can be integrated by 


adopting the familiar procedure assuming 


t=Ae, = Be*.... (21) 


A and B, then, have to satisfy the pair of homogeneous algebraic 


equations 


h 
A S’'(Qo) | + B— cos JB) = 0 
2 


—A + A] + B “in 
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which are compatible only if the determinant of their coefficients 
vanishes. This condition, by making use of the first of Equations 
[17], leads to the quadratic equation tor Aw 


Qo S(Qo) 4+ QS'(Qo) | + S(QoIS"(Qo) 
K 


+ + Al (Qod + C(Qo)] = 0. . [23] 


By differentiating the first Equation [1S] we obtain 


= SS’ + (C + + A) 


h ) 
IS(Qo 4 = 0..[2 
(")o € LS(Qo) + QoS '(Qo)| dt (24) 


Solving the quadratic equation we finally arrive at 


= IS(Qo) + 
20) | 


| ds | 


an equation which we are going to call the “significant equation” 
because it contains the information regarding the stability, as 
will become clear from the discussion in the next section, 


Discussion OF SIGNIFICANT EQuaATION 


The motion q(t) is stable, if the deviations & and 9, deseribed 
by Equations [19] and satisfying the set of differential Equations 
[20], do not tend to grow as time goes on; it is unstable, if they 
do. This means that the motion is stable if Re (h/«) < 0 and it is 
unstable if Re (h/a) > O. (We include the stationary oscillatory 
behavior of € and 9 in the stable range.) From Equation [25] 
one concludes, therefore, that 


+ together with (ds) > O | 26a] 
insures stability 


S(Qo) + QS(Q 0 together with (ds)/(dQe) [26h] 


insures instability, whereas 


+ > 0 


insures instability irrespective of the sign of (ds)/(dQy). 8 being 
proportional to (equation [I4a}), and being the maximum 
value q* of q(t) in the notation of the first two sections, the 
sign of (ds)/(dQ,) is the same as that of og*/OP in the former 
hotation 

The result means that the enterion, as formulated in the second 
section, holds true provided that 


B [S(Qo) + QS(Q,)] < 0.. .. 


Then, the sign of (ds) /(dQ») or equivalently og*/OP decides on 
the stability. Incase S(Qo) 4+ Go > O the criterion 
is not valid; the vibration, then, is unstable whatever the sign of 
may be. 

It remains, now, to be shown that in all cases which we had in 
mind when speaking of the response curves in the first two sec- 
tions, the expression B in Equation [27] is not positive, so that 
in those cases, the criterion is valid 


| 
| 
i 
8 2 
| 
(15) and therefore Equation |23] may be written as follows a 
: 
i 
( 
[25] 
| 
= 
= 
¢ 
A 
a. 
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We assume that the nonlinear term ® (q, q) in Equation [1] or 
[3] is composed of two constituents, each depending on q or q¢ 
alone 


where g(q) (having the dimension of q) and f(q) (having the dimen- 
sion of q) denote any (linear or nonlinear) single-valued functions 
of their respective arguments. This applies to systems where the 
restoring force depends merely on the displacement, the damp- 
ing force merely on the velocity. 

Considering Equations [5b} and [7] we find from the first 
equation of [145] 


op 
2rS(Qo) = g(-—KQo sin z) + f(Qo cos sin r dx 
0 
[29] 


The second part of the integral vanishes identically, because 


2e 
cos x) sin = — S(Qo cos d (cos x) = 0 
0 0 


[29a] 


for any single-valued function f. As to the function g(q) we are 
going to specify that g be either zero or an odd function of g, such 
that 


> 0 for > 0 
< O for g <0 


(as e.g., for an actual damping force) and be either continuous 
throughout or discontinuous atg = 0. In case g is continuous g(0) 
is zero, of course. 

With these specifications the expression for S(Qo) becomes 


2D 
- sin x) sin rdr...... {30} 
0 


S(Qo) = 


and, therefore 
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2D 
S'(Qo) = — q'(kQ> sin x) (1 cos? r) dx... [31] 
0 


After splitting the second integral into two terms, applying inte- 
gration by parts to the second term and inserting the results into 
the expression for B (Equation [27]), we end with 


2D 2 
- sin dr + g (+0) ].. [32] 
K 0 


As B has to be either zero or negative, if the criterion is to be 
valid, one realizes that all depends on the sign of the derivative 
g'(q). In case this derivative is either zero or positive through- 
out (as e.g., for g = const with g’ = Oorg = q¢ + vq withg’ = 
1 + 3vq?, ete.) the expression B will not be positive, and the 
criterion is valid. In case q’ is negative in parts of the interval of 
integration, there will be a limit for Qo beyond which the criterion 
ceases to be valid. This limit is determined by 


B= 


9 
ra sinr) dr = —g+0 [33] 

0 KQo 

Take, the example 
= — with g’(g) = 1 — [34a] 
From Equation [33] the limit for Qo is determined by 
2 

vKQo = [34d] 


We do not intend to elaborate on other systems than those 
described by Equation [28]. Whenever other nonlinearities 
arise a discussion of Equation [27] will give the necessary in- 
formation. 
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Rails on Elastic Foundations Under the 


Influence of High-Speed Traveling Loads 


By H. FE. CRINER® ano G 


This paper presents an electric-analog-computer tech- 
nique for the analysis of beams on elastic foundations that 
are subjected to traveling loads. This method is applica- 
ble to the study of such conditions as nonuniform beams, 
load magnitude and velocity variations, and such nonlinear 
conditions as the beam leaving contact with the founda- 
tion for upward deflections. A general set of dimension- 
less solutions is presented for the specific case of a point 
load of constant magnitude and velocity traveling over an 
infinite uniform linear track beam. These show high 
values of deflection and moment for a rather narrow range 
of velocity above and below the critical velocities producing 
peak disturbances. It was found that quite high accelera- 
tions are required to produce significantly less disturb- 
ance than in the constant velocity case. A range of non- 
linear track-bouncing conditions was studied in connec- 
tion with a specific design problem. For none of these 
cases could more severe conditions be produced than indi- 
cated by the linear solutions. 


INTRODUCTION 


N project SNORT the Naval Ordnance Test Station, Invokern, 
is planning a high-speed test track capable of carrying rela- 
tively high carriage loads at very high speeds. 

For the design of such tracks, dvnamie loading considerations 
are of considerable importance, Therefore the problem Was 
undertaken of calculating the motion and stresses for various 
designs of track beams imbedded in the earth and under the ac- 
tion of vertical loads traveling at various velocities. The results 
obtained are considered to be sufficiently comprehensive to be of 
general interest and have been prepared in dimensionless form 
suitable for general applications, 

If calculations are restricted to the steady-state solution for a 
track of uniform characteristics under the action of a constant 
loading traveling at a fixed speed, the problem may be reduced 
to the solution of an ordinary differential equation by choice of a 
space co-ordinate system moving with the load. A few such 
solutions were obtained by numerical methods for the completely 
linear case. However, the time required for « sufficient number 
of even the simpler cases was estimated to be so long that this 
method was considered impracticable. Furthermore, it was de- 
sired to consider the effect of carriage acceleration and certain 
types of discontinuities in the track. Thus the problem had to 
be solved as a distributed constants system represented by a par- 
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tial differential equation. Also, certain nonlinear cases were to be 
analyzed all of which made the direct eleetrical-mechanical anal- 
ogy methods, used on the California Institute of Technology 
electric analog computer, seem Most attractive, 

Upon first consideration, however, there appeared to be one 
important difficulty in the application of such a computing tech- 
nique, It seemed that if a direct cleetric-cireuit: analogy were 
to be set up for the finite-difference form of the track equation 
the number of finite-difference cells required for a steady-state 
constant velocity solution of the motion and stresses, on a long 
track, would be prohibitively large. To obtain an aceurate 
solution for appreciable times after the starting of the carriage 
and at large distances from the ends of the track, long sections of 
track must be simulated. The maximum length that can be 
represented by a single finite-difference cell is limited by the wave 
length of the highest Hnportant trequeney in the solutions. 

From the initial numerical solutions which were obtained it was 
determined that the maximum permissible cell length had to be 
in the range of 2 to 10 ft (the value varying with the parameters 
of the problem). Only 50 cells could be set up conveniently on 
the computer so that only 100 to 500 ft of track could be simu 
lated. However, the initial solutions indicated that for the pra 
tical range of damping provided by the earth, the total length 
covered by the solution (both in front of and behind the point 
load) would fall within this range for most cases of interest 
It thus appeared that the very long track could be simulated on 
the computer by connecting the two ends of the eleetric cireuit 
together and thereby obtaining an endless cireular track, It 
Was this interesting technique which permitted solutions for a 
diffieult problem to be obtained quite rapidly. Of course as each 
solution was obtained it had to be examined to insure that sufly 
cient track length had been simulated and that the individual cell 
lengths were not too great, 


AN ALOGIES 


A detailed general treatment of the basie eleetromechanical 
analogies for distributed elastic media has been given else 
where.** ~~ However, since the rail with distributed linear and 
nonlinear restraints, such as imposed by earth imbedding, and 
the methods of simulating traveling louds have not been treated, 
their analogies will be developed. 

Reil With Linear Earth Foundation. A’ continuous rail in 
simple bending without shear or rotary inertia but with lines 
earth constraints, consisting of spring coupling and damping, is 
described by the following partial differential equation 


) tom + Kh Fly,t | 
oy? ov? vt 


All quantities can be defined with reference to Fig. 1 which also 
presents the finite-difference elastic model of the track and the 
corresponding electrical analogy All terms of Equation [1] are 


forces which also may be written as follows 

Analysis With the Eleetric-Analog Computer 
by G. MeCann and R. MaeNeal, Jounnat or 
Mecuanics, Trans. ASME, vol. 72, 1950, p. 13 

Solution of Elastic Plate Probleris by Electrical Analogies."’ 


by Rh. H. MaeNeal, Trans. ASME, vol. 73, 1951, p. 59. 
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TABLE 1) DEVELOPMENT OF FINITE-DIFFERENCE ANALOGY FOR TRACK BEAM 


MECHANICAL SYSTEM 
query DIFF |_FINITE DIFFERENCE EQUATIONS ELECTRICAL ANALOGY 
EQNS. DISPLACEMENTS VEL. AS COORDINATES CIRCUIT EQUATIONS 
(1) AS COORDINATES LOADS FOR EA CELL (4) 
DEFLECTION ph Ep aoph 
+ -- - 
Ge Ge * Kth by. (ph) Wien? 
94 * Ay * G (ph) 
+ = Fly, [2] APOSITIVE LOADING 
‘ » POSITIVE DEFLECTIONS 
where the respective forces are the elastic, inertia, earth pring, 
and earth damping on the left side and the traveling load on the TUT <a 4 fr. z.., 
right side of the equation. In the electrical analogy each of the 4° 
loading terms will be represented in finite-difference form as cur- nts nei 


rents flowing into each of the nodal points Thus in the cir- 
euit analogy the independent variable time will be represented con- 
tinuously as such while the space variable y will be represented 


(@) TRACK AS BEAM IMBEDDED IN EARTH AND DIVIDED INTO FINITE DIFFERENCE CELLS 


at discrete values by the nodal points n. 

The complete derivation of the finite-difference form for the 
elastic model and its analogous electrical circuit are contained in 
hig. band Table Ll. Referring to Table 1, it is seen that column 2 
contains the finite-difference form for all terms in Mquations [1] 
and {2}. Since the most convenient electrical analogy to use has 


! 
(ph) 


currents analogous to forees or torques and voltages analogous 
to velocities, it is desirable to rewrite all equations of column 2 
in terms of the derivative of the bending deflections A and slopes 
#, or in terms of the bending and the slope velocities. This form 


is given in column 3. The finite-difference form of Equation [1] 


(b) FINITE DIFFERENCE ELASTIC MODEL OF TRACK 


becomes for the nth interval 
An, qa n= Ay, (FCO), [3] 


Which is represented by the elastic model in Fig. 1(b). lial 
1@)n-1 


Phe electrical equations for the cireuit in Fig. are given in 


column dof Table 1. Elere it is seen that the voltages to ground Le \ 

at the nodal points n, are analogous to the bending velocities 
ph, and the voltages to ground Hy, at points (mn + are an- 4 \ 
ulogous to the slope velguities The second equation of col- (Enn revo 
umn 4, Table 1, relates the voltages across the lower side of each Unk |4, Gate 

transformer to that across the upper side which is the voltage 3 z 

(By) n 4 "These, of course, differ by the transformer turns ay! 

ratio 7 ‘The third equation gives the current flowing in each ad OE Be 

inductor Le, which is proportional to the voltage difference 4 

across the induetor divided by its operational impedance and is (e) FINITE DIFFERENCE ELECTRICAL ANALOGY 


analogous to the moment J.) The fourth equation of column 4 
relates the currents on the two sides of each transformer, the shear 
currents ¢, being equal to the difference between the moment 
currents tg, at each slope nodal point divided by the transformer Thus the complete correspondence between the electrical and 
turns ratio 7. The fifth equation gives the elastic load currents | mechanical quantities can be summarized as in Table 2 for a one- 
(i), The other equations give the currents analogous to the — to-one relationship between the respective sets of physical units. 

inertia, spring, and damping loadings in terms of the nodal volt- Representation of Traveling Load. In terms of the finite-differ- 
ages (F,), divided by the appropriate operational impedances. ence model of the elastic system a traveling load moving with a 


hic. 1) Rerresentation or Track ror ANALYSIS 


| 
Mn., 
ay / 
by = 
| 
Ly, 
Ky | byQe™ y) Sy 9; — 
! 


TABLE 2 BLECTRICAL-MECHANICAL ANALOGIES FOR ONE-TO- 
ONE CORRESPONDENCE BETWEEN RESPECTIVE UNITS 


Er ph id Ay qd 
Ea = pe dy [Fitiln 
ul 
we! p 
tA Q yy m Ay 
tg = Avg p 
Ly 
‘ Ay qi Ay Ky 
1 
te = Ay ge R= 
Ay @ 
. 
p= Turns ratio 7 = Ay 
ot 


FORCE NODAL POINTS IN CIRCUIT ANALOGY 


‘ 
n-' ner 
9 
> 
> Siti] S 
SEGMENTS 39K 39K 39K 
ON STATIONARY 
COMMUTATOR 
/ > MOVING BRUSH ON 
COMMUTATOR ROTOR 
CONST CURRENT 
GENERATOR 
1 CONSTANT FOR CONSTANT 
MAGNITUDE TRAVELING LOAD 
“oO 
2 


(a) ELECTRICAL CIRCUIT FOR CURRENT ANALOGOUS TO TRAVELING LOAD 


WY 


Teval = VELOCITY TIMES CELL LENGTH OR TIME FOR 
U TRAVELING LOAD TO MOVE CN” CELL LENGTH 


(b) CHARACTER OF TRAVELING LOAD CURRENT AS APPLIED TO EACH CELL 


hic. 2) Metuop or Appryinc Traveting Loap To E.rerric Cir- 
curr ANALOGY 


continuous velocity is represented as a force pulse applied se- 
quentially at each finite-difference cell. Its force-time function 
should rise smoothly to a crest value and decay smoothly back to 
zero. The quantity of particular importance is the impulse value 
or the integral of the force-time curve for each cell. For a eon- 
stant-magnitude constant-velocity load the impulses on each cell 
should be identical and they should be separated in time by the 
product of each cell length and the velocity of the load. The 
corresponding analogous loading current for the electrical analogy 
was generated by means of the segmental commutator circuit 
shown schematically in Fig. 2(a). The corresponding current 
pulses are shown in Fig. 2(6). To simulate variations in velocity 
the rotating brush need only be accelerated or decelerated by 
the appropriate amount. To represent variations in load with 
time, the voltage F,, controlling the output of the current gen- 
erator is varied. Measurement of the direct current 7,, flowing 
out of the current generator gives the true value of the analogous 
loading current. 

Analogy for Nonlinear Earth Constraints. Vor certain types of 
carriage loadings high upward track forces are anticipated. 
Also, for very high downward track loads, appreciable upward 
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track deflections may eccur both ahead of and behind the point 
of application of the load If the track rises above the normal 
unloaded position of the earth its elastic properties are assumed 
to change abruptly from a stiff spring to a very weak one. For 
purposes of the analogy it ean be assumed that 4t this position the 
track abruptly leaves contact with the earth and that both the 
elastic and damping constraints are suddenly removed and not 
reapplied until the beam returns to the normal unloaded proni- 
tion. This characteristic is to be considered separately for each 
finite-difference cell 

To represent this condition in the analogous electrie circuit it 
is necessary to disconnect the L,and R elements of each cell, Pig. 
l(c), at the proper voltage conditions and keep them disconnected 
until this voltage condition again has been reached and forces ean 
again be transmitted between the beam and the earth. 

Unfortunately, this type of physical discontinuity has no direct 
passive circuit analogy that may be added to Pig. Ie) llow- 
ever, the electric analog computer has sutlicient electronic ele- 
ments to simulate properly the desired nonlinearity by the cir- 
cuit technique illustrated in Pig. 3. The removal and reapplica- 
tion of forces between the beam and the earth (currents in the an- 
alogy ) is controlled at each cell by the two diodes connected back 
to back as shown and the current 7,, fed into their mid-point 
Assuming them to be effectively perfect diodes, only a positive 
bias current 7, ean be forced through each of them by the current 
generator, When such a bias current is flowing, the carth-foree 
currents (4, + 74) ean flow up to the magnitude of the bias eur- 
rent, This bias current therefore must be high enough for all 
desired solutions. Thus the condition of the beam be ie Sepa 
rated from the earth is obtained by having the current generator 
output current ¢, zero. This is accomplished by having the gen- 
erator try to put out negative current 


h= BEAM DEFLECTION RELATIVE TO STATIC 
LOAD POSITION 


Xe * EARTH DEFLECTION RELATIVE TO 
STATIC LOAD POSITION 

E,aph (BEAM VELOCITY) 

EegapXe (EARTH VELOCITY) 

~ Ege STATIC LOAD DEFLECTION 


INTEGRATOR 


(En~ Ee) 


@zalh- Xe) 

(e2-Eo) a BEAM DEFLECTION ABOVE NORMAL UNLOADED 
EARTH COORDINATE 


@5* +h WHEN !S POSITIVE 
WHEN Eo) TRIES TO GO NEGATIVE 
THUS +"/R WHEN 
io OWHEN +k 


In the analogy of Fig. 3 the voltages EF, and EB, are analogous to 
the beam and earth velocities, respectively. They must be inte- 
grated to obtain the analogous deflections For controlling the 
discontinuity the difference voltage (FE, EY) is used in Fig. 3. 
This is integrated by the electrome integrating cirenit: shown, 
However, since the integration necessarily produces a sign change, 


Fie 
a 
=? 
“4 
Pe 
[tm], 
I 
set 
= 
— 
(Igtia) | 
VOLTAGE 
CURRENT 
at’ GEN Ro 
° = 
| 
“a 
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the additional sign-changing transformer of very high magnetiz- 
ing impedance is used, The voltage e2 in Fig. 3 is analogous to 
the relative displacement of the beam and earth. This is in 
terms of the static equilibrium deflection due to the static weight 
of the beam. To this voltage e. must be added a voltage —E, 
to represent the static load deflection. 
E.,) is positive the beam has left contact with the earth. 


Thus whenever the volt- 
If this voltage were negative the beam would be represented as 
going below the earth co-ordinate, However, the instant it be- 
comes slightly negative the current generator starts to put out a 
large positive current 7¢,, and the diodes conduct. In this manner 
the voltage (Kk, —— F,) is held effectively at zero and the integral 
or does not further increase negatively. 

To insure that the slightly negative value for (2 E, 
ligible, the gain in the integrator is made very high and the volt- 
FE.) is clipped to (es = +k) which constant voltage con- 
The manner in which the nonlinear 


) be neg- 


nye (eg 
trols the current generator, 
earth constraint operates will become more apparent when actual 


solutions are considered, 


DIMENSIONAL RELATIONSHIPS 
The 


use of a one-to-one correspondence (as assumed previously) be- 


Conversion Between Electrical and Mechanical Parameters. 


tween the electrical and mechanical systems is, of course, not 
practical in many cases, As shown by Equation [1], four arbi- 
trary conversion constants can be used since there are the four 
variations ¢,y,h,and The standard beam-conversion-formula 
notation that has been adopted for use on the computer defines 


the four arbitrary conversion constants n, B, a, and P as follows 


p 
[4] 
where (is the time base in the mechanical system and ¢’ is the 


computer time base. 


(4) Courrents) 


( Porees ) 
Ba 


Ay 
where 7 is transformer turns ratio, Fig. 1c). 
The use of these conversion constants produces the relation- 
ships summarized in Table 3. 
TABLES ANALOGIES FOR DIMEN- 
SION CONVERSION CONSTANTS USED ON COMPUTER 
Au 
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Dimensionless Form for Track Equation. The toregoing con- 
version technique is used to prepare an actual mechanical system 
for the computer. To present the solutions to the track problem 
in general form, the following co-ordinate changes will be used in 
order to secure the minimum number of dimensionless co- 
efficients. 


Let 
K, o* 
EI 


oy* 


y= 


lim 0 
{= — 
kK, ol 


Thus Equation [1] becomes 


om 0? G on 
of! V mK, or 


= T 
For the constant-veloeity traveling load, the loading funetion is 
the following 
kl 
k, 


where the dimensionless velocity is 


F(y, t) = Fly Vr) 


n? 
y 
El K, 
The dimensionless acceleration is given by the equation 


oe 
m 


A= = 
or* K, QE! ot? 


Since the loading function is expanded by the factor 


F’, must be modified as follows 


F,’ =F, Vi, 


It is therefore convenient to plot bending deflections in the di- 
mensionless form 
4 Ip 
K WEI K.3 
In this new co-ordinate system the important parameter%in 
addition to the dimensionless velocity Voof Equation [13] is the 
dimensionless damping parameter 
G 
D = 
V mk, 
The bending moments can be treated in a similar manner. 
Since 


? IK, 
and = £ 
oy? oy? EI 


its form in terms of the dimensionless co-ordinate svstem becomes 


i= - n 
K, 
4 m Or’ m or? 
. (5) 
t= nt’. / 
/ 
BR Br 
w 
a a 
Ba Ba 
ph En pe ka 
n nl’ 
Ra Ba 
Ba 
p’ 
ma 1 El a? 
Ay 
La \y p? 
Gat 
M =—EI 
Ay Lyat 
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kl 
kK. of? 
4 
kl 
kK of? 
giving for the dimensionless moment 
M 


It is thus apparent that this system of units requires only two 
parameters to deseribe any viven track, the dimensionless damp- 
ing J, and the dimensionless velocity V. Bending deflection and 
moment solutions plotte din the foregoing per unit forms of 
tions [14] and [16], respectively, can be converted readily for any 


given track 
GENERALIZED SOLUTIONS FOR LINEAR TRACK 


Although the analysis made pertained to the particular prob- 
lems of the SNORT project it was found that sufficient solutions 
were obtained which, when presented in dimensionless form, cov- 
ered the principal range of interest for general traveling load 
track studies, 

Linear Track. Figs. d through 7 present solutions to the linear 
track under constant-velocity point loading in the dimensionless 
form described. Fig. 4 gives bending deflection curves as a fune- 
tion of either é or 7, and for the Important range of dimensionless 
velocity Vo that gives large deflections and stresses. The range 
of the dimensionless damping factor shown in the figures corre- 
sponds to the principal range of actual damping provided by 
earth imbedding. Fig. 5 shows similar bending-moment curves 
and in Figs. 6 and 7 are plotted the erest deflections and mo- 
ments as a function of velocity and damping. These solutions 
were plotted from oscillograms similar to those presented in Fig. 
S and spot numerical cheek calculations teferring to the 
circuit analogy in Fig. I(¢), itis seen that deflection measurements 
are obtained by recording the current ¢,, which is proportional to 
the integral of the voltage Fy. Hence this gives the actual de- 
flections instead of the bending velocities. The moments are 
recorded directly as the currents ty 

The general character of the deflection curves in Fig. 4 is of 
some interest. It will be noted that as the traveling load speed 
is increased from zero velocity, the point of load application rides 
further and further forward on the deflection-space wave. This 
effect is more noticeable as the damping increases. For each value 
of damping there exists a critical velocity producing maximum 
deflections which approach the undamped critical velocity as the 
damping is decreased. The undamped critical velocity is 


EI kK, 
\ 
In the dimensionless form’ used here it is given by V V2. Of 


further interest is the fact that the roots of the solution produce tt 
forward wave ahead of the load whose frequency increases with 
Increasing velocity and a wave behind the load whose frequeney 
decreases with increasing velocity. Thus referring to the mo- 
ment curves in Fig. 5, it might be eApected that the erest moment 
would be at the point of application of the load for lower velocities 
and then transfer to the leading peak at higher velocities. This 
effect is shown in Fig. 7. However, the leading peak moment 
exceeds the load point peak only for velocities appreciably above 
the critical velocities and where the magnitudes have droy ped 
off considerably It is of interest to note that (as seen in J ig. 4), 
the damping of these terms decreases rapidly for speeds above 
the critical velocity. 
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Effect of Accelerating Loads. Rapid accelerations through the 
critical speed have, of course, the effeet of reducing the magni- 
tude of the deflection and moment However, it was found that 
for dimensionless accelerations A, up to about LS & LO? de- 
flections and moments are essentially as great as obtamed for 
any given constant velocity. Tn any particular case this isa 
rather high rate of acceleration as will be shown later 

Vonlinear Track. The oscillograms in Fig. S present typueal 
solutions to the nonlinear track configuration for three values of 
upward loading. In the first ease the londing is not sufhicrent te 
eause the track beam to rise above the unloaded rest prosition of 
the earth This is a linear solution In the second case suf 
ficient loading was applied that the static deflection of the track 
owing to its own mass loading is only 64 per cent of the peak 
dynamic track deflection. Thus, as shown, the track leaves the 
earth for a short period of its travel. In Pig. SCe) the loading is 
further Increased, resulting in a track |e aving the earth by a 
greater amount. In the electric circuit: analogy in Fig. 3 the 
track deflection was obtained by Integrating the voltage, E, 
The earth-deflection solution was obtained by recording directly 
the current ¢,.) The moment is still recorded as the current 
ig in Fig. 

In hig Y and Table 4 are presse nted all of the nonlinear cases 
studied that were of interest. These were obtained for the lower 
limit of damping considered in the linear ease since the most se- 
vere effects of track bouncing occurred in the lower range of damp- 
ing. The ratio F, F, is used to indicate the degree of nonlinearity 
foreach solution. represents the limiting traveling-load miagmi- 
tude for a linear solution Fis the actual magnitude of the 
trave ling. load 

examination of the data presented in Fig. O and Table 4 shows 
that even for this low value of damping severe conditions are not 
introduced by bouncing of the track. In no ease is the deflection 
or Thoment appres iably worse than would be obtained for the 
same loading in the linear solutions. Ino some instances they 


were found to be less severe than in the linear ease 
APPLICATION OF SOLUTIONS 


Damping. The range of the damping constant G considered 
in this study was determined from actual dynamic tests made 
by the Naval Ordnance Test Station for track cross sections 
typical of the ones being considered and for several soil conditions 
corresponding to a range of sand and clay soils, The tests were 
conducted with the percentage of the beam that was buried, rang 
ing from zero to one half the beam height. ‘These tests provided 
values of G ranging from about 4000 to 9000 Ib /ft ft/sec and 
values of k, from one to three million Ib /ft/ft. The linear data 
presented here cover a range about twice this great for the same 
beam configurations actually tested. Sufficient data are not 
available to predict what the damping should be for soils radi 
cally different than those tested. However, referring to | quation 

16] for the damping parameter J, it willbe noted that it is vir 
tually independent of the geometry of the beam. This assumes 
that (for a given ense) m, A,, and G are all proportional to the 
beam width Furthermore, D varies only os the square root of 
mork,. It is thus believed that the principal range of interest 
has been covered by the data presented in the foregoing with D 
ranging down to 0.23 

It is of course realized that these solutions are appli able to 
cases other than that of earth imbedding. One such example Is fh 
pontoon bridge 

Velocity of the Traveling Load. Wt will be noted trom: Pips. 6 
and 7 that the important range of variation in the velocity corre- 
sponds to values of Vo lying between LO and 1.7 The actual 
eritieal velocity for maximum disturbance varies from about 1.2 
for high damping of 1.41 Cor V2) for zero damping. This also 
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(See Fig. 5 for definition of peaks.) 
represents a rather narrow range of actual velocities as can be 


seen from the definition of Vo as given by Equation [13]. This 
shows that the ratio between the dimensionless and actual vel- 


: 
kl K, 


For practical tracks the moment should vary over a range of 


ocity is the factor 


only about 3 or 4. 
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bic. 8(a)) Computer Derieerion Soiu- 
TION FOR CONSTANT-VeLocrry Point Loapine or Linear Track 
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\ ". NON LINEAR SOLUTION 
\ 
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BEAM DEFLECTION 
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OEFLECTION 
vel@ 


hie. 80h) Tyeteau Soiurions 
The beam density might vary as much as a factor of 10 and 
A, might vary as muchas lOto b. The maximum range of varia- 


tions of 


kl k, 


might then be as much as 500 or 400. However, the term 


me 


would then only vary over a range of about 4. 


The minimum 
important velocity thought to require detailed dynamic analysis 
is thus not less than 400 to 500 fps or about 300 to 400 mph, 
This means that such dynamie track studies are only important 
for truly high-speed tracks. With the actual beams considered, 
the critical velocities were 1400 to 1600 fps. 

Distributed Loads. 
of course, a relatively simple matter to superimpose the solutions 


In the case of the linear solutions it is, 


for a series of point loadings and this was done for several carriage 


designs in connection with the SNORT project. However, this 
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(hb) bor downward loading 


APPLICATION OF GENERAL SOLUTIONS To A SPECIFIC TRACK CONFIGURATION 


Track Constants: Numerical Erample. As an example of the application of the 


/ uit general solutions to « specific case, consider a beam having the 
EI = 3.80 10° 

Th /tt ft see 
Ky = 1.50 lb/ft 


constants given in Fig. 10. ‘The necessary formula for conversion 
of the dimensionless solutions is also given in Fig. 10. From this 


m = 62 slugs /ft it is seen that the dimensionless velocity Vis 1.38 and the per 
Static deflection 1.28 X it unit damping D is 0.233. The deflection curves are thus plotted 
v 1590 tp from Fig. 4(a), for the linear case and Figs. 0) and (d) for the 


Conversion Formula nonlinear solutions. Only the crest moments are computed and 


From Equation (13) py 10-4 listed in Fig. 10. They were determined direetly from Table 4. 
Kl ky It will be noted from the actual deflections and moments given in 


quation | Fig. 10 for the various loadings, that any practical design con- 


sideration could Just well be based on the purely linear solu- 
tions. 
sa a h It was noted previously that essentially full magnitude de- 
” pr,» EI ky 1.104 X 10 F, flections and moments were obtained for dimensionless accelera- 
Equation [17] tions A, up to 1.8 X 10-8 In this example the actual accel- 
V ‘ik, M ) eration is about 320 ft per sec? or L0G. Thus no reduction in 
re Nere. 0.140 stresses from those given by the constant-velocity solution can 
Equation [14] be expected for accelerating loads below L0G, 
1 
A a = = 3.97 10°° xX O.141a X a REFERENCE 


“The Solution of Aeroplastic Problems by Means of Electrical 
cannot be done with the now linear solutions. Such cases would Analogies,” by R. H. MaeNeal, G. D. MeCann, and C. H. Wilts, 


have to be studied individually, Journal of Aeronautical Sciences, vol. 18, 1951, p. 777. 
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Stability of Thin Elastic Plates Covering an 
Arbitrary Simply Connected Region 


and Subject to anv Admissible 
Boundary Conditions 


The Bergman method of solving boundary-value prob- 
lems by means of particular solutions of the differential 
equation, which are constructed without reference to the 
boundary conditions, is applied to the problem of sta- 
bility of thin elastic plates of an arbitrary simply con- 
nected shape and subject to any admissible boundary con- 
ditions. A direct method is presented for the construction 
of particular solutions that is applicable to both aniso- 
tropic and isotropic plates. Previous results of M. Z. 
Krzywoblocki for isotropic plates are obtained in a simple 


manner. 
NOMENCLATURE 


The following nomenclature is used in the paper: 


a,, = coeflicients of the system of Equations [1S] 
(1,) n) 
A = \a, determinant of the coethe ents ay, ot 
tions | 1S) 
2, @) 


coeflicients of Equation [22] defined by 


Mquations [24] [25] 


A, B compiles conjugates of ‘A and B correspond- 


ingly 
Cc boundary line of the middle plane of the 
poleate 
Cj constant coeflicients entering 
and [35 = 1, 2,3, ..) 


fi r, y) or f(&, n function of variables y, or &, 7 satistying 
equation of equilibrium 
F function of coefficients cy, .¢, entering 


[17] 
y) or n) = function of and y or and 7 preseribed 
along boundary line C of middle plane of 


!The results presented in this paper are based on a dissertation 
submitted in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy in Engineering at the University of Cali- 
fornia, Los Angeles, Calif., June, 1952. The investigation was carried 
in part when the author was research assistant under a grant, ad 
ministered by Prof. I. S. Sokolnikoff, from Research Corporation, 
New York, to the Regents of the University’ of California 

? Assistant Engineer, Department of Engineering, University of 
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Notre: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
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plate and entering boundary conditions, 
| quations [11 


G a differential operator depending on type of boundary 


A, L, M 


conditions, Equations [11 | 

\ 1, the imaginary unit 

integers (1, 2,3, 4 

undetermined seale tactor entering bqua- 
tions 15! and related to A by I qiation 

a differential oOperitor of fourth order enter 
ing [1] and defined by bqua- 
tions 

coefherents of [22] defined by 
2 

foree in middle plane, perunit length, 

mitewers (1, 2.5, 4, 

1.2.3 ” 

1.2.3 

analytic functions of complex variable 

analytic funetions of complex variable z 

a funetion of the complex variables 2 and 
defined by Equation [26], analytic in both 

funetions of complex variables 2 and 
defined by Equations [83] and [$4] cor 
respondingly, analytic in both z and 2 

transverse displacement of middle plane of 
plate at point Cr, 7), in 


ou 
ete. (see footnote 5) 
within middle 


rectangular co-ordinates 


ot plate 


+m 
rectangular co-ordinate related to oy by 


parameter entering equilibrium equation of 
orthotropic plates, Equation [3 

undetermined parameter equation of 
equilibrium, equation [1] 

rectangular co-ordinate related te a by 
Mquation [5] 

on' 


Subseripts snd superseripts: 


i,j, m,n 
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ror ry, ete, 


in direction 2 or y 
partial derivative with respect to 2 or ry, ete, 


(footnote 5) 
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directed in y-direction 
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E or = in direction or 9 
fy = applied to an element normal to the &-direction 
and directed in the 9-direction 
for ete. = partial derivative with respect to & or &n, ete. 
(footnote 5) 


INTRODUCTION 


The simplest problems of elastic stability of plates and the only 
ones for which an exact solution has been attained, appear when 
the variables of the differential equation of equilibrium are com- 
pletely separable in an appropriate co-ordinate system, Then 
either the energy method as first applied by G. H. Bryan (2)° 
or the differentialequation approach followed by 8. Timoshenko 
(1, 4, 5) and HL. Reissner (4) can be used for the computation of 
the eritieal loads. For nonseparable variables the Rayleigh- 
Ritz approximate method (6, 7, 8), originally used in buckling 
problems of plates by 8. Timoshenko (9), gives an estimate higher 
than the aetual critical value. The easiest way of applying the 
method consists in using a very simple expression satisfying the 
boundary conditions. ‘The approximation can be brought to 
any preseribed degree of accuracy however (10) by using « suffi- 
ciently large number of terms from a “complete” set of functions 
satisfying the boundary conditions; Le., a set of functions such 
that any function with continuous fourth-order derivatives satis- 
fying the boundary conditions can be expanded in an absolutely 
and uniformly convergent series in terms of these functions 
and the same is possible for its partial derivatives up to the fourth 
order ineluded.4 One method of obtaining such a set is by asse- 
clating the boundary conditions with a fourth-order equation 
with separable variables. This is one way of looking into the 
method used by W. Ritz for characteristic value problems of 
free rectangular plates (8), by S. Timoshenko for simply sup- 
ported rectangular plates under moment or shear loading (9, 11), 
and by J. M. Klitehieff (12) for triangular plates. For rectangular 
plates with various combinations of simply supported and clamped 
edges complete sets were also given by 8. Iguchi (13, 14). The 
original approach of W. Ritz (8) which is based on a combina- 
tion of the normal modes of vibration of beams has been applied 
to rectangular and skew plates with various boundary conditions 
by D. Young (15) and M, V. Barton (16). Several other equiva- 
lent variational methods, the most prominent ones due to B. G. 
Galerkin and L. V. Kantorovieh, have also been developed. 
References and short expositions in English are given by TL. 8. 
Sokolnikoff (17). 

In certain cases complete sets can be obtained by means of the 
differential equations and part of the boundary conditions. Such 
a casey that of a reetangular clamped plate which has been con- 
sidered by G. 1. Taylor (18), O. HL Paxén (19), and IK. Sezawa and 
W. Watanabe (20). The complete set is combined so as to satisfy 
the remaining conditions as closely as possible. Essentially the 
procedure consists of obtaining approximate solutions by relaxing 
the boundary conditions, and because of this relaxation accord- 
ing to Courant’s principle (21), the minimum of the energy ex- 
Thus the obtained estimates of the 


pression cannot increase, 
A systematic treat- 


critical load are lower than the exact value. 
ment of this approach based on the mentioned principle was 
given by A. Weinstein (22, 24) and be. Trefftz (23). The same 
method has been reconsidered recently by B. Budiansky, P. Hu, 
and K. W. Conner (25, 26). They based their discussion on the 
concept of Lagrangian multipliers and in particular adjusted the 


> Numbers in parentheses refer to the Bibliography at the end of 


the paper. 
4 Certain convergence requirements for the sequences involved in an 
approximation by means of such a set of funetions are assumed to be 


satisfied. 
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technique so as to give both an upper and lower bound for the 
critical values. 

Of wider range of applicability is the method of finite differen- 
ces. It was applied to buckling problems of plates by J. J. 
Stoker (27), M. V. Barton (28), and M. G. Salvadori (29). An 
electric analog method based on finite differences is due to R. H. 
MacNeal (30). D. G. Christopherson, L. Fox, J. R. Green, and 
R. V. Southwell (31) used the versatile relaxation method for 
solving plate-buckling problems. 

In the method of finite differences the deflected surface in the 
buckled state is approximated by an increasing number of dis- 
crete points to obtain the desired degree of accuracy. An alter- 
native approach consists in expressing the shape of the plate in 
terms of a sufficiently general set of functions satisfying the 
differential equation irrespective of boundary conditions. This 
is done in the previously mentioned cases of completely separable 
variables, where however the obtained functions can be adjusted 
to the imposed boundary conditions. If the variables are not 
separable because of either the type of equation or the kind of 
boundary conditions, particular solutions satisfying the differ- 
ential equation of equilibrium can be obtained by recalling that 
the equation is of the elliptic type and hence at least for coeffi- 
cients which are polynomials in z and y possesses analytic solu- 
This suggests the use of two complex conjugate variables 
Such an approach was originated by 


tions. 
instead of the real ones. 
S. Bergman with his doctoral dissertation (32) and applied sub- 
sequently to various problems. It was recently extended to the 
equation of equilibrium of isotropic plates including forces within 
the middle plane (33). For second-order equations he also de- 
veloped a systematic technique for carrying out the rather in- 
volved numerical computations by means of punch-card machines 
(34). His results were brought to a more explicit form and ap- 
plied to thin elastic plates by M. Z. Krzywoblocki (35). 

In the present paper a method of constructing particular solu- 
tions is presented which is valid for both isotropic and anisotropic 
Krzywoblocki’s results for isotropic plates become a spe- 
For a more 


CHSes, 
cial case and are reached directly in a simple way. 
detailed exposition of certain phases of the paper and additional 
bibliography the reader is referred to the author's doctoral dis- 
sertation (36). The method is presented here in principle. Fur- 
ther details and specific examples will be reported separately. 


PRINCIPLE OF BERGMAN Metruop 


One mathematical formulation of the problem of stability of 
thin elastic plates consists in finding the smallest value of a posi- 
tive parameter A for which a homogeneous partial differential 
equation of the type® 


L (w) + N,w,yy) = 0.....[1] 


A (N + 2 


subject to appropriate homogeneous boundary conditions, has a 


solution different from the trivial one w = 0. Here N,, Nz, Ny 
are certain reference values of the loading in the middle plane 
and L(w) is a differential operator of the fourth order the form 
of which depends on the elastic properties of the plate. 

For homogeneous anisotronie plates with elastic properties 
symmetric with respect to the middle plane 


+ 


+ 


ryyy 
1, 2, 6) are related to the elastic con- 


The coefficients (4,7 = 
In the 


stants of the material in a well-known manner (36, 37) 


§ Subscripts following a comma stand for differentiation; 
Ou 


uz = 


STABILITY 


ZIZIC AS 


presence of three mutually perpendicular planes of elastic svm- 
metry the plate is called orthotropic. For such plates the co- 
ordinate planes are usually chosen as planes of elastic symmetry 
Then the coefficients fy. and Moe vanish and a change of variables 
indicated by M. T. Huber (38) brings the operator Loe) to the 
. form 


~ 


[Aw) = + UWigcyy + 


without changing the form of the remaining part of Equation [1]. 
The parameter « obtains the value x = 1 for isotropic plates so 
that the differential operator reduces to the well-known bihar- 


monic expression 


Liu 


Particular solutions of Equation [1] are funetions of the param- 
eter A. When V,, V,,, are constants, however, it is help- 
ful to introduce another parameter k of the length seale related 
to Nina way that makes the equation independent of any param- 
eter. As suggested by M. Z. Krzyvwoblocki (35 the following 
change of variables is introduced 


and the differenti il equintion of equilibrium, quuation 1), tukes 


the form 


There is no loss of generality if the pourameter kis defined so that 


1; ie, A = ...{7] 
k? 


Then Equation ih reduces to 


Liw) 4 2N + N. we) = 0 18} 


and this equation is independent of any parameter, Once 
solutions of it are found, the ones of Iquation {l ] corresponding 
to a given value of the positive parameter A are obtained by 
a simple change of variables given by Equation [5] with the 
value of k computed in terms of A from Equation [7]. 

Assume now that a set of funetions f,(£, 9) 1, 2, 3,2...) 
is known satisfying Equation [8] without reference to any pre- 
seribed boundary conditions and suppose that every funetion 
u(£,) with continuous fourth-order partial derivatives can be 
represented in the form of an absolutely and uniformly con- 


vergent series 


where ¢, are constant coefficients and the same is possible for its 
partial derivatives up to the fourth order included.* As an ap- 
proximation a finite number of terms can be considered 


w, (&, 9) = .{10) 


An expression of the type of Equation [9) or | 10) in general does 
not satisfy the preseribed boundary conditions. The coefficients 
a(t = 1,2,3 
at least an approximate fulfillment of these conditions, 


ean he chosen, however, ma Way that insures 


peer 


Tue Bounpary Conpirions 


The mathematical form of the boundary conditions depends 
on the way the edge of the plete is supported and expresses the 


OF THIN ELASTIC PLATES 


fact that the transverse displacement, slope, moment, shearing 
force, and so on, are either zero or equal to preseribed values, As 
established by G. Kirchhoff two conditions of the general form 


= n (¢ = }, 2) [11] 


result Here G, (4 = 1,2) is a differential operator depending on 
the particular case and g,(£, 9) a function of & and 9 prescribed 
along the boundary line C of the middle plane of the plate. Tn 
case of a clamped plate, for example, the two conditions denoted 
by Equations [11] are explicitly 


w 0 [12] 


where n denotes length measured within the middle plane of the 
plate in the direction of the normal to the boundary line C 

For g,(£, and G,fw(, sectionally continuous functions 
of € and 7 an equivalent formulation of the conditions of lqua- 


tions [11] is 


where the integration extends along the entire length » of the 
boundary line C of the middl plane of the plate. Since the inte- 
grand in each of the two Equations [13] is always positive it 
must. be zero all along the boundary C except for isolated points; 
ie Equations f11) hold true at least in the absence of concen- 
trated loads. The converse is obvious 

Instead of Equations [13] a single equation 


wt 
glt, =O [14 


where A is any prrsitive real number, can be used af the 
sum of two positive numbers is zero each number must be equal 
to zere and Equations [13] follow. Then Equations [11] are true 
The converse is again obvious 

If the infinite series of Equation [9] in terms of a sufficiently 
pene ral set of funetions is tose dasan expression for wi é, 
it should possible to choose the eoeflicients 
so that the conditions of Equations [13] or [14] are satisfied te 
any desired degree of bon without the themimelves 
being \ inishingly small Por finite number of terms as given 
by I qtiation 110! the best that ean be achieved is to make the 
positive expression on the left-hand side of Equation [14] as 


close to zero as possible; choose the coeflieients ¢ that 


[15! 


This formulation amounts to an approximation of the boundary 
conditions by the method of least squares 

A remark about the values of A is necessary here. In the exact 
formulation of Equation [14] the numerical value of A, as long 
if reninins positive, ts innate rial This is not true in the 
proximate torm of [15) where one can consider A 
an additicnal parameter in the minimizing process. In general 
the value of A indicates the weight attributed in the satisfaction 
of each boundary condition A reasonable assumption is to try 
to satisfy equally well both boundary conditions This implies 
A =] 

The Approximate sath faction of the boundary conditions in the 
sense deseribed here was suggested by S. Bergman (30 As he 
pointed out, the prise tien! value of an approximate formulation of 


the boundary conditions in the form of Equation [15] is enhanced 


2h 
yyy 
uw = 0, 
on : 
} 
| 
q 
| 
oh 


26 


by the fact that a mathematically exact satisfaction of these con- 
ditions does not oecur in actuality anyway. 

For plate-stability problems the boundary conditions are 
homogeneous, Le., n) = golf, = O and the condition of 


I-quation [15] specializes to 


f 4 Af, = minimum. [16] 


ComPUTATION OF CriTicaL VALUES 


With w(£, 7) expressed in terms of the particular solutions 
S.(&, ) by Equation [10] and after the indicated integration has 
been performed. the left-hand side of Equation [16] becomes a 


function F (¢, ¢2, ¢s,...¢,) of the unknown coefficients ¢), C2, 


¢, For a fixed value of A a necessary condition for the minimum 
is 


[17] 


There results a system of n linear homogeneous equations with n 
unknowns ¢), ...¢ 


n 


{18} 


where the a,, are found after substitution from Equation [10] 
to Equation [16] and performance of the indicated integrations 
along the boundary 

In general the value of the determinant 


.. [19] 


of the coefficients a,; in the system of Equations [18] is different 
from zero and the only solution isc; = 0 (7 = 1, 2, 3,...n). 
Then Equation [10] shows that the only solution for the displace- 
ment is the trivial one w = 0. The values of the a,; however de- 
pend on the parameter k and for certain values k = k (@@ = 1, 2,3, 
... ) the determinant A may vanish. The system of Equations 
[18] has then an infinite number of solutions generally all pro- 
portional to one of them by an arbitrary factor. If the k with the 
smallest positive value is introduced in Equation [7] an estimate 
of the eritical A is obtained. The corresponding form of the 
buckled surface is given within a constant factor by Equation [10] 
with the values ¢, obtained by solving the system of Equations 
[18] with vanishing determinant A of the coefficients a,;. An 
expression in terms of the original co-ordinates z and y is found by 
a change of variables indicated by Equation [5]. 


CONSTRUCTION OF PARTICULAR SOLUTIONS 


All that is now necessary in principle is a sufficiently general 
set of particular solutions of the differential equation of equi- 
librium. This equation is of the elliptic type and, at least when 
the coeflicients are polynomials in x and y, it has analytic solu- 
tions in the finite zy-plane. This suggests the use of the two 
complex conjugate variables 


z=+in [20] 
i.e., 
evs F $ 
(20a) 


Through them the displacement function w(£, 7) is transformed 
into a function U(z, 2) of the variables z and 2. 

The differential equation satisfied by U(z, 2) is obtained from 
Equation [8] by means of the equations of transformation 
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= — U.33) 
= —U,,, + 2U — 
= + QU 2U 1332 — U 2233) 
= —U + 2U — 


By substituting these values into Equation [8], an equation of the 
type 


is obtained. 


For anisotropic plates the operator L(w) present in Equation 
{8} is given by Equation [2] and the coefficients of Equation [22] 
are 


A = by + be 2 + + (die bes) 

B = 4 (by — be) + 88 (big + bes) 

C = 6 (by + be) + + 

E=4 (by De») Si(his + bee) = B (23) 
F = by + bis — Adie + Dhes) hi(bis = A | 
K = —N, + N, —2iNoy 
L= + Ny) 

M = +N, +2iN., = K 


For orthotropic plates these coeflicients become 


A =F = Al —x), 3)... [24] 


and for isotropic plates they reduce further to 


A=B=E=F=0, C =16 (25) 


The values of A, L, M are independent of the elastic properties 
of the material and are given for all eases by Equations [23]. 

Since the solutions are analytic in both z and ¢ they possess a 
power series expansion about the origin z = 2 = O with respect 
to each of the independent variables z and @ Therefore it can 
be written 


.). [26] 


(z) (n = 0, - 2, 3, 
n. 


n=0 


A particular solution of Equation [22] can now be obtained by 
substituting either one of the foregoing expressions in place of 
U(z, 2). Since the obtained result is a power series expression 
and equal to zero for all values of the independent variable, the 
coefficient of each power must be equal to zero. P'™(Z) and 
Q(z) may be evaluated from che resulting equations and the 
particular solutions are then given by Equations [26]. 

For homogeneous anisotropic plates subject to a homogeneous 
force field N, Nzy, Ny, the coefficient of z" which must be zero is 
APO+O + BP +) 4 (CP 4+ 

+ MP 33) 


+ (EP. + + (FP. 


= 0 (n = 0,1, 2,3,...) [27] 


we =U, + Us = UU, - - Us) 
wee = + + Us 
: or : +KU,,, +L U3 + M U 33 = 0 . [22] 
Fa= =O - 
Oc, 
U (2,2) = ) (2) 
n. 
n=0 
— 
3 
fs 


This gives a recursion formula for P™*® in terms of P™, P+», 
per? Four arbitrary analytic functions of can be 
taken as P,P, P®, P® and the remaining ?'™ (where n = 
4,5, 6,... )evaluated by means of Equations [27]. A particular 
solution is then obtained from the first of Equations [26]. 

The result is somewhat different for isotropic plates for which 
A=B=E2=F =O0andC = 16. The recursion formulas be- 
come the differential equations 
16 + = LP 

MP3; "(n = 0,1, 2, . [28] 
There are only two arbitrary funetions ?% and P™ involved in 
Equations [28], but they have each two independent solutions. 
This is equivalent to the four arbitrary analytic functions for 
anisotropic plates. One means of defining the arbitrary fune- 
tions is by adding to the system of Equations [28] the two 
equations 

16 + 0 16 + AP —LP;'" 
The boundary conditions 

Po = 1 Ps” (0) =0 1). (30) 
imposed on Equations [20) give two functions and the conditions 


Ps"()=1 (n =0,1).....[31] 


another independent two. Then for the remaining Equations 
[28] the following boundary conditions can be imposed 


(0) = (0) = (a= 6 


Additional particular solutions, also analytic in z and 2, are 


obtained by means of expansions of the type 


2) = 2 > Py” = ) (2) —. . [33] 
" n 


where 7 is an integer. Without loss of generality these expres- 
sions can be written 


(j +n) (j + n)! 


n=0 n=O 


A substitution in the differential equation of equilibrium shows 
that the recursion relations for ? (2) remain the same as pre- 
viously Therefore, once (2) are found, particular solutions 
are obtained from Iquations [34] by assuming = 0, 1, 2,3,... 
In particular ) = 0 gives the expansion of Equation [26]. The 
expressions of Equation [34] correspond to power series with the 
coefficients of the first j-terms equal to zero. 

No recursion formulas are given explicitly for the Q™ (2) 
(where n = 0,1,2,...). They are obtained from the recursion 
formulas for P'™ (3) by substituting correspondingly P, 2, A, 
B,E,F.K,M by Q,z, F, E, B, A, M, K. 

If a transformation back to the real variables is performed by 
means of Equations [20], the original equation of equilibrium, 
Equation [8], results. A particular solution U(z, 2) is sepa- 
rated in its real and imaginary parts. Since Equation [8] has 
real coefficients each of these parts separately satisfies the equa- 
tion of equilibrium. Thus the real and imaginary parts of each 
particular solution U,(z, 2) are particular solutions of Equation 
[8]. 

LINEAR INDEPENDENCE AND COMBINATION OF PARTICULAR 
SOLUTIONS 


It already has been pointed out that any analytic function 
satisfying the equation of equilibrium possesses a power series 
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expansion. If the term of the expansion independent of © is 
nonzero a particular solution of the type of Equation [26] results. 
If the first few coeflicients are zero a particular solution is ob- 
tained in the form of Equations [34] with appropriate value of the 
integer Jj. In other words every solution of Equation [22] can 
be written in the form of Equations [34] and, in specific cases, 
of Equations [26). 

A linear combination of the particular solutions given by 
Equations [34] for 7 = 0, 1, 2, 3,... m multiplied by constants 
ej (j = 0,1, 2,3,... m) gives 


m m 


c,U 2) Pp” (2) 2" 2? 35) 
n)! 
J n 


This expression cannot be identically equal to zero unless all the 
¢, are zero. Therefore the particular solutions are linearly inde- 
pendent. They are also infinite in number, one being obtained 
for each value of the integer m. The particular solutions in terms 
of Q'(2) are also linearly independent and can be combined in 
the manner indicated by Equations [35] to give particular 
solutions of Equation [22]. 

Particular solutions of Equation [8] can now be easily obtained 
by taking a linear combination of real and imaginary parts of 


'(2) 


the expressions 


(9 1,2,... ).. 


One may expeet that a linear combination of a sufliciently large 
number of such particular solutions would be general enough for 
approximating the buckled surface 

Fairly general expressions should be obtained alse by using, as 
arbitrary analytic funetions in the construction of particular 
solutions, such functions as 


sim 2, sim 2z, simdz..... 


cos Zz, cos 2z, cos 3z 

possessing non-zero derivatives of all orders. Specifically any 
four of these functions can be taken as and 
introduced in the recursion formulas of Equations [27]. Two 
such functions would be sufficient for the differential equations 
of isotrepie plates, Equations [28] Further researeh mny 
elarify this alternative possesses any advantages against the 
ehoice of particular solutions indicated by Equation [35]. 


NonuNntrorm Loapinc PLane 
MATERIALS 


For homogeneous materials the coeflicients A, B,C, bk, F are 
real or complex constants, but in general A, L, MV, depend on 
both z and ¢, as for example in the case of cantilever plates; 
for nonhomogeneous materials even the coefficients A, B,C, 
BE, F are functions of z and 2 In such eases the change of varia 
bles indieated by Equations [5] is no longer useful. The general 
method however for constructing particular solutions is. still 
applicable if the functions N,, N,,, Ny are polynomials in z 
and y or can be approximated with sufficient closeness hy poly- 
nomials. A transformation to the complex conjugate variables 
z and ¢ defined by Nquations can again be performed and 
the power series of I:equations [26] and [34] assumed; but the 
form of the resulting recursion formulas or equations cannot be 
predicted without knowing the explicit form of the functions 
N,, Nay Ny. Nevertheless, onee they are found and if they 
can be solved the particular solutions are given again by Mqua- 
tions [26] or [34]. 
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A certain modification is further necessary in the actual proc- 
ess of computing the eritical value of A. The particular solu- 
tions will be functions of A. Then various values of A should be 
assumed and the value of the determinant A of the coefficients 
a,; of the system of Equations [18] be computed. The smallest 
positive value of A for which this determinant vanishes is the 
critical value sought, 


EVALUATION OF VIBRATIONAL Mopers AND FREQUENCIES 


In cases of transverse vibrations with separable time variable 
and always for free transverse vibrations the equation of motion 
after a separation of the time variable reduces to the general form 


— + + Nyw.yy) ww = 0 [38] 


and the procedure followed for Equation [1] can be repeated. No 
specific discussion however will be given in the present paper 


Comparison Wirn INVESTIGATIONS 


For isotropic plates M. Z. Kraywoblocki (35), on the basis of 
integral representations and recursion formulas of S. Bergman 
(33), arrived at equations that are essentially equivalent to lqua- 
tions [28] and [20] of the /’?™(2) with the imposed boundary 
conditions, Equations [30] [82], and gave explicitly solutions for 
the first three P'" (2). For K = M = I6 and L = 82 which cor- 
responds (within a constant factor that can be absorbed in A) to 
uniform compression in one direction, he takes as approxima- 
tions of particular solutions (v= 1, 2,3,...) 


= cos 2) 


+ (sin 2 


U(z, 2) = (cos 2) 2” 


+2 
2? (vos 2) [30] 
9 


(v+ 2) + 1) 


Utilizing Krzywoblocki’s solutions,® the results for Iquations 
{28} and [29] for this case can be obtained. They are 


PO = sin 2 2 cos 2, 


P'(s) = cos (2), 


and from Equation [34] the first few terms of a particular solu- 


U(z, £) 


(2) 2" + (sin 
sin 


n! 


(5? cos + sin 2) 
n + 24 


which, except for the immaterial constant factor 16/2! and one 
term not included in Krzywoblocki’s expression, is identical to his 
particular solution, Equation [80|. The four arbitrary analytic 
functions in Bergman's integral representations (33) are replaced 
in the present paper by the four arbitrary analytic functions of the 
recursion formulas. 


ConeLupInG REMARKS 


The approach presented here is an extension of the classical 
mathematical method of solving ordinary differential equations 
by power series. The use of conjugate complex variables rather 
than real variables becomes necessary because real variable ex- 


pressions, as of the type sin mr sin ny, may vanish along 


See reference (85) pp. 37 40. 
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continuous lines and thus present unacceptable restrictions. — In- 
deed, the undetermined scale of length & indicated by Equations 
{5| shows that the zero displacement along a continuous line 
may fall within the undefined boundary. The zero displacement 
may be also unacceptable in the ease of variable foree field in 
the middle plane of the plate or of inhomogeneous materials, for 
which the technique of a linear change of variables in accordance 
with Equations [5] is not applicable 

The only example based on Bergnian’s method for the isotropic 
plate equation (33), was given by M. Z. Krzywoblocki (35) and 
refers to the buckling of a triangular plate. It is sufficient how- 
ever to indicate the feasibility of the method, Further examples 
based on the present paper will be reported separately by the 
author. The use of an additional restraining condition by 
Krzywoblocki in the minimal formulation of the boundary 
conditions will also be discussed. The case of concentrated loads 
ean be readily reduced to the procedure reported in the paper. 
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The relative creep rate of specimens of 2S aluminum and 
commercial drawn copper were investigated with the 
oxide surface layers removed and then, under the same 
conditions, after the oxide was permitted to form. The 
oxide was removed mechanically by stripping the test 
specimens in an inert atmosphere furnace so equipped 
that an axial stress could be applied and the creep rate 
determined without disturbing the atmosphere. After 
the oxide-free specimen was observed to be creeping essen- 
tially linearly with time (i.e., the quasiviscous, secondary 
creep range was established), air was admitted to the fur- 
nace. The extension versus time plot was continued after 
admission of air and the temperature held constant. 
Since all of the known parameters affecting creep rate 
(temperature, grain size, degree of work hardening, stress, 
and so on) except the gaseous environment were the same 
before and after admitting air, the effect of this change 
could be isolated. A decrease in creep rate was observed 
after air had been admitted to the furnace. 
mental results indicate that the presence of an oxide sur- 
face layer on the commercial grades of pure copper and 
aluminum increases the creep strength of these metals. 
The manner in which this relatively thin surface layer 
contributes to the strength of the parent metal is not 
clear, but the phenomenon is consistent with the theory 
of dislocations as presented by G. 1. Taylor if it is assumed 
that the oxide inhibits the generation and/or migration 
of dislocations. 


These experi- 


INTRODUCTION 


OME recent investigations (1, 2)3 have indicated that the 
surface condition of a metal plays an important role in de- 
termining its creep rate. These observations are consistent 

with the theory of dislocations first: presented by G. I. Taylor 

(3) since the external surface, as well as phase and grain bounda- 

ries, present discontinuities wherein dislocations might form most 

readily. 
the rupture life of many metals, 


There is abundant evidence (4, 5) that oxidation affects 
The authors have encountered 
instances wherein the oxide surface film has tended to decrease 
the creep rate of commercially pure aluminum and copper speci- 
mens, 


EXPeniMentaL Apparatus 
The setup for mounting and stripping the oxide from the speci- 
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Effect of Surface Condition on Creep 
of Some Commercial Metals 


By FE. D. SWEETLAND! anv E. R. PARKER? 


~in-diam specimen, 4 in, long, was 
mounted in a yoke-and-gimbal assembly in an inert-atmosphere 


men is shown in Fig. 1. A? 


furnace as shown. The hardened-steel stripping die, which was 


0.0005 in. smaller in diameter than the specimen, was drawn over 
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the specimen in an inert atmosphere, Thus the outer layer of the 
specimen Was removed, leaving a metal surface free from oxide. 
Weights were added, thereby applying a tensile load, and the ex- 
tension was read on a dial indicating gage coupled to the lower 
shaft below the furnace, Provision was made so that the inert 
atmosphere (helium) could be shut off and air introduced when 
desired, 


EXPERIMENTAL ResuLtTs 


The effect of the introduction of air on the 28 aluminum speci- 
mens is shown in Fig. 2, while Fig. 3 shows the results for a 


drawn-copper specimen, The creep rates and the relative changes 


in rates after admission of air are shown in Table 1, 
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Creep rates, in/in/hr— Decrease 


Tensile After in creep 
Run stress, Temp, After admission rate, 
no Metal psi deg F stripping of air per cent 
1 25 Al 19300 400 0 00048 9 O0020 58 3 
2 25 Al 22500 400 0 OO107 0 QOOST Ik 7 
3 Cu 42000 400 0 00020  OOOT25 37.5 


PossiBLe Causes FoR CHANGE IN Creer Rare 


The data recorded in Table 1 and shown in Figs. 2 and 3 
clearly indicate a decrease in creep rate after the copper and 
aluminum specimens ure permitted to form their oxides. There 
is too little known about the plastic flow of metals in general, and 
of creep in particular, te permit a rigorous theoretical analysis of 
the observed results even if the data covered a much broader 
range of conditions than the foregoing. Hlowever, the several 
different ways in which an oxide film could affect creep rate will 
be considered and some deductions may be made as to the relative 
magnitudes of these effects: 

1 The oxide film might contribute directly to an increase in 
strength by assuming a higher portion of the total tensile load 


| 


TIME, HOURS 


hig. Creer Curve or Commerctatry Pore Corpprn; Kun No. 8 


than did the same metal before being oxidized. This effect 
would, at best, be relatively small and probably would tend to 
increase rather than decrease the strain rate for the following ren- 
sons: (a) The oxide film formed in dry air on both copper and 
aluminum is much less than O.OOL in, thick (6); thus, fora '/,-in- 
diam Specimen ts used, the cross section of oxide film is less than 
3 per cent of the cross section of the unoxidized metal,  (b) 
While the authors were unable to find any quantitative data on 
the tensile strength of the oxides formed in this manner, it seems 
doubtful that the relatively imperfect (6) film could take mueh, 
if any, tensile stress. (¢) Since there is a volumetric increase ac- 
companying both the aluminum-and-copper-oxide formation, the 
oxide film could not take any tensile stress until the specimen had 
elongated sufficiently to put the film in tension; however, as the 
specimen Clongates, new oxide could continue to form and the 
film would remain under compression Therefore this effect 
would tend to increase rather than decrease the ¢ reep rate If the 
oxide did not form rapidly enough to keep this layer in compres- 
sion, it still presumably could not take an appreciable tensile 


load due to its impertections (6) 
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2 Residual stresses developed in the oxide-free core by the 


formation of the oxide might alter the creep rate. This effect is 


closely associated with that considered in the preceding para- 
graph, and it also would tend to increase rather than decrease the 


creep rate. In the case of copper there is more than a 10 per 
cent increase in volume when a given amount of copper becomes 
CuO, which would indicate that the parent metal below the oxide 
would be under a tensile rather than a compressive load. Also 
the very tightly packed oxide film of aluminum (partly respon- 
sible for the “self-stopping’ nature of aluminum oxidation (6)), 
would tend to put the metal underneath the film in’ tension 
Since, in both of these cases, these residual stresses are acting in 
the same direction as the applied tensile load, the creep rate 
would be expected to increase rather than decrease if this were the 
predominant effect 

3 ‘The oxide film may form a protective layer which tends to 
inhibit the formation or growth of dislocations on the surface, 
thereby decreasing the creep rate. This theory seems compatible 
with the dislocation theory (3) and the results found by Pickus 
and Parker (2) with the electroplating and deplating of specimens 
under load. Since the theory of dislocations indicates that dis- 
locations may be generated at grain boundaries, phase boundsa- 
ries, and external surfaces, the effeet of the surface oxide would be 
expected to be greater with larger grain sizes; and, indeed, a 
much more pronounced effect was noted in reference (2) where 
single crystals were used, than with the polverystals used in the 
authors’ experiments. Work by Sherby and Dorn (7) indicates 
that the larger grain sizes in 28 aluminum promote lower creep 
rates ut This sugyests 
another experimental investigation which might prove illuminat- 
ing; that is, to determine the relative change in creep rates before 


elevated temperatures consideration 


and after oxide formation with grain size as a parameter, 

4 A final consideration as a possible cause of the change in 
creep rate is that the oxide film, aside from inhibiting the genera- 
tion of dislocations, might also tend to restrain their migration 
by preventing their escape at the surface. If this were the case, 
the strength of the specimen should be increased in two ways, 
namely, by restraining dislocations at the outer lavers, creep 
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would be lessened directly, and the building up of dislocations in 
the outer surface would cause work-hardening which would in- 
crease the tensile strength of these regions. Thus, indirectly, 
the oxide formation might be the cause of beneficial residual 
stresses being built up in the specimen as creep progressed. A 
distinction is here being made between this effect and any direct 
effect the oxide film might have in producing residual stresses as 
the oxide forms, as considered in the foregoing. 


CONCLUSIONS 


1) The oxide surface film decreases the creep rate of 25 alumi- 
num and commercial grade of tough pitch copper wire. 

2 This decrease in creep rate is probably primarily attributa- 
ble to the oxide inhibiting the generation and ‘or migration of 
dislocations. 

3 Metals designed for use in high-temperature environments 
should be tested under conditions which produce the same type 
and degree of surface oxidation as the environment under which 


the metal is to operate. 
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The New Approach to Shell Theory: 
Circular Cylinders 


By FE. H. KENNARD,' WASHINGTON, D.C. 


Taking Epstein’s? basic work on elastic vibrations in 
plates and shells, the author proceeds to construct ex- 
pressions for the distributions of stress and displacements. 
From these, stress resultants are calculated. The prin- 
cipal effects of external load on the faces of the shell are 
included, and the validity of the approximation and prac- 
tical applications of results are discussed. 


HE theory of thin elastic shells has been developed mostly 
on the basis of physical analysis and with the help of cer- 
tain simplifying assumptions. Usually it has been as- 
sumed that lines normal to the median surface of the shell remain 
normal to it, and effects of the Poisson contraction in the direc- 
tion of the thickness are partly or wholly ignored. 

In 1942, however, P. S. Epstein published a more thorough- 
going analysis.? Starting from = the 
tions of elasticity, he, in effect, considers all variable quantities 


three-dimensional equa- 
to be expanded in a series of powers of a co-ordinate perpendicu- 
lar to the median surface and then introduces the restriction to a 
thin shell by satisfying the boundary conditions on the two faces 
of the shell only through the third power of this co-ordinate. 
In harmony with this restriction, only terms through the second 
power of the thickness are retained. Details are worked out 
only for cylindrical shells, for which the equations of motion were 
found to differ considerably from those used by other writers on 
shell theory, 

Since Epstein’s paper seems not to have attracted attention, 
one purpose of the present paper is to offer a paraphrase that 
proceeds along more concrete and more usual lines, Expressions 
for the distributions of stress and displacements are constructed 
These re- 
sultants are actually needed in some statie problems, The treat- 
ment also will be generalized a little by including the principal 
effects of external load on the faces of the shell. Finally, the 
validity of the approximation and the practical application of the 


and from these the stress resultants are calculated. 


results will he discussed, 


FUNDAMENTAL EQUATIONS 


Let h denote the thickness of the shell and R the radius of its 
undistorted median surface. Let x, s, r be eylindrical co-ordi- 
nates with + taken in the longitudinal direction and r denoting 
Rod where @ is the azimuth angle 


For convenience, radial distance from 


distance from the axis; s 
about the Fig l. 


| Physicist, David Taylor Model Basin 

2"On the Theory of Elastic Vibrations in Plates and Shells,"’ by 
P.S. Epstein, Journal of Mathematics and Physics, vol. 21, 1942, p 
198; also W. Z. Chien, Quarterly of Applied Mathematica, vol. 1, 1943 
p. 207; vol. 2, 1944. pp. 43, 120. 
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ASME: Applied Mechanics Division. December 12,1951 Paper No 
52—-F-9 


and will be accepted 


publication at a date. Discussion 


the initial median surface will on occasion be denoted by z; thus 
z=r R. The components of displacement of any point of 
the shell, assumed infinitesimal, in the x, s, and r-directions, 


respectively, will be denoted by u, v, w. 


It is readily seen that the six components of strain at any point, 
in an obvious modification of Timoshenko’s notation, can be 


written 


Here the factor R/r results from the fact that the element of 
length in the s-direction is rds/R. 

To shorten the notation, subseripts will be written hereafter 
to denote 0/Or and 0/ds and (following Epstein) a prime for 
0/dr. To avoid confusion, it also will be well to write for the 


stresses, starting with Timoshenko’s notation 


Then, from the usual equations for the stresses in terns of the 


u 
) + Ove 


strains, it is readily found that 
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where 


(l + 


EB being Young's modulus and v the Poisson ratio. Tere w’ has 


been eliminated from a, and a, by means of Equation [2], since 


for a thin-shell theory all reference to the co-ordinate r, or to a, 
7, and 7, must be eliminated. 

The equations of motion at any point of the shell then are, p 
Leing the density of the material 


pu +R tal 


These equations are obtained by considering a volume element 
with faces perpendicular to 2, s, and or, whose respective areas 
are dr(rd or (r/Rodr ds, da dr, rd @ de or (r/R) ds dr; the vol- 
ume of the element is rd @ de dr or (r/Ridr ds dr. Wall of the 
term 2 7)/r arises from the difference in direction of the shearing 
forces on faces perpendicular tos 

In preparation for the final suppression of the r-derivatives, we 
solve Equations [6a, ec], [2], and [8a, 6] for these derivatives 
and then differentiate once more 


[10a] 


(10h) 
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All equations so far written are general. Our ultimate interest 
lies, however, in equations pertaining to the median surface, 
Hence it will be convenient hereafter to enclose in parentheses 
all symbols denoting stress or displacements at a general point of 
the shell and to understand that all quantities not so enclosed re- 
= R,z = 0). 

The boundary conditions on the faces of the shell will now be 


fer to points on the median surface (7 


that o., 7, and 7, take on preseribed values, which will be de- 


, T°, on the face z = h/2 anda 
h/2. 
Then, expanding in powers of 2 and using the new 


noted by @ , on 


the face z = These quantities vanish if there is no ex- 
ternal load. 
notation just described 


h 
4+ 

9 


with similar equations for 7, and te. Here (as (a, 
denote 0(a;)/02, 0% 027, tuken at z = 

It will be more convenient, however, to express the final re- 
sults in terms of the following notation 


Here Z,, Zo, Z; are connected with the net external load on the 
faces of the shell. 
sense external actions tending either to curl the shell by shearing 


The quantities S;, So, Ss represent ina crude 


its faces or to alter its thickness. 

Addition and subtraction of the equations for g3* and o,~, and 
of the similar ones for 7, and 72, then vield as the boundary condi- 
tions on the faces, in terms of stress components and their deriv- 
atives on the median surface 


hela + S (a 


ated substitutions in the equations of motion, 
tions [6 a, bh, ce}, specialized to refer to the median surface, all r 
derivatives can now be eliminated from those equations except 


which remain unknown. Epstein ob- 
tains zero-order values for these latter derivatives by differentiat- 
ing Equations [9 a, ¢] once more. In the alternative method 
to be followed here, only the equations already written are needed 
and the final equations of motion are obtained in a different way. 
It can be shown by a general argument that the two methods 


must necessarily vield the same final result. 


STRESS AND DisepLACEMENT PATTERNS 


Equations of motion for the shell, expressed in terms of quan- 
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titties referring to the median surface and free from all r-deriva- 


tives, are to be obtained in the usual wav by calculating the stress 
resultants and then substituting these in the usual equations 


the shell. 


motion correct through order #2, 


of motion for an element. of To obtain equations of 


stress resultants must be eal- 
since the mass of the shell is itself of order 
hoor The dis- 


tribution of certain stresses over the thickness of the shell, repre- 


culated through A‘, 
h; this requires stresses accurate through 22, 
(7) must be known, and to find 


sented by (r 


the latter three quantities, expressions for (a), (re), Ge) also must 
be known. These quantities can all be found by substitution in 


appropriate Tavlor se ries, tor example 


where “ 
tuken at 2 = O 
(a newd to be 


ind so on, denote derivatives with respect to 
Values of second derivatives such as ‘ io on 
known only through zero order im A, ane first 
Values of 
‘ure given by | Illa to fl, in 


derivatives such as (4 or only through 

» (Ti (8 
Which the A@-terms can be dl pet tov substitution in the 
first terms of the Tavlor series for (ay), (r Then 
with 7 R, 
similarly by Equations [10 a, 4, 
forth. Zero-order 


wy’ are given by lequations [Sa, and 


in which 


Ow), and so values of 


For substi- 
R of a, 7, 


taken from Equations 
tution in these equations, zero-order Values at 
derivatives of these equations with respect toy 
is easily found by diffe rentiating equation Sa! twiee with respect 


T are found from Equations and or from the 
Since 


the zero-order value of pu’ for use in haquation [Oh 


similarly for pi pu’, 


to and then using Hquation ty 


in Equations ¢ 

The distributions of stress and displacement thus found are 
given in Equations to which follow. The values of the 
various derivatives that were used in constructing these expres- 


sions can be recovered if desired by differenti itary 


APPROACH TO SHELL THEORY: 


CIRCULAR CYLINDERS 


Tue Stress Resunrants 


The ten stress resultants are now easily ealeulated from the 


usual formulas 


Here, as 


the she torces 


Hlustrated in Pig. 2, is the tension and and are 


transmitted negatively across a unit seetion 
Q, being normal to the median surface, MW, 


aud MV the 


taken positive when the outer surface of the shell 


perpendicular to x, 


is the bending mionient twisting moment across the 


Some section 


is urged toward the positive axis for one of the co-ordinates, and 


the other five svibols refer similarly to a section perpendicular to 


The caleulation ste uvhtlorward In taining (lint ions 
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and [4] for 7, general values are inserted, for ex- 
ample, (a), for u,, and 1/r is expanded thus 


The external load on the faces of the shell gives rise to compli- 
cated A? terms which are probably useless and will be omitted 
As thus abbreviated, the expressions found are, in terms 
of quantities referring to the median surface 


w 
N, = we. tw, ) 
R 


here. 


u 
+ 


(2 Sw 

(4 3 4 + 2v + vp?) + OvhS: 
{18a} 
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24 
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The nature of the omitted lond terms will be illustrated by 
appending those which arise from Z; and Ss, the most important 
type of loading in practice. The terms to be added on the right 
in the equations representing the quantity shown below in paren- 
theses are as follows 
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(M,,) and (M,,): nil 
EQuATIONS OF MOTION FOR THE SHELL 


From the stress resultants, equations of motion can now be 
formed by substitution in the following equations 


(i = N + | 
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(widz = ¥ q 
R or Os 


The terms in Z and S represent the external forces on the faces 
of the shell, taken per unit area of the median surface. To ob- 
tain equations referring to the median surface, the integrals on 
the left are evaluated using Equations [12a, b, ¢], and resulting 
terms in A‘, after substituting in them zero-order values of pu. 
pv, pw from Equations [6a, 6, ¢], are combined with similar terms 
in the right-hand members. Corresponding treatment of the 
three moment equations shows that these equations are satisfied 
identically. 

The equations of motion thus obtained for the shell, in terms of 
quantities referring to the median surface, with omission of the 
complicated and probably useless A? terms arising from external 


load on the faces, are as follows 


l 
pu = E 9 
| 
24 
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These equations of motion agree with Epstein’s? provided two 
misprints in the latter are corrected? They agree also, as bp 
stein remarks, with the known exact solutions for special cases. 
The terms to be added on the right if A?-terms arising from Z, or 


Sy are to he included ire as follow s 


(pur: ( 


(pr 


tw 
2v)p - 


+ 
RE, 


The right-hand members of hiquations [I4a, b, ¢] may be re- 
varded as the first terms in an eXPAnSION of the eX pressions fora 
In considering the corresponding 
equations of equilibrium, however, a difficulty was encountered 


thick shell in powers of h 


(section “Axiradial Equilibrium With Axial Symmetry,” near 
the end) whose solution led to an altered vies. or the basis on 
which the validity of the expansion should be assumed to rest 
The new view is also of practical interest * The two imagina- 
the expansion are as follows: 

The Analytic According to the + sual point of 


view in mathematical work, all quantities would be assumed to 


ble bases f 


As sumption. 


be analytic functions of the thickness A and to be expanded in 
positive integral powers of this parameter, with retention of 


terms only through order hk? The first- or zero-order approxi- 
mation to the solution of any problem is then obtained by drop- 
ping all terms contaming A, so that the equations of motion re- 
duce to the simple membrane equations; inclusion of termes 
thre igh A? results in a better approximation; ine lusion of Af 
term. would be still better; and soon 

In certain cases, however, the analytic assumption is impos- 
sible, so that to cover all cases of interest a broader prineiple of 
approximation must be found. The most satisfactory one ap- 

*In the first paragraph of Ejpstein’s equations [22], read 3A 
(A 1)? +? for ACA 1)? y? in the last line, and at the end of the 
first line of the third equation read 4+ 2)m% for 2)m 

4 The ideas en ployed here are not new 
Thin Shell Theory,” by L. H. Donnell 
tional Congress for Applied Mechanics 
of Thin Elastie Shells.” by A. bE. Green and W 
Journal of Mechonics and Applied Mathematu vol. 3 


“Discussion of 
Proceeding» of kifth Interna- 
1939, p. 66; 
Zerna, Quarterly 
1950, p. 9 
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pears to be furnished by « careful formulation of what is meant 
by a thin-shell theory of a thin shell. 

The Thin-Shell A cylindrical shell thin 
if h/ais very small, and (6) a thin-shell approximate theory is one 


Assumptions, (a) 


such that on all quantities pertaining to the median surface the 


operators hO/or and are in general strongly diminish- 
Ing operators, that is, fg is any such quantity, then hdg/or and 
hog /os are both in general much smaller numerically than it- 
self. In other words, q varies in general relatively little in a dis- 
placement of the order of Aon the median surface, Near a zero 
value, of course, q will usually vary relatively rapidly, 

A little reflection indicates that this principle suffices to validate 
If the eal- 


culation were pushed to higher powers of A, each of the added 


the preceding deduction of the equations of motion, 


terms would differ from one of the h® terms by multiples of the 
operators or and would thus be small 
relatively to the A? term. Singular cases are, of course, possible 
in Which this eriterion might fail and the dropping of certain terms 
inh! would not be justified. Tt seems doubtful, however, whether 
such cases will arise in praetice, 

The significance of these latter assumptions and the degree of 
accuracy of the final equations may be correlated with the be- 
havior of the membrane equations (kh = 0). Tf, under given 
boundary conditions, the membrane equations possess a unique 
solution, then that solution of 6, ¢) which satis- 
fies the same boundary conditions and whieh passes continuously 
into the membrane solution as 4 — 0 constitutes an approximate 
solution containing a for shell thiekness. In 
such eases, either principle of approximation may be assumed. 


If, on the other hand, the membrane solution is nonexistent, or 


first) correction 


perhaps merely not unique, only the thin-shell assumptions are 
applicable, and in such eases the essential character of the solu- 
tion is fined by the A? terms. 

These features and others of special interest will be illustrated 


brief discussion of two special CUSECS, 
Phare in Morton 


With Ro = ©,» = 0, and 0/0s = 0, Mquation [Ida] becomes: 


for the plate unloaded on its faces 


he 
pi = 4 EO 


12 


{15} 


The last term represents small corrections not included in the 
ustial analysis. 

The high order of the differential Equation [15|, however, is 
= (cos wt sin kr, two values 


spurious. For the harmonic case, « 


of k occur for given w of which the larger is he where 


With this value of £4, h Ou /Or is large, u varving enormously in a 
Furthermore, sin far is not expansible positive 
Thus for this twpe of solution the method of deduc- 


distance h. 
powers of 
ing the differential equation is not valid by either principle of 
approximation. Apparently such a form of «is a parasitie solu- 
tion that has been brought in by the process of differentiating 
differential equations; it must be rejected, only the smaller value 
of & being used. 

The general equations of motion Equations (Lda, 6, ¢] appear 
to sdmit an analogous class of parasitic solutions. Presumably, 
by rejecting these as physieally irrelevant, the variety of the 
possible modes of vibration of given frequenes alwavs becomes 
reduced from 12, as suggested by the order of the equations, to 
S. in correspondence with thy number of boundary conditions 
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that ean be satisfied physically (for example, assigned values of 
u,v, w, w, at each end of the cy linder). 

In further confirmation of this view, it will be noted that the 
form, « = C cos wt sin kez, suggests for the plate, as w — 0, an 
equilibrium deformation, u = C sin which is cer- 


Actually, the corresponding equation of 


he 
12 


can be replaced by an equally plausible simpler one by the follow- 
If Equation [16] is differentiated twice, and if the 
is substituted back into Equation 


tainly 
equilibrium 


Impossible. 


ing argument, 
expression thus found for My 
[16], there results 


war 


Une = 


The 


only consistent course, therefore, is to drop the A‘ term here also 


Terms in kh‘, however, have been systematically dropped. 


and to take as the equation of equilibrium the usual one 
(17) 
This reduction automatically eliminates also the spurious solu- 


tion, It may be remarked that the only solutions of Equation 
{16] which are analytic in A are the solutions of equation [17]. 


Axirapian Equinipriem Wrra AXIAL SYMMETRY 


The equations of equilibrium of « eylindrical shell unloaded on 
its faces with » = O and 0/ds = 0, as obtained from Iquations 


are 


»( =) O 


To simplify these equations, we may note first that each is of 
the form P + 42Q = O where P and Q are expressions free of h. 
If Q is replaced by Q + 6 (o"P/or")/R™ where n and m are posi- 
tive integers or zero and 6 is any constant, the terms thus added 


to Q ean be written — since P = These 
terms are thus of the same order, according to the thin-shell as- 
sumptions, as similar terms that were dropped during the dedue- 
tion of the equation and can, therefore, do no harm; they are as 
likely to decrease the error caused originally by dropping other 
h* terms as to increase it. Inclusion of these new terms will 
only change the solution by terms of order h*. 

By using this device twice with proper cheices of b, n, and om, 
all derivatives of « ean be eliminated from the ® terms in Mqua- 


tions [IS a, b]. The resulting equations are 


4 
w, he Wess 
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w 
mu, +. +10 2(1 V)Rw 


whence also, by differentiation of the second 


he 
vu + (0 24 201 


R 


+ (2 oy = () [1%e] 


Now, treating the A? expressions as known quantities, let lqua- 
tions [19a] and [19%] be solved for u,, and w,/R. In the ex- 
pression thus obtained for a,, and also in Equation [106], sub- 
stitute, in the A? terms only, for w,/R the expression just found 
and for Ro and w,,,/R expressions obtained therefrom by 
differentiation. All A‘ terms thus created are negligible, by the 
thin-shell assumptions, each relatively to an #2? term containing 
or 


equations of equilibrium are found in the form 


Ae 
(1 = vk 20a) 
12 


vu, + 12 Rie 


Dropping these negligible terms, simplified 


Or, integrating the first of these equations twice and then substi- 
tuting the value of u, thus found in the second, the equations also 
can be put into the form, A and B being arbitrary constants (in 
agreement with Timoshenko’s equations for NV, = 0) 


he 
vu = (ox ) Wee + A B 21a} 
12 R 


21h) 


It is impossible to say whether Equations [19a, 6] or the 
simpler {20a, 6) will furnish the more accurate solution, It is 
worth noting that if the value of w,/R found originally, and 
values of w,./R and of w,,,,/R found from this by differenti- 
ation, are substituted back into the expression for w, /? itself, it 
is found that w, is equal toa quantity containing A* as a factor. 
It would seem that this quantity should be dropped, in the name 
of consistency, with the result that w, 0. Such a conelusion, 
howeve r, is Unies eptable, for the eviinder ean certainly be londed 
at its ends so as to bend the generators It appears that drop- 
ping the term in wu (rom the expression lor Ris not justi- 
fied because it contains the operator R? O° Or*, whose magnitude 


is not known «a priori, Actually, since the basie solutions of 
Equation (21h) are of the form, + const, where 

{[—12(1 Rh, the quantity is of order 
relativety to w and henee is relatively large. It also may be 


noted that stnee such san Xpression tor w eannot he expanded in 
positive powers of A, the analytic assumption is inapplicable 
here. 

Analogous modifications of the equilibrium conditions can be 
made in general and of course in many different ways Thus 
there appears to eXist an indeterminateness the expressions 


representing the approximate conditions of equilibrium, 


PRACTICAL SIMPLIFICATION OF EQuaTIONS 


The A? terms in the equations of motion represent in part small 
corrections for shell thickness that are usually unimportant. 


THE NEW APPROACH TO SHELL THEORY: 


CIRCULAR CYLINDERS 


For many engineering purposes a simpler approximation is 
needed. 

When the membrane equations possess a solution, it may be 
sufficiently accurate to drop all A? terms and employ simply the 
membrane equations themselves. In other CHSes, howe ver, at 
least some of the A® terms must be retained. The following 
method of selection seems to be plausible : 

All of the A? terms are small, in the sense of the thin-shell 
assumptions, each relatively to a membrane term in the same 
equation, except the three fourth-order terms in the wv equation, 
These terms contain, as compared with wR, in addition te A® 0 
or? or h? Os*, the operator R? 0? Os*, concerning 
Whose magnitude no general statement can be mused A further 
complic ation arises from the fact that the binomial, e 4 wR, 
in the ¢ equation is the derivative of the binomial, + + wR, in 
the u equation As a COTSE if hk conmtintotis set 
of inextensional equilibrium deformations is possible, for which 
these binomials vanish. These deformations can regarded ns 
inembrane vibrations at Irequeney zere and the shell vibrations 
that puss inte some of them as O are essentintly controlled by 
certain terns of order 

These latter vibrations should not be seriously falsified, how- 
ever, i we subtract from the A® terms expressions of the form 
BR? ov P or Os? where the binomial just 
mentioned in the same equation and 6 is an arbitrary constant, 
In this wav the term can be eliminated from Mquation 
All other deriva- 


tives of the of lth, can be cluminated 


1144), with ae hange in the coeflicient of 


similarly in favor of derivatives of a Terms inh? and 
derivative of win these « quant ions and all terms in the 
tion ean then be dropped as being small, by the thin-shell 
tions, relatively te appropriate membrane terms im the same 
equation, Tt seems reasonable to drop hte, (R? as well, in com- 
parison with 

The appro iniate equations of motion thus obtained are 


Ss 
S 


( y t ) 


The following set. of approximate stress resultants leads toe 
equations |220, 4, upon substitution in the usual equations of 
motion (with allowanee for external load on the faeces , and they 


satisfy the equations ( lor possible hk? termes 


due directly to external load 


N, = hk E WE (2—v) + h OvS, 
12 


+ (2 Sv 2p?) R =@Q [19d] 
+ 
“ 
vy?) w Ke vl pu (1 4 — 
pr | (1 4 + + 
on 
7 
he 
( ) 211 “ 2) w 
21 
- 
“ 
> 
ig 
4! 
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w We, 


5 
he, (om, + v, + =) + h? + 


h 
WE (1 — v)w,, 


- ; (1 — v)hE fu, +0,) + - WE, 4 The h? terms in Ne, N,,, and N,, are fictitious and often may be 
dropped as negligible. 
~ It is thought that Equations [22a, b, c] may give fair approxi- 
’ mate results in all cases. The approximation may be somewhat 
uneven, however; for example, in some cases the dropped term 
in w,,/Rk* may be comparable with the term in w,,,,, but in such 
cases the latter itself will be relatively small and might as well 
)+AS, be dropped. The terms in w,, w,,, and w,,, are such as to ensure 
that Equations [22a, 6, c] agree with the complete Equations 
[14 a, b, c], not only in permitting rigid displacements, but also 
in giving for the frequency of purely lobar vibration of the shell 
(u = 0, 0/dzr = 0), through order h? the simple formula obtained 
long ago by Rayleigh,® as was noted by Epstein. 


l 
Su, + 4 


WE (w,,, + w 


12 we, + =) + hS2 


M,=— WEAw,, + vw,, * “Theory of Sound,” by Baron John W. Rayleigh, second edition, 
12 The Macmillan Company, New York, N. Y., vol. 1, 1894, p. 417. 
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The simple pendulum mounted to a rotor suffering tor- 
sional oscillation is used as an effective dynamic damper 
which may be tuned to any one harmonic order of vibra- 
tion. The nonlinear equations of motion are here de- 
veloped to investigate whether wider angles of swing, or 
whether larger or smaller sizes of pendulum relative to its 
carrier, are more effective. Resonance-type curves are 
drawn by assuming a single harmonic excitation and hy- 
perelliptic pendulum motion without damping; it is 
shown that theoretically oscillations up to 90 deg may be 
used which are predictable, and that in all cases the tuning 
must be higher than that indicated by small-angle theory. 


NOMENCLATURE 


The following nomenclature is used in the paper; of the sym- 


bols used, many were introduced in the analysis of the free os- 
cillations (2):* 


A = amplitude of carrier from applied torque 7, with locked 
pendulum, radians, Equation [34] 


a= V R/L, order of small-angle natural circular frequency; 


= al? 
¢ = constant of momentum (after + 2mL*) | 
> when 
= constant of energy (after + mL?) J = 6 
e? = mR*/(mk*? + 1), moment of inertia ratio 
second elliptic integral, complete integral 
f, F,q = functions 
7, = mass moment of inertia of carrier about its axis 
k = sin ¢g/2, modulus of hyperelliptic functions 
L = length of simple pendulum from pivot to mass 
L’ = complete hyperelliptic integra! function 
m = mass of simple pendulum 
M = forcing torque acting on carrier, Equation [4] 
n = order of harmonic of forcing torque referred to carrier 


~ 


rotational speed 
Fourier coefficients, equations [17], [21], constants 
Q = torque from pendulum on carrier 
Rk = radius of attachment pivot of pendulum from axis of 
carrier 
time 
kinetic energy of system in Lagrange’s equations 


<= 


~ 


1 This paper was part of a dissertation presented to the faculty of 
the Yale University School of Engineering in partial fulfillment of 
the requirements for the degree of doctor of engineering, which was 
awarded in 1949. 

? Assistant Professor of Mechanical Engineering, Yale University. 
Mem, ASME 

3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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The Forced Oscillation of the Centrifugal 
Pendulum With Wide Angles 


By F. R. E. CROSSLEY,* NEW HAVEN, CONN. 
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y = function of yg; see Equation [13] and Fig. 2 
a = oscillatory angle of carrier about steady rotation 
Q = maximum value of @ 
B = (1, + mk* + mL?) + 2mRL, moment of inertia ratio 
n = angle (just mathematical) defined by Equation [28] 
6 = Qt + a, instantaneous angular position of carrier 
6, = angular velocity of carrier at instant g = geand ¢ = 0 
¢ = angle of pendulum relative to radial line on carrier 
through pivot pent 
Yo = maximum value ot ¢ 
= angular acceleration which would be caused by ap- 
plied to inertia mit?, Equation [5] 
Yo = amplitude of W"; maximum of torque Mo + mi?, 
Equation [23] 
= circular frequencies 
2 = constant mean speed of carrier 


INTRODUCTION 


If a simple pendulum is mounted on a rotating disk, (which 
will be called the carrier) and is free to oscillate about an axis at 
considerable radius from the center of rotation of the carrier, it 
has been found to act very effectively as a dynamic damper of 
torsional vibrations in the carrier shaft. 

The system to be analyzed is shown diagrammatically in Fig. 1. 
The carrier need not be a disk, and in actual designs the pendulum 


hic. 1) Diacram or anp Carnnier 


needs a very short length L, so that there are two principal types: 
the bifilar suspension form of Sarazin and Chilton, and the roll- 
ing-puck type of Salomon, But all designs can be reduced easily 
to their equivalent simple pendulum, provided geometrical rela 
tionships are known, so that here only the simple pendulum is 
dealt with. 

The case of small-angle motion is a linear one and it is pre- 
sented in most vibration textbooks. However, any wide-angle 
motion of the pendulum is nonlinear. Two previous analyses 
(1, 3) have been developed, but assumptions are made from the 
start which have obscured certain vital relationships; for in- 


a 
| 
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stance, the assumption that the carrier can be reduced to a state 
of steady rotation without vibration shows a motion of the pendu- 
lum expressible in elliptic functions, which are independent of 
the ratio of the moments of inertia of pendulum and carrier. 
The latter was shown to be a great influence in the author's 
analysis (2) of the free oscillation and is also affirmed by Timo- 
shenko and Young (4). 

The analysis presented here makes use of the hyperelliptic 
functions used in the free-motion analysis after developing the 
equations without any assumptions, 


hQuations orf Morton 
The angular displacement of the carrier 6, and of the pendulum 
yg, may be found by the Lagrangian method to be governed by 
the two equations 
ml? [2a + cos + (1 + at eos 
a? sin + =a'M 
+ (1 + atcos + a? @ sin = 0 
Also, from the consideration of kinetic energy it follows that 
T = aXB + cos + (1 + ateos 


4 


dt + ¢ ‘ 
mk? 


Only two of these three equations are mutually independent of 
course, 
The term M refers to the forcing torque which, in general, may 


he 

M = DM, sin (wt + ¥,) 

Because MW appears as it does, we introduce an abbreviation 
y” 
Now @ may be eliminated between the equations as follows: 
Integrate Mquation [1] for the angular momentum of the system 
+ cos + (1 + a®eos = a! + 2c. 
where cis aconstant. Then using this value for in Equation [3] 


(1 /e? cos? ye? (at yp } 2)2 = + cos gy) x 


d a'y ae (1 + a* cos 
la? 2(3 + cos 


At this point it may be noted that if wv" = Wb = 0 we have the 
same free-motion equation in g as before (2). 
The integral in Equation [7] is not pretty, so differentiate 


la] sin 
2(3 + cos (1 /e? cos? 


y sin ¥ 
2 + (a + 2c)? 


cos? 


AprroxiMate LINEARIZATION OF EQuation 


Now, no damping has been included in this analysis, so the 
middle term in Equation [8] must have oceurred from differ- 
entiating a function of g twice. For instance, even a simple 
harmonic funetion can appear nonlinear with both and ¢? 
terms in its defining equation, like this 
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=asin 
=acog¢ 
acos ¢--asin ¢ ¢? 


Then 


appears as 
—tan + w? tan = 0 
If this be so, there is some substitution y = f(g) which will 


eliminate the ¢? term from Equation [8]. Suppose then that 


= 


where 
dg 


dt 


d 
= and ¢ 
dg 


where F = f’ = df/dg; ory = ri F do. 
Comparing Equations [8] and [9], set 


1 dF 
Fdg 4 COS (1 /e? 


Cos 


2 log F = —log (8 + cos go) + log (1/e? cos? + log € 
where €is an arbitrary constant, 


cos? 


{10} 


[11] 


This substitution will therefore, by Equation [9], reduce the 
first two terms of Equation [8] to the simpler form (1/F)y. 
Any value of € satisfies both Equation [9] and Equation [10) 
so let us set € = ¢? and we are left with the two equations 
23 + COS 


+ a? cos gy’ } 


\ = 0. .[12] 


cos? (B + cos 


Vil 
Y= age 
0 \ B + cos 


It is to be noted that we set the lower limit of the integral in 
Equation [13] as zero, for we desire the relation of y to g to be a 
curve passing through the origin. The relation is obviously hy- 
perelliptic, of a type very similar to those encountered in the free- 
oscillation analysis (2), except that in that case there was a con- 
stant A less than unity, while now 8 is generally large. The in- 
tegral is discussed by the author in a paper (5) where it is shown 
to be not unlike an elliptic amplitude curve, for with large @ it 
may be written closely 


A 
z 
z 
i 
i+ wr = 0 
y=S'¢@ 
y=Sers¢e 
a pe which may better be written 
= p 
cos? 
+ cos ¢) 
le e? cos? = 
= 0. . [8] 
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: Now integrating term by term 
2 dg 3 
Ve, (me + p sin 4 2¢ 
hg Ing Posies 
and this, by a substitution such as & = 9 + 2/2, gives a second IS} 
elliptic integral or 
lo determine the number of significant terms, we take comnizance 
V/ By Ele, ¢ ‘ ? (14 of the maximum likely range of values. If we allow, for any de 
sign, the wide range 
That the curve is usually nearly straight may be seen from the 


ease shown in Fig. 2. 


os 
yt 
o4 where a VRL the order of resonance small-angle 
design, then 

O.025 

2.5 a SOOO 

0.0005 1 O40 


+ <Toss- 
over pont 


Now, if the largest values are used, the values of pare 


sO itis apparent that the first three terms are enough in any case 


n/2 In tueevent of a large 3, whieh is the case of equation [14], the 


term in may even be suppressed 
Pig. 2) Hyrerecouprie Funetton Usep in Repucrion If the curve of y and yg is drawn, and the axes interchanged, as 
With « fine straight line for comparison.) for example in big. 2! it Appears that the mverse funetion can 
be written approvimatels from consideration of the quarter 

Now, separating the terms without in Equation [12], it ap- points of the evele 
pears is ; 
21] 

where 
15) 

Then, substituting y for yg and expanding the trigonometric cos pi / po 
funetions into series, it is plain that this can be written in Poin- 
caré’s form (6, 7 Oe pop asin + py + p 
cos (Y2 po 4 2p po! 
Yr @, 2 It 


If this Relation [21] is substituted in [15}, equation 
Where w, would be first harmonic frequency, 


Proceeding along this line, the first step is to write the hyper- mation. lTlowever, this willbe the complete forced motion; that 
elliptic relation of 4 to ¢ in series form, and then to invert the is, it will ine lude the free motion sud possible transients (dur 
relation. ‘The integrand in Equation [13] becomes, by binomial interest is principally ina steady-state foreed motion, as will now 
cde Ve lopod. 


Resonances Curves ror A GIVEN 


\ 3 + « ; It is desired to find the amplitudes of swing of both the pendu 


lum and the carrier in the steady state when a torque of known 


frequen V is Imposed on the system \ sitiple method of approxi 
where mating these is suggested by several authors OS, 4, 10) It con- 
sists of substitution of a harmonic p tion Lor ene h variable 
in the general equation. But because of the lengthening of the 
period with the swing, the method exhibits shortcomings in this 


4So the reader may judge the variation of the y-curve from straight 
628 128 3 t te the following values are given from which Fig. 2 was plotted The 
28 

second set of values is merely for comparison, and are those from the 

approximation of [14 
y 0 05495 O 17156 0. 23337 

Approx 

0 05586 O 17504 23542 


y 0 20546 : 41405 O 4704 


Approx 
(y 29701 41474 0 47005 
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case; considerable disagreement appears between the ampli- 
tudes caused by a negligibly small forcing torque and those cal- 
culated in the free motion. An adaptation is therefore better. 
Equation [8%] must hold true for the maximum swing ¢ as well 
as all other values of yg for a given case. Since there is no damp- 
ing, the phase of the pendulum relative to the torque can only be 
O orm, Let it therefore be assumed that for a single harmonic 
“torque” applied, (W” = Yo sin the motion of the pendulum 
is hyperelliptie after the manner of the free motion 
sin y/2 = k sham wt . [22] 
where g» may be either positive or negative with respect to Wo. 
Now, there can be no error in substituting in Mquation [8] the 
following (as they vecur simultaneously ) 


\ 
= v= 9 
[23] 
Then if equation [22] is approximately as true for large forced 
motions as it is for small, the value of ¢, found in general by 
differentiation of Equation [22] or 


sin 


g= (cos Ql /a®) 


cos? 
will give for the instant gy = ¢ 


sin Po 


Now, furthermore, for the steady-state condition the periods of 
the two variables must synchronize. The period of the hyper- 
elliptic motion, Equation [22], is given in the free-motion an- 
alysis (2) and the calculations of these functions (5) as 


T = 4L'/w 


where L’ is the complete hyperelliptic function 


rome 1 —- e%(1 
\ 


For synchronization 


2k? sin? 


e? sin? ¢ 


dg 


2m = 4L'/w 


These then can be substituted in Equation [8], together with the 
substitution for the momentum constant ¢, which is taken as 


Q(B COs Po) 


for this involves only the negleet of higher and smaller har- 
The relationship of yg to Yo appears as 


monies of &. 
1 + a? cos go Wo 
( + cos go) + ( ) 


For any chosen pendulum (data a, e? and thus 9) the response 
to a range of applied torque frequencies n and torque intensities 
[Wo/22?] may then be found. The graph in Fig. 3 shows one such 
family of curves; it is seen that they exhibit the expected back- 
ward slope of the “soft-spring’’ nonlinear resonance curve. 
Greater intensities of torque produce greater pendulum ampli- 
tudes—the parameter used is explained through Equation [5] as 


= Mo/mR? 2 


(26) 
sin ¥o 


Note that though the small-angle theory for the case shown in 
Fig. 3 indicates resonance from ninth-order harmonies for a = 
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Forcep AMPLITUDES OF PeNpULUM AND CARRIER IN ReE- 
SPONSE TO VARIOUS FREQUENCIES OF EXCITATION 


Fic. 3 


VR/L = 9, yet here small angle swing is excited at twice that 
order harmonic. 
Forcep Morion or CARRIER 


In analyzing the free motion of the carrier, it was found ad- 


vantageous to introduce an angle variable n, given by 
+ cos + (1 + a? cos = 0. [27] 


In this the variables may be separated, and integration vields 


Equation [27] may be subtracted from Equation [6] for 


(28) 


tan ¢/2.. 


[29] 


+ cos (6— = + 2c. 


Now, also from Equation [6}, if Y” (and torque /) are assumed to 
be a single harmonic of the same period as ¢ 


c = + cos go) 6, 
Equation [29] thus reduces, by setting 


aty (B + cos go) 6, (B 
2(8 + cos ¢) B+ cos 
The last term will be negligible; also, usually 8 > > 1 sothat by 


integrating 


ay 


a=-9—3, ey {30} 
For the steady-state amplitude a, the assumption is made 


along with those in Equation {23} that 
@ = asin nQt 
which gives 


e? Wo 4 
No n? (22 eee 


7 is the influence on the carrier by the pendulum and is found by 


\\ 
\ 
\ 
30 
\ 
‘s 
3 G 93 12 iS 21 24 n 
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CROSSLEY 


Equation |28) or in most cases by the much simpler expression 


sin sn 


23 


where AX = 8 + Y B? 1 as used in the free motion. 
A curve from Equation [81] is shown for the same parameters 


in Fig. 3 under each gy-curve. 


DestaNer’s Approach 


The designer is anxious not so much to know how a given 
pendulum responds to various exciting frequencies but rather how 
to choose the best pendulum for a known frequency excitation. 
The best pendulum should greatly reduce or eliminate the swing 
a of the carrier. This will occur when the right-hand side of 
Equation [31] vanishes. 

It is thus obvious that smaller pendulums (small e?) ean only 
counteract torques proportional to their relative moment of in- 
ertin, and that amplitudes will diminish with the square of the 
frequency in the usual manner. 

Let us then write Equation [31] as 


= A + H...... 


The symbol A then may be called the angular amplitude 
suffered by the carrier under torque VW if the pendulum were 
locked as appears from 
awe 
A 23 OF ‘ [4] 
Vy 


4+ + L*)) 


and 7) is the influence of the swinging pendulum. 

With this term A, Equation [26] is now transposed to enable a 
solution in a to be obtained from a known n. It entails the ap- 
proximation already used that 2e? 8 ~ a® 


2 
L 
” of Cos go Coser 


[35] 


col 


Four examples of the relations given in Equations [33] and [35] 


are shown in Figs, 4 to 7, inclusive. It should be borne in mind 
that if the pendulum were locked, all the @a-curves would reduce 
to horizontal lines with ordinate Ay, Agor Ag. 


A LINBAR SIMILE 


The precise meaning of the principal symbols is elucidated 
through a linear simile. Suppose a simple Frahm absorber is 
suggested to suppress the response of a body to an external har- 
monic excitation. We take the torsional case-——where a torque 
M VV, sin wt is first applied to a single body with moment of 
inertia (J + 2). The proposition is to divide the body into two, 
respectively J and i, connected by a short shaft of stiffness k, in 
order to find the best proportion «2 = 7/(7 + 7) to reduce the 
angular amplitude a of the principal body 7. The response g of 
the secondary body i relative to the principal body is of no con- 
cern. 

Originally the body is united so that the response to che torque 
imposed is given by 


= Mosinwt = (1+ i1)4 


Vo 


FORCED OSCILLATION OF THE CENTRIFUGAL PENDULUM WITIE WIDE ANGLES 


The foreed amplitude is thus of magnitude 
Mo 
A= [36] 
(1 + i) w? 


Now, with the mass split in two, it is to be shown that the 
amplitude of oscillation may be expressed as 


= A + [37] 


where MN is negative in some cases and may even reduce a@ to zero, 


The equations of forced motion for the two bodies J and 7, are 


la=mko+M [38] 
(a+ ¢) = ke 

where the senses of the terms are shown in Fig. 8. Since these 

show simple harmonic relations, the amplitudes may be found by 

substitution of 

M = Mosin wt, a = ay sin wf, and ¢ = ¢g sin wt, giving 


[30] 


where w, refers to the free vibration of the two bodies against 


each other or 


hi [40] 


Now, in terms of A from Iequation [36] 


2 
(1 e?) = A 
\w 
= eee {41] 


The amplitude a will be found less than A, by Equation [37], if 


(1 e?) (w,/w,? (1 [(w,,/w)? 1} 


or for 


which is always true, showing that the split into J and ¢ is always 
helpful. 


The motion @ may be eliminated if 


CONCLUSIONS 


In the graphs shown in Figs. 4 to 7 inclusive, the values of the 
parameter A were chosen carefully. It was thought perhaps 
that the pendulum might be induced to swing just sufliciently to 
counter any torque that was within its maximum ability. Now, 
since in Equations [33] the influence of the pendulum on the 
carrier is 7 (which is expressed by Mquation [32]), and also ap- 
proximately 23 = a*/e?, then a pendulum whose maximum swing 
is g might be expected to counteract a torque given by 


2 


e* sith Yo 


a’ 


that is, proportional to the moment of inertia in the pendulum 
and inversely as the square of the frequency. 

Two values of g were therefore chosen, for the value of Aj, 
oo dey 


go = 30 deg, and for As, go For a, n was used since 


| 
a = 1] $0 ‘ 
iw? 
Mol 
WwW 
| 
a? 
(1 e?) (w,/w)? = 1 
= 
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hic. 8S Fraum Ansorper 


the value of a when gy was to be 30 deg or 60 deg could not be 
determined in advance, 

A third value of A was also taken, which reckoned with a 
change with n® but took no account of changing e?, to see if under 
a given torque «a small pendulum could be just as useful in elimi- 
nating vibration by swinging more widely. The three values of A 
are given in radian measure in Table 1. 


TABLE 1 
big Ay Ai 
4 i 0.05 0 OOL56 0 
7 4 O75 O OO 


Thus some correspondence between all curves marked 1 and 
between those marked 2 (meaning 4), 42) should appear 

It is remarkable that the curves in Figs. 4 and 6, and in Figs. 
5 and 7, are almost identicenl, except for the change ina propor- 
tional to m in the abscissa, and the change in ay inversely pro- 
portional to as expected, 

In Figs. 5 and 7 the pendulum does appear to exert itself ae- 
cording to the demand: on the A. and A)-curves swings of ap- 
proximately 73 deg and 37 deg by the pendulum are able to re- 
duce @ to zero, These are greater than the assumed values of 
60 deg and 30 deg beesuse a is rather more than the assumed 
values of 4 and 4 which results in greater values for 3 and less 
effectiveness of the pendulum torque 

In Figs. d and 6 the point of zero a@ is moved to a value of a 
some 30 per cent higher than those assumed, with the result that 
the Ay-curve shows need of yg» climbing to 55 deg instead of 30 
deg, and the Ay excitation sends up to 90 deg and even so sue- 
ceeds in reducing @ by only about 75 per cent, 

In general, therefore, in all cases pendulums should have a 
length L shorter than that given by the small-angle theory, In 
heavier pendulums a value of a in the order of 10 per cent over 
mis indieated and with smaller pendulums 30 per cent or more 


Is needed, 
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A pendulum should never have too long a length, for on the 
left-hand side of all Figs. 4 to 7, inclusive, the pendulum is seen 
to aggravate the condition. Where several different harmonics 
occur in a given system, only the lowest frequency can thus be 
counteracted by «a pendulum damper; multiple pendulum units, 
tuned differently, will rarely be useful, for the pendulumes tuned 
to the higher will augment the lower-order trouble very considera- 
bly. 

The optimum tuning appears as a dependent on the torque in 
tensity. Tf the intensity of a given order excitation varies, as it 
will, for example, with speed in an internal-combustion engine, 
then the pendulum can be designed only to reduce and not to 
eliminate the trouble 

It therefore may be concluded that oceasions often arise where 
wide angle swing of a pendulum can be incorporated. There is a 
limit to the useful angle of a bifilar design due to jumping off one 
of the supports, Which occurs near the amplitude position and 
depends on the moment of inertia about its own centroid Inthe 
puck type, with small ¢, detuning occurring with the sliding of 
the puck is known to occur and must be reckoned with. Space 
does not permit dealing with cither of these adjustments here 

In general, the small-angle theory of tuning for a resonance 


where R/L = is not adequate, 
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A Nondestructive Differential-Pressure 


Test for Thin Shells 


By J.C. NEW,' SILVER SPRING, MD. 


The differential-pressure test is an original, nondestruc- 
tive, experimental technique for determining incipient 
buckling pressures of thin shells subjected to external 
pressure. Extensions of the basic test permit study of 
many buckling parameters as well as other mechanical 
factors in thin-shell design and evaluation. The salient 
feature of the technique is the filling of the internal vol- 
ume of the shell with a compressible fluid, such as water, 
to control the magnitude and rate of shell deformation. 
The incipient buckling pressure is detected by noting the 
point at which the difference in internal and external pres- 
sure becomes constant. Experimenta! verification of the 
technique and its nondestructive aspect is presented. Ap- 
plications and limitations of the test are discussed. 


NOMENCLATURE 


The symbols used in this paper are defined as follows: 


P = pressure acting on thin shell 
P, = collapsing pressuré for thin shell subjected to external 
pressure 
P, = external pressure acting on thin shell 
P= internal pressure acting on thin shell 
», = P,-~ P,, differential pressure acting on thin shell 
D = mean diameter of thin cylindrical shell 
t = wall thickness of thin shell 


{ = modulus of elasticity in compression 


K = bulk modulus 
= Poisson's ratio 
C = a function of elastic constants defined as B/K(5/4 —- yp) 
V = original internal volume of thin cylindrical shell before 
application of pressure 
Units: All linear dimensions are in inches 


All pressures, stresses, and elastic moduli are in psi 
All volumes are in cu in. 
All constants and ratios are dimensionless 


INTRODUCTION 


Thin shells occupy a significant and often critical place in many 
modern engineering structures. Examples of such shells are 
pressure vessels, submarine hulls, penstocks, boiler tubes, sub- 
merged gas lines, airplane fuselages, vacuum tanks, and under- 
water ordnance such as mines and torpedoes, 

These structures are, in general, loaded by an external pres- 
Their failure is most often characterized by a sudden and 
Thus intelligent and precise design must be 
Mathematical theory 


sure, 
dramatic collapse. 
executed for a safe and efficient structure. 
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and past experience must be supplemented in new and unusual 
design by experimental results. 

It is the object of this paper to present an experimental tech- 
nique for studying and evaluating thin shells in a novel and non- 
destructive manner through the use of a differential-pressure test. 
The experimental results presented will illustrate the detail and 
versatility of this technique but are not given in support of any 
theory on the buckling of thin shells. 
are presented to suggest areas in which this test may be useful. 


Applications and limitations 


The buckling or collapse of a thin shell is a manifestation of 
the lack of equilibrium between the external applied pressure and 
the stress developed in the shell wall. If such a stress is substan- 
tially below the elastic limit, we characterize such a failure as 
being due to elastic instability. If the stress at the time of 
buckling is in the inelastic range of the material, then, in popular 
terms, a failure by yielding is noted. In either case, a state 
of unstable equilibrium exists causing an uncontrolled reaction 
to take place, namely, an almost explosive collapse of the shell. 

Since the shell rigidity is inadequate to maintain equilibrium, 
then some additional force must be introduced, if a sudden col- 
lapse is to be prevented or if it is desired to control the rate of 
collapse. If this force is related to the external force through 
the mechanism of the shell rigidity, then at the point of incipient 
buckling a null balance must exist such that for each incremental 
increase in external load an equal and opposite increase is de- 
veloped by the restoring force, thus maintaining equilibrium. 

From this reasoning we may postulate the following thesis 
which is the basis for the differential-pressure test : 

If a closed shell subjected to external pressure is filled with a 
compressible fluid, such as water, the point of incipient buckling 
of the shell may be detected by observing the point at which the 
difference between the external and internal pressures becomes 
constant. Furthermore, the extent of shell deformation after 
buckling is started may be controlled by regulating the external 
pressure acting on the shell until a state of yield exists. 

For an ideal thin cylindrical shell, it has been shown? that the 


volume change in the shell, the material properties, and the ex- 
ternal loads are related as follows 
AV PD 
= 
By definition the bulk modulus of a liquid such as water is 
AP 
K = 2 
For the present case 
AP =P,=K [3] 


and by combining Equations [1] and [3] we obtain 


2A Nondestructive Method for Detecting the Incipient Buckling 
Pressures of Thin-Walled Shells,” by J. C. New, Naval Ordnance 
Laboratory Report No. 1154, May 28, 1951, pp. 15-17. 
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For simplicity, we now define C in terms of the elastie constants 


Aas 


Since by definition 
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Ie LLs 


= 
we may combine Equations [6] and [7] and obtain finally oe 
| 
ELAST« ELASTK | INELASTK | VIEL DING 
ACTION | BUCKLING | BUCKLING 
Equations [6] and [8| define the relationship between the dif- | > 
ferential pressure and the internal or external pressures, respec- | | | 


tively. If a Cartesian plot is made of P,; against either P, or P,, 
the resulting curve is a straight line having a slope defined by the P. = BUCKLING 
right-hand member of the equation used. PRE SSURE 

Fig. 1 illustrates the theoretical pressure curve which the test 
method yields and relates the various portions of this curve to the 
stress-strain curve of the material. In the region O to A the speci- 
men undergoes a uniform contraction. At point A the specimen 
starts to buckle because of elastic instability. As the external 
pressure is increased, the shell deforms until the internal pres- 


sure is increased just sufficiently to regain equilibrium with the ray 


external pressure. Thus, if the external pressure is increased 10 


psi, the internal pressure increases 10 psi. Consequently, the \ 


on (+) wHere 


B 


E 
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difference between the external and internal pressures /’,, be- 0 
comes constant and the curve between points A and © is hori- 
zontal. Although between A and B the differential pressure is Fic. 1) Taroreriest 
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constant, the specimen is experiencing a bending strain as the 
Thus at 
point B the specimen deformation is sufficient to have reached the 


surface warps in addition to the uniform contraction. 


elastic limit of the shell material, 

It is significant to note, however, that if the external pressure 
is released at any point prior to 8, then no permanent deformation 
of the shell will result since the aetion is entirely elastic. Conse- 
quently, this procedure represents a nondestructive method for 
thermore, it is equally applicable to shells of any geometric con- 


determining the incipient buekling pressure of the shell. 


figuration, material, or ones having internal ribs, frames, or bulk- 
heads. In these general cases, however, Equations [6] and |S! 
are not appheable, 

Between points and inelastic buckling takes place until 
point ©, which represents the yield) point: of the material, is 
reached. Beyond point © the specimen, if the material is due- 
tile, continues to deform inwardly even though the external pres- 
sure is maintamed nearly constant. This deflection causes a 
substantial increase in the internal pressure and since the ex- 
ternal pressure remains nearly constant, the differential pressure 
must decrease. Tf the material is brittle: or if the yield) point 
and ultimate strength are nearly the same, then sudden and un- 
controlled failure of the specimen will oecur in the region of point 


EXPERIMENTAL VERIFICATION 


The experimental apparatus necessary to perform a differential 
pressure test is simply a pressure vessel to contain the shell and 
two pressure gages to monitor the internal and external pres- 
sures, “Phe equipment used at the Naval Ordnance Laboratory 
for this purpose is shown in Pig. 2.00 Pf imanual plotting of the date 
is used, the constancy of the differential pressure is readily de- 
tected by observing when the second difference in the external 
It has been found thet 


personal errors and the labor involved ean be reduced substan- 


and internal pressures approaches zero. 


tially by producing au Cartesian piot of the pressure relationships 
by means of an autographie (Y-)) recorder. One which the 
author developed from a Baldwin-Lima-Hamilton Corporation 
electronic stress-strain recorder is shown in Fig. 2.0 Comumercial 
N-Y or funetion plotters have recently become available. 

In Pig. 3, specimen 38C which was constructed of 25-0 alumi- 
num illustrates a typical curve obtained when the differential 
test is continued until yielding occurs. It will be noted that 


the differential pressure remained constant for almost a LOO-psi 


225 


CFFERENTIAL PRESSURE (PS!) 
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The 
second trial on the same specimen after it had been removed from 
It will be 
noted that buckling continues at a pressure identical with the 
differential the first) trial. 
in Fig. 3 is typical of a differential test carried just to the point 


increase external pressure. curve marked is a 


the pressure vessel to observe the extent of vielding. 


terminal pressure of Specimen 21 
of incipient buckling. 

Fig. 4 illustrates the differences in specimen deformation that 
result when differential and external-pressure tests are used. 
In Table la comparison of results obtained with the differential 
These data 
selected to show results obtained with «a wide variety of shell ma- 


The 9.3 


and external-pressure tests is presented were 


terials and over a wide range of buckling pressures. 
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and 1 per cent variations, tabulated for specimens I and 2, are 


attributed to premature discontinuance of the differe ntial-pres- 
sure test It is believed that these percentage variations would 
have been closer to 5 per cent had the differential test been con- 
tinued. Nevertheless, it will be noted that the external collaps- 
ing pressure is always within LO per cent of the differential pres- 
sure and in most cases is within 5 per cent, These results were 
obtained on the scare tet ntly ne signifiennt 
age could have resulted from the differential-pressure test which 


pore coded theextern il-pore ~stire test, 


PrABLE 1 COMPARISON OF DIFFERENTIAL AND EXTERNAL- 


REsstU KE TESTS 


Specimen Buckling pressure, psi Variation 
No Shell materia Lifferentin baxternal per cent 
Stainless ster ww +a 83 
2 Aluminus Cylinder 228 
Cilass 

i Mild ster Cylinder Liv +42 
Mild steel! Sphere alu 


Nore: All external tests made on same specimen atter differential tes 


APPLICATIONS 


Buckling Pressures The differential-pressure test is uniquely 
applicable for determinations of ineipient buckling of thin shells 
ted to external pressure The ine -buckling presstre 
is the maximum unit strength of the shell and, moreover, is the 
maximum external pressure, within the limits of experimental 
error, Which the she lean sustain betore total « ollapese , if the shell 
is not internally supported by a liquid or solid filling material. 
support ol this conclusion has been demonstrated 
by over a hundred tests made at the Naval Ordnance Laboratory 
ona Variety of geometru shapes, materials of construction, and 
pressure ranges. This test has been adopted us a standard test 
method by this organization, 

Proof Loading. fecuuse of the nondestructive feature of the 
differential test, prool loading may be condueted to the pom ot 
buckling, thereby establishing the safety Thargin in- 
herent in any given design. Where expensive or “‘one-of-a- 
kind” specimens are encountered this test offers an economical and 
<clentifie method to evaluate the efficacy of a given structure. 

Van ifact wring The differs ntial-pressure test 
readily permits the detection of even the slightest leak by the non- 
linear change in the differential-pressure curve during the early 
stages of the test. Thus a leakage and prool test can lee con 
Also, there is 


some evidence, although inconclusive at this time, that an ad- 


ducted simultaneously with resulting ecomomy, 


vantageous “working of fabricated thin shells to distribute more 
favorably residual or locked-in stresses ean be achieved through 
repetitive application of the differential test, thereby increasing 
the mechanteal strength of the shell. 

Research Problems. The differential-pressure test is a seien- 
tifie tool whieh ean be exploited in research problems, An illas- 
trative example will be eited to show the versatility of this 
method. 

One of the most serious limitations In any scientific Investiga- 
tion is obtaining sufficient ll” son whieh to base 
statistically significant result. Anomalies in material and 
fabricating processes are pe rhiapes the greatest deterrents te this 
end, Since the differential test is nowdestructive, its employ- 
ment will serve to minimize this effeet as a single specimen miay 
be used re autedly For « the technical literature shows 
no universal agreement on the length-diameter parameter in 
analytical expressions for buckling pressures. To study this con- 
dition, one could make up three long evlinders of different diame- 


ters After each successive differential-pressure test, the evlin- 


Thus 


by using only three specimens a broad range of LD ratios could 


ders could be reduced in length giving a new Lo 1) ratio 


be investigated By a similar approach, “effeetive length” and 
internal rib design and spacing could be investigated 

¢ Modulus Determinations Por an ideal evimdrieal 
shell the ehlasti al the cifferontial pressure curve ds 
straight line defined by Equations [6] [S By menuns of 
either of the se ibs prossabole to caleulate any one of the 
elast ie provided values for the other two are 
known The most valuable ealeulation is that of an “etheetove 
compressive modulus” for the shell material, This calculation 
is particularly applieable for plastic shells which exhibit) an 
effective compressive modulus substantially different from: that 
obtained by routine mechanical tests on standard test 
The precision of the result obtained by using this approach os 
dictated almost entirely by the degree to whieh the e\perinent 
enn be ide ilized miore ere hensive detatled examina 
tion of this problem is presented the reference previously 


cited 
ations 
Pressure Vessel It is inherent in the differential-pressure test 
that higher pressures be imposed than if only an external pressure 
test were conducted This nt would seem to dtetate 
the use of a pressure vessel having a substantially higher pressure 
rating. This limitation ean be circumvented, when necessary 
slight ilterution « otal method characterized by a 
stepwise procedure. "This method is understood most readily by 
following the mummers il steps and directed prathis shown big 
5. ‘The solid lines indieate an ineressing pressure whereas the 
dashed lines demote a cheers ig pressure 

The stepwise procedure consists of building up the external 
pressure until the maadmum rating of the pressure vessel is reached 
and noting the differs ntial presstire Next, the external pore 
sure is released to as slightly than the terminal dit 
ferential pressure Then the internal pressure is re lensed, pore 
tically to zero, leaving a net differents il of that first achieved at 
external pressure At this point one is ready to start 
the second step of inereasing external pressure, "Phis stepwise 
action ean be re 1» ited as offen as necessary to generate the re 
quired differential pressure. Tt as absolutely essential that in 
releasing the internal pressure the terminal differential pressure 
of the preceding step not be exceeded. Otherwise the changer 
exists that the shell will collapse during release of the internal 
pressure iat Which time the operator has no control over the me 
thom sinee it occurs sud nly. rience has been a wise ten her 
in this detail! That a eontinuous smooth curve results from this 
procedure is ¢ vident from Fig. 6 which is a replot of the same data 
as Fig. 5, omitting the overlap areas. Note that a pressure 
vessel rating of over twiee that used would have been required 
the ste method not been used 

Eeperimental Difficult The most serious experimental dith- 
culty is eliminating mechanically entrapped an It= most pro 
nounced effeet is to cutise the elastic portion al the differential 
pressure curve to be 3. the volume of air i 
small in comparison te the volume of water used then some en 
trapped air ean be tolerated, Wetting agents, vacuur tiethods, 
and Bourdon-gage vent plugs have been most successful in min 
mizing this problem 

Buckled Area Parndosteally, the most serious limitation of 
the differential-pressure test stems from the faet that itis nen 
destructive! This feature makes it impossible te determine the 
region in which elastic buckling takes pl ree Unless the test is con 
tinued until yielding occur This condition, of course, is only a 
limitation when the test is being used as an experimental design 
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tool and it is desired to “beef-up" the weak section. The use of 
brittle coatings such as hard paints, Portland cement pastes, and 


Stresscoat lacquers give some promise of buckled-area indicators, 
CONCLUSIONS 


The differential-pressure test is an experimental method for 
determining nondestructively the mechanical strength and re- 
lated properties of thin shells by utilizing the compressibility of 
an enclosed fluid such as water to control the buckling process. 
This test yields results within 10 per cent of external pressure 
tests without destroying the sample. The test method is a sei- 
entific tool which can be used in a variety of research and asso- 


ciated problems. Its apparent limitations generally can be cir- 


Compostre Curve ror PLastic SHEL! 


cumvented by slight modifications in experimental procedure 
Substantial economies can be effected through employment of the 
differential-pressure test. 
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In this paper a simple tabular method is developed by 
which the vibration amplitudes, bending moments, and 
shear forces of a beam of variable but symmetrical cross 
section, carrying any number of concentrated masses and 
acted on by any number of harmonically varying forces, 
can be found. The driving forces must all have the same 
frequency but the phase angles may be different. The 
method is an extension of the one employed by the author 
to find natural modes of vibration of beams, but in the 
case of forced vibration only one application of the tabular 
calculations is necessary, making it essentially a far 
simpler problem than that of finding the natural modes. 
Internal damping of the beam material is easily considered 
and should always be taken into account if there is any 
danger that the forced frequency is near any one of the 
natural frequencies. 


INTRODUCTION 


N the present numerical analysis it is assumed that the beam 
is subjected to bending in one plane only and that it does not 
twist during vibration. The mass of the beam must be 
concentrated at discrete points along the elastic axis and the 
number of such points will depend on the number of concen- 
trated driving forces as well as on the accuracy desired. The 
driving forces must all be harmonic and of the same frequency, 
but need not be in phase. They are conveniently written in the 
form F ¢*', where F = F e'® is the complex amplitude of a force 
with real amplitude F and phase angle @ with respect to the rotat- 
ing vector The internal damping is considered by assuming 
a complex damping factor 26 and multiplying each of the elastic 
coefficients by the quantity = cos 2b —- 7 sin 2b, or 1 2hi 
if 6 is a small quantity and extreme accuracy is not required. 
All the deflections, slopes, shearing forces, bending moments, and 
so on, entering the problem will now be harmonie but with com- 
plex amplitudes. The term e™! may then be canceled out as 
usual and only the complex amplitudes used in the calculations. 

The beam is divided into sections with concentrated masses at 
the boundaries, and the elastic coefficients for the nth section are 
defined as follows: If the left end of the section is clamped and a 
unit bending moment applied to the right end the slope at this 
end will be vy, and the deflection dy,; while a unit foree at the 
right end would give a slope up, and deflection dp,. For a uni- 
form section of length / and flexural rigidity EZ these quantities 
would be 
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EI 
ty = dy = # 2 
2k1 
Also, Oy = ty = dy = dy = where 2b 


is the complex damping factor. For a nonuniform section more 
accurate formulas are derived elsewhere? 


Beam Free 


\ beam with free end is shown schematically in Fig. 1, where 
the tree end is at the right and the base is at the left end, which 
may be either free, hinged, or clamped. Fig. 2 shows the nth 
section of the beam in its extreme position when the free end of 


F, +1 F, 


hia. 2 


the beam itself has a deflection 6 and a slope g. The slope and 
deflection at station n are then @, and y,, respectively, while the 
-hearing force immediately to the left of mass m, is S, and the 
bending moment M,. If these quantities are known at station 
n they can be found at station n + | by means of the following 


‘ quation 


5 
a, ip, + Me 


2°Vibration Analysis,’ by N. O. Myklestad, McGraw-Hill Book 
Company, Inc., New York, N. Y., 1944, p. 201. 


Mp Mn+: n m, 
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By substituting for @.) from Mquation 
this becomes 


where 
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dium M, values of ¢ and 6 can be obtained. The shearing forces, bend- 


ing moments, slopes, and deflections may then be obtained from 


in Equation 


In this case the base of the beam is completely free and the 


houndary conditions become S, = M, = 0. 


Equations [10) and 


11) then give 


= la dv Go Gu [30] 
vor at beam sect this gives 
For « uniform beam section thi Gs,’ 6 [3 


1} 
from which are found 


GG. — 6, Gx’ 


Ya | rey 


z Cros G, Cros’ G, 
the = 


Uy ¢ Owing to the linear char- 
acter of these equations each of the foregoing quantities can be 
written as a linear function of the slope ¢ and deflection 6 at the 


The 
» 


and tip = Up ¢ 


Gis 


Gos’ Ga 


Cantitever Beam 


free end of the beam, his gives 


In this case the base of the beam is clamped and the 
conditions become &, = 0. l 
give 


boundary 


2) and [13] then 


Gon + Gs, + G, (10) Pquations 


6 


4,0 


{11} 


Gon 


[12] 


Son 


! 
Ion ¥ 13] from which are found 


Where the minus signs have been introduced merely to make the 
coefticients G, @', f and g positive for most practical problems, 
which makes the tabular ecaleulations somewhat easier. Substi- 
tuting Mquations [10] to [13] in Equations [4] to [7a], and equat- 
ing like terms, results in the following system of equations 


Geb foo Fob dar 


Jo 
Seb 


db 


Jeb 


Cron + Masi 


SIMPLY Si PRORTED AM 
Gn + / 


warts Gets For a simply supported beam it is merely nec 


equations [10) to [13] by the following 


essary to replace 
Gen + 


G,’ + LG, Ry 
Irn R, 


R, 


tp, G 


gn t Pun G 


Yn = den UR 


Gin + Gs,’ 
Substituting these equations in Equations [4] to [7a] and equat- 
ing like terms gives a system of equations identical with Equa- 
tions to [25], 
subseript 


Fra lin + Fun Ga’ 


except that the subseript 6 Is replaced by the 


tipn rg, + ting, G 
. . The boundary conditions at the right end now be- 


b + tpn Gs, + tists 
Invi dn + + + 


(rx 
The boundary conditions at the free end now require that & 
= 5,8: = 4 Fy, and M, 


Ten 


Goi 


0; which gives Jn 


Jb 


in which it has been assumed that S, R,, Mi = M, (where 
Vi, may be due to an overhang but is tsuatly zero), & 


= -—¢, and 

Go, Gs, (28) 
At the left end of the beam, which is now the base, the bound- 

(15, ary conditions are = M, = 0, and Equations [41) and [39 


It is now possible to proceed from the free end of the beam to the . 


base, and by satisfying the boundary conditions at the base, the Geo & + Ge, Re = he 46) 


| 
In &, + tpn uy, M, \7a 
—— 
l, 
OK] 
l,,? $2) 
2k] 
[3:3] 
[35] 
$8] 
39) 
| 
Invi 
Dion 
9: 
G, =0 142) 
= () [43] 
= fi =0 (44) 


MYKLESTAD 
+ Ry = [47] 


Ga’ 


From these two simultaneous equations in @ and R, are obtained 


ay 
Cron dee Den Or 
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EXAMPLES 


J} As an example of a free-free beam consider a three-cylinder 
reciprocating engine resting on flexible supports. The mass is 
all concentrated at the centers of the cylinders and the crank angle 
is 120 deg, so that the primary reciprocating inertia force at 
evlinder 2 is 120 deg behind eyvlinder | and eylinder 3 is 240 deg 


behind cylinder 1. The amplitude of the exciting force is Fy = 


1000 Ib at w = 100 radians per sec which gives F, = 1000 e243 
= 1000 (cos 120 isin 120) = SOO Stitv, and Fy = 1000 
(cos 240 —— isin 240) = 5OO + S600. The three concentrated 
masses are caleulated to be m, = 2 Ib-sec? in., my = 1.5 Ib-see?,- 
in, and my = 3 lb-see*yin., and the east-iron frame of the engine 


may be considered equivalent to a uniform beam of 7 = 10 in.‘ 
and FE = 15 & 106 psi. With a eylinder spacing of 1 = 10 in 
this gives (10/150) = 0.00667 & 10° 
tp = ty = (100300) 1078 = 0.3333 & and up = 
(1000 900) & Ib. The damping in the 
structure is equivalent to a complex damping factor of 26 = 0.30, 
giving cos 2h O.955 and sin 2h 0.2056. The complex elastic 


coefficients become 


Mp 10° Ny 10 
"py x 106 = ty ~ 


With these values for the fundamental quantities columns | to 
Table 1 are completed. Equations [32] and [33] then give 


0 oO 
0 


0 
20) 1452 


0 
0 0 


OO 290802 i O2122 
OOALOAAS 
1 
0 0 


NUMERICAL ANALYSIS OF FORCED VIBRATIONS OF BEAMS 


rABLE 1 
3 


O.0854500 
0.0208 160 


—O. 00205740 


0,.00189416 


This means that at the front end of the engine the maximum de- 
flection isd = 16 = 0.0411 in. and the maximum slope is ¢ 
¢ = 0.00351 radians = 0.201 deg. In column 15 the bending 
moments are worked out, and the fact that it is zero at station 
b is a check on the values for @ and 6.) The maximum bending 
moment is M, = = 5070in-lb. If the engine is bolted to a 
rigid foundation the vibrating motion of the engine and founda- 
tion together, considered as a free body, can easily be found by 
merely equating the elastic coeficients to zero and adding the 
mass of the foundation to that of the engine 

2 \ 2-in-diam steel shaft carries four disks as shown in Pig. 3 


Ms Me Ms Me 


3 


The disks have slight eccentricities that all lie in the same plane 
but not necessarily to the same side of the axis of the shaft The 
shaft rotates with an angular velocity w $16,228 radians per 
sec, giving w? = 100,000, and all the fundamental data for the 
system are given in Table 2. The exciting forees are the inertia 
forces mw'p cos wt, where p is the eccentricity whieh may be 
either positive or negative, and it is desired to find the deflection 
curve for the shaft during rotation 

Solution: Since the deflections during rotation are identical 
to the amplitude of lateral vibration with exciting forees given 
hy mw*p cos wt, where w is the angular velocity of rotation, the 
method of this section may be used In Table 3 the aniplitucdes 
coefficients are worked out, and Piquations [48] amd [49] then 
vive 

= and 145.760 Ib 


1.4 G 754776 


0 030352 553184 0 O7O8US83 


+ hay 13) + wy (14 (1s la + tee 
+ by 
OO) 0 ool 
0 
0 0005 0 0 0003184 


4 
ya 
q 
= om 
| 
My, (4) + OP 5 ‘ tp 205 2 
l “ i “ 
1 
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TABLE 2 


X 108 


0 2720 
0 04775 
0 08480 
0 0212 
0 19130 


x 10¢ 


Uy 10¢ 104 
0 01062 
0 00637 
0 00850 
0.00425 
0 01275 


0 1330 
0 0478 
O 0852 
0 0213 
0 1912 


TABLE 3 


3 


= (3) + oy (4) 
+ vp (5) 


for n 


O87 
16909 


@ (2) Ra (6) + 1 (7) 


(6) 
t (11) 


0 
0 
0 
0 
0 
0 


1552.38 
11 


a= (11) +1 (12) 
(13) 
forn 


0 
0 
0 00283 
0 0073168 
0 00907910 
0 0826867 


With these values the deflections are worked out in column 15 
of Table 3 and there appears to be a node very close to 
station 3. 

It is interesting to compare the deflections y with the corre- 
sponding values of the eccentricity p, which values are easily found 
to be p, = 0.004 in., ps 0.0125 in., p, = 0.00857 in., and ps 
= (0.00667 in. The centers of gravity of the disks then move in 
circles with radii p. + ye = 0.02147 in., ps + va = 0.01206 in., 
Po + ve = 0.00168 in, and py + ys = 0.00099 in., where a negative 


115 579 


12 


J = (12) 
+ vu (13) + 


0 000478 

0 000843896 
4) 00226196 
4) 00149708 


i 
G,’ x 10-4 
+15 
1 for n 


625 

282 0 

1593 04 

4554 34 

150139.6 4554 34 

s 

Gp’ ~ 1074 (8) 

+ 1 (9) 


9 


Gp X 1074 = 


for n 


0 

25 

81.4375 
571 8255 
2059 13 

14685 8 


420 890 
420 890 
13 i4 


G’ 107¢ = (13) Gx 
+ 14) + 


forn 


(10) + (1) (11) 


0 O01 

0 03048 
0. 0251288 
0.0178915 
0 0178915 


15 
4506 
208312 
328433 


0 
0 
0 
0 
0 
0 


radius merely means 4 phase shift of 180 deg. If the stationary 
shaft were loaded with the static forces mw? (p + y) the deflection 
curve should be identical to that obtained in column 15 of Table 
3, which fact may be used as a check on the calculations. 

In the present example all the exciting forces were in phase and 
damping was neglected. If the eccentricities of the disks had 
been in different directions it would be necessary to use complex 
amplitudes and the deflections would then be out of phase with 
each other, just asin Example 1. 


56 
25 1.105 0 
2 0.25 15 0 238 0 01 
3 o4 20 0 569 0 O05 
4 0.35 10 0 0711 0 03 
5 03 30 1.9060 0 02 
0 0 
2 | 5 
mu? (27 +103 le Gy, x (5)n] 
ma + My (4) + (1) (2 
+ uy (5) 
forn--1 
E 1 0 0 1 0 0 
2 2.5 25 1 
4 4.0 54.875 3.9875 
4 3.5 374 582 35.9826 
5 3 16 97 8687 
1235.68 
15 6 7 
+ Up + Op (9) 
1 forn 1 1 
1 0 0 
2 1.1050 0 1330 7625 
3 00044 5 1892 0 4721 24 5194 
4 35 4886 3 2534 
00568 90 7200 8516 
b 
10 | 
108 
n 
for n | 
1 0 
2 0.01 
3 0 05 
4 0.03 
5 0 02 
b 0 
q 


It is suggested that flow patterns without axial symme- 
try may occur when an axial-compressor stage operates in 
a steady, uniform stream, provided that the blade airfoil 
characteristics exhibit certain peculiarities. For example, 
blades acting close to the stall may show nonlinearity, 
hysteresis, and/or time lags, and these may cause asym- 
metric flow patterns. Conditions necessary for existence 
of such phenomena are analyzed by consideration of an 
annulus of infinitely many blades and very large radius. 
It is shown that rotational-flow effects due to vortex shed- 
ding by the blades must be considered. The induced ve- 
locities resulting from asymmetrical loadings are calcu- 
lated. The final step of the calculation is to show that 
these induced effects may actually support the circulation 
distribution that produces them. This step is only partly 
taken in the present paper. It is shown that time lag in 
the development of lift of a blade may produce such 
“eigen-solutions.”’ Detailed study of the results of non- 
linearity in the blade characteristics is left for another in- 
vestigation. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


B = number of blades in rotor 
c = blade chord 

= lift coefficient as function of 
D = adimension defined in Fig. 3 


g = amplitude of sinusoidal circulation: yy) 
gU cos Ay 

g, =~ Fourier coefficient of circulation distribution 

k = wr/U 


K = constant in Equation [49], et seq. 
m = constant lift-curve slope de; ‘dg 


n = index of summation 
p = static pressure 


P or Pee = Values of patz = oandr = + ~, respectively 

P = principal value (of improper integral) 

y = mean radius of blade row 

t = time 

u = perturbation velocity component in z-direction, 
u(r, 

ugly) u(O, 4) 

U = free-stream velocity in z-direction 

v = perturbation velocity component in y-direction, 
o(z, u) 
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On Asvmmetric Flow in an Axial-Flow 
Compressor Stage 


By W. R. SEARS,' ITHACA, N. Y. 


= y¥), +0, y) 
v, = v(+, y) (a constant) 
My) = + vy(y)]/2 
x = co-ordinate in axial direction 
y = co-ordinate in tangential direction 
a = angle of inclination of stream to axis at 4 = 2 
(Fig. 1) 
8 = blade angle, measured from axis (Fig. 5) 
¥(y) = circulation distribution (+ clockwise) 
¥: = constant part of circulation distribution 
I’ = circulation about a blade 
A = phase-lag angle in case of airfoil with lagging cir- 
culation 
time interval (Fig. 4) 
dy = increment of y (Fig. 4) 
e€ = shed circulation strength (per unit length of wake) 
(+. clockwise ) 


= 


= variable of integration 
constant defining wave length of sinusoidal cir- 


li 


culation distribution 
vy = frequency of oscillation of wing (Equation [51] ) 
p = air density 
y¢ = angle of incidence 
Yooust = Constant part of ¢y, corresponding to 
¥ = stream function 


w = rate of rotation of rotor relative to co-ordinate 
svstem 
vorticity ( + counterclockwise 


Superscripts: 


(1) irrotational part of flow 
(2) rotational part of flow 


IN 


There is experimental evidence that axial-flow compressor 
stages may produce asymmetrical flow patterns when they are 
operated near the stall. For example, stalled “areas” are said to 
eceur, Which cover only part of the rotor circumference and which 
rotate about the avis in either the direction of rotation or opposite 
to it at rates much slower than the rate of rotor rotation. This 
suggests a study of the possibilities of asymmetric-flow situations 
in a symmetrical rotor placed in a duct carrying a flow that is 
uniform far ahead, 

There is some parallel to this study in the realm of wing theory. 
In a previous paper? the author pointed out the existence of 
eigen-solutions of the Prandt] wing equations in the case of re 
versed lift-curve slope, and these included a family of antisym 
metrical lift distributions on symmetrical wings at no incidence. 
Following a related suggestion by Prof. von Karman, R. 3 
Schairer® investigated the possibilities of asymmetrical lift: load- 
ings on symmetrical wings with nonlinear (partly stalled) airfoil 


New Treatrnent of the Lifting-Line Wing Theory, With 


eations to Rigid and Elastic Wings.” by W. R. Sears Quarterly of 
Applied Mathematics, voi. 6, 1904S, pp. 240-255 
Lait) Dist.ibutions on a Stalled Monoplane 


Wing.” by ROS. Sehairer, thesis California Institute of Technology 


Pasadena, Calif.. 10349 


\, 
4 
ve 
57 
{ 
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He found that such solutions do occur. In 


both of these cases the asymmetrical lift distribution is supported 


characteristics, 


by the induced velocities produced by this lift distribution; the 
peculiarities of the section characteristics make this possible. 

The first step in the present investigation is the determination 
of the induced-velocity field due to an arbitrary, asymmetric 
circulation distribution. ‘To simplify this analysis, the annulus 
of blades will be replaced here by an annulus of infinitely many 
blades of very small chord, iLe., an “actuator annulus,” and also 
the annulus radii will be assumed to be infinite, Le., the plane- 
flow problem of an “aetuator strip” will be treated instead of the 
For annuli of many blades and large radii, the results 
should be directly applicable; in other cases they will have only 


annulus, 


qualitative value. This limitation should not be disturbing, since 
the main purpose of the study is qualitative, being an exploration 
of the possibilities of asymmetrical solutions rather than an aceu- 
rate study of their properties, Compressibility of the air is neg- 
lected throughout, 


ANALYsIS OF PROBLEM 


Disk. The plane-flow 
Here y(y) denotes the circulation distribution 
To relate this idealized setup to a real annulus 


The Idealized 
sketched in Fig. 1. 
in the rotor disk, 
of B blades, Pig. 2, whose circulation is PCy), one would write 

BI(y) 


Actuator problem is 


where » denotes the mean radius of the annulus, 
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The assumption that y = 7(y) does not imply that the flow pat- 
tern is actually steady with respect to fixed co-ordinates, but 
only that it is steady with respect te some rotating co-ordinate 
system. It is presumed, moreover, that this co-ordinate system 
rotates at a rate different from the rotor speed; in fact, it will be 
assumed that the speed of rotation of the co-ordinate system is 
small, and that the incidence of the stream vector is small,‘ 
namely, a@ << 1, Let the angular velocity of the rotor relative 
Then, in Fig. 1, the blade row is mov- 
It is not 


to the co-ordinates be w. 
ing downward with speed wr, which is equal to kU, say. 
assumed that & is small. 

The blade row, which has now been replaced by a vortex sheet 
along the y-axis, produces flow perturbations u and v, upon which 
the following boundary conditions may be imposed 


= = Ua 


0, y) +0, 4) = 


y) = uf +0, y} = nol y), say 
Conditions far downstream will be considered farther below; 
present it is only required that the pressure be uniform there 


Atz = p = const = pi. 


Vortex Shedding. The individual blades of the rotor, since they 
move relative to the fixed circulation distribution, are in the con- 
dition of unsteady flow. Thus, in accordance with the theory of 
airfoils in such flows, they shed wakes of vortexes at their trailing 
edges. Furthermore, according to the approximations of “lightly 
loaded airfoil” theory, which assumes that all induced velocities 
are small compared to the stream speed (', these wake vortexes 
move with the free-stream vector velocity, or approximately at 
speed in the x-direction. 


Let us study this situation with the aid of Fig. 3 teturning, 
fora moment, to 2 finite number of discrete blades, we note that 


for one of them 


dv 
= kl 
dt dy 


so that the wake-vortex strength € shed by such a blade is given 
bys 


4 The consequences of large a have been investigated; it has been 
concluded that this refinement does not change the qualitative re- 
sults of the present investigation 

’ “Airfoil Theory for Non-Uniform Motion,” by Theodore von 
Karman and W. R. Sears, Journal of Aeronautical Sciences, vol. 5, 
1938. pp. 379 390 


Atr=--o; uv [1] 
Mr = 0: (2) 
at 
¥(y) | 
Un | 
x | *D 
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t 
hia. I bia. 3 
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SEARS--ON ASYMMETR' 


dV across the disk, which is in turn equal to the load on the disk, 


+ dt 2 dy viz., pkl 
To be more exact, the load on the disk right be calculated on 


the basis of unsteady lift theory, in which it is found to be given 


Moreover, € is dependent upon only. 


Now let us pass over to an infinite number of blades The by a somewhat more complic ated expression (see, for example, 


reference 5 The additional teris, however, are proportional 


result is that the space downstream of the disk is densely filled 
to the blide chord, and are therefore neglected here in conse- 


with infinitesimal vortexes (vorticity) whose distribution is given 


quence of the actuator-disk approximation, This means that 


(see Fig. 5). 


the blade chords are small compared to the wave lengths over 


o oO € ef which Y(¥) Varies, so that the blades themselves can be considered 
oo! \ 1 + 4? 
Db 27; as in quasi-steady motion,even though their wake vortexes have to 
be considered in the theory. The approximation pkl'ycy) wall 
, 
Bl i - therefore be adopted for the pressure rise, 
2a dy Phus, writing p for the statie pressure, and in particular p 


for its value far upstream, one has, in the small perturbation ap 


proXiniation 


kor r 


plu const 
©, where p const 
+ pl uf + pkl 
[12] 
Equation [12] implies that Ou /Or = Oat + a Hence 
(This result could have been derived by considering the con- 
servation of total circulation for an element of the disk, Fig. 4, ; 
together with its wake, viz i? 
y by = (y + kU bt 2 by U oe 
which immediately gives equation [5]. ) 
The conelusion of this paragraph is that the small perturbation » ( const 13) 
flow problem stated previously is a rotational one behind the disk, 
whereas it is clearly an irrotational one upstream. The vorticity Uniform-Turning Solution. Note that certain constants in the is 
distribution is, fortunately, a simple one, and is related to the boundary-value problem of the preceding section represent simply ; 
circulation distribution y(y). a uniform turning angle through the disk 
Boundary-Value Problem. The mathematical problem to be 
solved in order to caleulate the induced velocities is, therefore, the Va forallr <0 
following, in terms of the plane stream function Wr, forallzr > O 
4 


For « < 0 


thus, from quation {12] 


vey =0 16) 


v, 0 y 0: in fact, u = everywhere 


Consequently, our work may be simplified by considering only 
Forxr > 0 the variable part of y(y), iLe., the part whose average value is 
zero, For this variable part the correet boundary conditions are 


simply: 


Atay 


The boundary condition at + can now be established. 
Bernoulli’s equation holds upstream of the disk, while in the reta- : y, = 0 
tional flow region downstream it applies only along streamlines, 
which are approximately lines of constant y. The increase of The uniform solution given by Equations [14) can be super- 


Bernoulli constant at the disk is equal to the pressure jump — imposed after the calculation has been made 


| 
4 p 
pl 
od 
t 
Atz = 0 
= 
u (—O, y) = u(4+0, y) = ‘ 
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Rotational and Irrotational Parts. This mathematical problem 
is now attacked by the familiar device of dividing (2, y) into 
an irrotational part WY and a rotational part Y®. Thus 
YW" is identical with Y for z < 0, while for z > 0, from Equation 
[8] 


[17] 


2 


The most convenient solution of Equation [17] is the particular 


integral 
k S dy {18} 


The corresponding velocity 


This is our choice for PY? for x > 0. 
components are 


{19} 


k for > 0 
y 2 

This leaves a relatively simple potential problem for Wi, 
viz., from Equations [15] and [16| 


= 0 


! 


= 0 (20| 


“ 
while, from Equation [10 


y) 
u (+0, y) = 


ky( y) 


0, v'(-+0, y) = 


The relationships be- 
similarly between 


Solution of Boundary-Value Problem. 
tween u(--0, y) and (0, 9), and 
y) and +40, can be written down immediately. 
To shorten the writing, let » and v,(y) denote y) and 
v'(+0,y). Also note that y) is equal to u(y). First, 
the problem for 2 < 0 may be solved by distributing vortexes of 
strength 2 »_(y) along the y-axis; the resulting velocity oly) is 


given by 
» (mn) dn 
I’ 


Alternatively, the same problem might have been solved by a 
distribution of sinks 2uo(y) along the axis; the vertical compon- 
ent would then be 


[24] 


uolnidn 
» 


v (y 


In either case, of course, the flow in the half-plane 2 > O would be 


ignored. 

To solve the actual problem for 2 > 0, one considers a distribu- 
tion of sources of strength 2u°°( +0, y) along the y-axis, noting 
that, according to Hquations [22] and [23], this strength is equal 
Thus 


to 2uo(y) 


re (nidn 


n 
us ” 


But Equation [27] can be inverted, just as Equation [24] was in- 
verted in Equation [25] 


MARCH, 1953 


r(n) + d 
4 ” 
v.(nidn 


ugly) + koly).. 


eliminating 


v.(nidn 
n 


between Equations [27] and (29), one has 


(1 + + C1 
Therefore the circulation distribution is 


equation [$2] relates the circulation distribution to the induced 
inflow component woify). All of the induced velocities at the disk 
are now known in terms of u(y). 

It may be more convenient, however, to treat y(y) as known 
and to calculate the other induced quantities in terms of it. 
Equation [29] leads to such a relation, for it can be written 


kr (y) 


(33] 


By means of Equation [24], this becomes 


(nid 
Duly) 4 / 4 
7 4 n 
p 
4 


ky 


/ hy( 


v_(y) can also be expressed in terms of y(y), for wooly) can be 
eliminated from Equation [34] by means of Equation [31]. The 


result is 


dn 


Blade-Characteristic Relation. ‘The desired relationships be- 
tween the circulation distribution y(v) and the induced velocities 
at the disk have now been calculated successfully. To complete 
the problem, the auxiliary relation must be introduced which 
gives y(v) as a function of the angle of incidence of the blade; 
this relation involves the airfoil characteristics. Its form is, for a 


single blade 


| 


at 
kv. = P n 28] 
P (29] 
n 
— 
P 
= 
y (] A? u(y) 
VAY) 
1 + k? 
QO ut x boo ar 31) 
and 
(23! 
|| 
or 
. 
| 
A 
| 26] 
[27] 
+! 
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where ¢ is the blade chord and ¢,( ¢) denotes the blade character- 
istic, iLe., the lift coefficient as function of the effective angle of 
attack ¢. 

Thus the distributed circulation y(y) for a cascade of many 
blades is 


r V/1 +k? Be. 
U ef ¢) 
2rr/B in 


The determination of yg in terms of the induced velocities is a 


matter of geometry, Fig. 5 


an 


[3S] 


U + Uo 
hia. 5 
and all 


This can be simplified by taking into account that 1, 
are small compared to LU’; the result is 


v ki 


U f 


Here 6 is the mean value of »_ and v4, as is well known from 
cascade theory. Also, it is clear that part of g in Equation [39} 
corresponds to the uniform flow components of Equations [14]; 
this part is 


= tan-'k + B.... [39] 


{40} 
Hence 
[41] 


Cf Coeonst) 


The variable part of the flow field, which has been calculated 
in preceding sections, is therefore related to the induced velocities 


+ hk? Be + 
) 
2U(1 + k? 


Combination of Lquations [54], [85] and [42] would yield a 
homogeneous integral equation giving y(y) as a function of known 


as follows 


[42] 


yu = 


quantities only; this is, in fact, the equation which must give a 
nontrivial solution if we are to find any asymmetrical flow patterns 
of the variety considered here. 
specified blade characteristic cg), however, and there seems 


The equation involves the un- 

to be no particular value in writing it out here. Instead, we shall 

proceed to show how it may be simplified by assuming y(y) to 

be sinusoidal. 
Example: 

= gl’ cos dy. 


k 
+ rly) = Fal 
y n 


Sinusoidal Circulation Distribution. Suppose y(y) 


Then, according to Equations [35] 
sin Ay. . [43] 


and from Equations {34 
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wy) =. gl (k cos Ay + sin Ay if 


The induced angle of incidence ¢ therefore becomes (refer to 


Equation {42} ) 


gk (k cos Ay + 2 sin Ay 


It is interesting to note that the induced effects do not depend 
on A, except, of course, in their period. In other words, the in- 
duced velocities for any sinusoidal circulation distribution gl cos 
Ay are sinusoidal with the same period; their amplitude and 
phase depend on k, but their amplitude is independent of X. 

It might be valuable to consider the consequences of this in 
the case of an arbitrary y¥(y), which could be expanded in a Four- 


+h) g, cos | ny tun [47] 
1 


It should be noted that, according to Equations [46] and [47], 
¢g(v) is not a function similar to y(y), shifted by the amount of a 
phase angle, as might seem the case at first glance. 


ier series, Let 


Solutions for Special Blade Characteristics. Some simple as- 
sumptions regarding the blade characteristic ¢(g¢) will now be 
considered. 

mg, (m 0), as for a 
blade operating well away from the stall and in quasi-steady con- 
equation [42 


(a) Linear, unstalled: Suppose ef 


ditions. reads, for this ease and for sinusoidal 
eireulation 


ke Re ak 


(k eos Ay 4 2 sin Ay) 
in 


gl cos Ay = 


[48] 


where 


Equation [49] has no solution in the range of our interest. 

Thus the sinusoidal solutions do not occur in this case. 
Moreover, the same conclusion is reached in the case of an 

arbitrary 


ion | 16). 


distribution y(y) as expressed in a Fourier series in 
This is most easily seen if the complex-variable 
notation for sinusoidal functions is used, ie., the circulation 
equation, equation [42], takes on the following form (where real 


parts are implied ) 
(50) 
50) does 


Since the g, are real, as well as the constant, bquation 
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con [as tan ‘( ) 
2(1 +k? 
al +6 
4 | 
4 
/* | 16) 
a U 
— 
Then a 
= 
or 
K cox | — (*)| (44) 
|_| 
k m We 1+h 
al 
q. 
its = 
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not admit a nontrivial solution. Thus the asymmetric eigen- 
solutions contemplated here apparently do not oecur in rotors 
with this simple type of linear blade characteristic. 

(bh) Linear, stalled: A change of sign of m in the case just 
considered makes A This 
is in contrast to the Prandtlwing problem,® where negative m re- 
The difference lies in the 
presence of the phase shift in bequation 

Actually, sinee the blades are un- 


QO, but does mot produce solutions, 
sults Hmediately in eigen-solutions. 


(c) Linear, with lag 
steady flow conditions, their circulation lags behind the angle ot 
incidence by an amount depending on the ratio of the chord to 
the wave length of the pattern y(y); however, as has already been 
mentioned, the assumption of small chords leads consistently to 
neglect of such unsteady potential flow effects. On the other 
hand, it has been found that for airfoils operating near or above 
the stall, a good approximation to the lift, when g ~ e is ob- 
tained by introducing an empirically determined phase lag A, 
5.2. 


(potential-flow-lift) ~ et" [51] 


Mendelson® has determined the phase lag A from experiments on 
various airfoils, and has concluded that it depends on the lift 
coefhiciens and not, in the first approximation at least, on the 
frequency wv. The values of A reported reach the order of mag- 
nitude of | radian near the stall. 

Therefore it may be permissible to postulate the same sort of 
lag in the development of cireulation, 

Instead of Mquation [50], then, one has 


= kK > tan ~(2/k) +44 


The possible solutions to Mquation {52} are 


2 
K = 6 A = tan ( ) 
k 
2 
+ tan (7) [04] 


where the aretan is always in the first quadrant. 

We may conclude from Equations [53] and [54] that there are 
possibilities of asymmetrical sinusoidal solutions due to lift: lig 
near the stall, with either positive or negative lift-curve slope om. 
However, the time-lag angle A required for such solutions seems 
improbably great for m > O (Equations [54)). Since kis likely to 
be we might assume tan (2/4) 1 radian; 
that Mquations [54], where m > O, requires Ato be of the order of 
equations [53], on the other hand, which applies toa 
0), requires much smaller lag, namely, about 


this means 


radians. 
stalled airfoil (me - 
Loradian. As has already been mentioned, Mendelson found 
lift lags of this magnitude 

(d) Nonlinear: Surely the most 
these asvmmetrical solutions lie in the realm of nonlinear blade 


interesting possibilities of 


characteristics. The author's colleagues are therefore procoed- 
ing, at the Graduate School of Aeronautical Engineering, to look 
for solutions of this type. In Fig. 6 are sketched some of the 
nonlinearities that are being studied. In each ease the possibili- 


ties of lag and hysteresis must be considered with these char- 


6 bEffeet of Aerodynamic Hysteresis on Critical Flutter Speed at 
Stall," by Alexander Mendelson, NACA Research Memo. No 
Washington, dune IS. 194s 
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acteristics; hysteresis is indicated by arrow heads in some of the 
curves of Fig. 6, 

The results of this additional study must await a subsequent 
publication. 

It also might be of interest to carry out certain refinements 
of the present theory. 
inclusion of large @ 
swirl in the incoming stream or large rate of rotation of the eireu- 


It already has been mentioned that the 
which may be interpreted either as large 
lation pattern relative to fixed axes —does not seem to affect the 
results in an important way. Another refinement that might 
alter appreciably the quantitative conclusions is the considera- 
tion of potential-flow time lags, both in the determination of the 
pressure rise through the disk and in the relation between circu- 
lation and incidence, Since the lag required in case (¢), to per- 
mit eigen-solutions, is much larger than potential-flow values,‘ 
it seems unlikely that this would change our conclusions pro- 
foundly; however, several authors have pointed out that this 
potential-flow lag does increase rapidly with increasing “reduced 
frequeney” near zero, so that quasisteady theory is sometimes 


misleading in just this respect. 
CONCLUSIONS 


Asymmetrical flow patterns, either stationary or rotating at a 
rate different from the rotor speed, involve rotational flow down- 
stream of the rotor disk. 

\ simplified analysis of this tvpe of flow leads to relatively 
simple relations between the circumferential cireulation dis- 
the disk. 
been evaluated in particular for sinusoidal distributions. 


tribution and the induced velocities at These have 

Brief consideration of the possibilities of asymmetrical eigen- 
solutions leads to the conclusion that they might be caused by 
time lag in the blade characteristic function ¢(¢), especially 
bevond the stall. 

The most interesting cases to be studied are those involving 
nonlinear ¢(¢); these are under study at the present time, but 
no results are vet available. + 


| | 
| | 
| 
| 
7 
| | 
| 
| | 
| 
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Symmetric Turbulent Mixing of Two 


Parallel 


By T. Po TORDAS! W 


The analysis of turbulent, incompressible, symmetric 
mixing of two parallel streams is presented. The influence 
of the upstream boundary layers on the mixing process is 
taken into account. The von Karman integral concept 
is applied to a momentum and energy equation. These 
equations are used to evaluate the thickness of the mixing 
region and the velocity distribution in it. 


presented in nondimensional form. 


The results are 
A numerical illus- 
Comparison with Tollmien’s 
analytical results and with experimental data of Liep- 
mann and Laufer is made. 


trative example is given. 


INTRODUCTION 


N analysis of the plane turbulent jet issuing into a medium 

at rest was presented by W. Tollmien in 1026 (1 In 

1935, A.M extended Pollmien’s calculations to 

the turbulent mixing of two parallel streams of different velocities 


Kuethe (2 
but of the same densities and temperatures Both of these anal- 
vses, and all subsequent ones, assume uniform velocity 
tribution in the Both 
Kuethe used the transformation from: the x, 


streams before mixing Tollmien and 


/-plane inte an 
plane, where 7 is proportional to yor 
generality, 


. With a consequent loss of 
The boundaries of the mixing region correspond to 
constant values of 7 and the lines of constant 7 are straycht lines 
owing to the transformation used, This restrictive transforma- 
tion is necessary because the velocity distribution as well as the 
width of the mixing region have to be determined from one equa- 
the Although the 


equation is also used, the introduction of a stream funetion auto- 


matienlly satisties this equation, and if cannot be used for the 
determination of a second unknown 

The two discussed analyses employ the mixing-length theory 
of Prandt] In this theors 
used, 


an asstimed charseteristic length Is 
This ke ngth is taken as constant across cach section of the 
mixing region and as being a linear funetion of the distance from 
the start of Although In some Cuses if gives relatively 


rood appro \iniuations, the Prandtl mii sing length theory is not 


cap lie able for the ealeulation of mixing of peat illel streams, sinec 
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O. ACKERMANN,! anv HL R 


Streams 


BURNETT,* URBANA, ILI 


the mechanism of turbulent ex hange of momentum varies 


across the eross section of the mix 
of turbulenes 


There is no theory 
iVailable at present whi hi would allow the necurate 
evaluation of the mixing of two streams. Llowever, according 
to recent experime ntal results, the of constant ox 
change coetheient across each cross section seems to vield better 
This 
wits pointed out by Dr. Theodore vou In a recent dis- 
etsston with the senor author 

Hl. Giortler (3 


with the exchange coeflicient suggested by 


results than the assumption of a constant mixing length 


evaluated some turbulent mixing phenomena 
Prandt! (4 How- 
ever, Gortler’s results lack general validity, sinee he used the 
assumption that the width of the mixing region is a linear function 
of the distance from the start of mixing, and he did not take inte 
necount the deve cope d boundary livers of the streams 

In the present analysis the turbulent mixing of two parallel 
streams is presented for the case of identical velocity distributions 
In both streams The velocity distribution the 
andits width are calculated from the integrals of the momentum 
and the energy « equations The use of both the momentum sid 
the energy equations allows the evaluation of the width of the 
mixing zone as a tunetion of the distance from the start of mixing, 


and it is not necessary 


to asstime a linear variation as was done 


previous The history of the streams before 


mixing is taken into aecount in the analysis, whieh menus that 
the effect on the mixing of the boundary lavers along the div velinge 
plane is considered. A quartic polynomial, satisfying all bound 
conditions, Is 


the 


ary assumed as an appro al the velocity 
thst the 


shear is proportional ter 


profile: in mixing zone. Tt is assumed turbulent 


cmd that the ex 
change coctleient is constant over each ero 


ection of the mus 


ing zone. Tn the present paper the exchange coeflictent as re 
cred used bey 


pl that im quent 


by 


Gortler is employed. However 


it is inalyses different exchange co 
efheients will be used and the results of these will be compared 
Alrendy 
shows that good qualitative agreement can be obtained with the 


earetul e\periments ol W 


with those of the present the present ily sas 


Lie and J. Laufer (5 nl 
though these experments were made fora two-dimensional stream 
mixing with a fluid at rest No such agreement can be obtained 


between the analyses of Tollmien and Kuethe and the expert 


ments of Liepmann and Lauter 


ANALYSIS 


The 
col illel streams ited bb 
In this svinmetric « 


distribution, Pig. 


two-dimensional, viscous, turbulent, incompressible 


thin flat 
both streams have 
All velocities used 
The development of the boundar 


in infinitely 
pl ite is investigated 
the 
in this 


tenn 


! 
Are 


laver along the flat yl ite upstream of the mixing is taken into me 
ount. The von WKarmdn integral concept is followed, that is, 
the determination of the mixing region and the velocity distribu 
tion in it is accomplished by use of the momentum and energy 
equations in an integrated form 


The boundary laver momentum equation is 


~ 
rt 
& 
aa 
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1) Diacram ov TURBULENT Symmetric MIXING 


Ou 


+ pv 
or oy 


appropriate energy equation Is 


Ou ou 
pu pur 
or OW 


The continuity equation is 
opi 
or 


Cartesian co-ordinates indicated in Fig. | 
average velocities in mixing region in x, y-directions, 
respectively 
= density of fluid 
T = shear stress 


The boundary conditions are for 


where 


6 = half width of mixing region 
U = velocity of potential flow 


It should be observed that instead of using the mixing-length 
theory for expressing the shear stress, a newer concept of an ex- 
change coefficient, as suggested by von Karman, is used. The 
particular exchange coefficient used is due to Prandtl and is 


Ou 
€ 


= « h(r) (imax ) 


‘min 
where 


const 
b(2) = thickness of mixing region ( = 26 for this case ) 
Umax U 
Umio Ua where a is nondimensional velocity along z-axis 


The velocity distribution in the mixing region is approximated 
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in the same manner as was done in the analysis of the laminar 
case (6), ie., by a quartic polynomial which satisfies all five 
boundary conditions. Since it is necessary for du/dy to be zero 
at the boundaries of the mixing region and at y = 0, the following 
expression may be used for the nondimensional velocity 


A(r) 
= 
6 


where 


A(r) function of 2 to be determined from remaining bound- 
ary conditions 


a(x) = arbitrary function of integration 


At the boundaries [4), ie. 


It is sufficient to treat only one half of the flow in the sym- 
metric ease. For incompressible flow, the following is obtained 


from the integration of Equations [1] and [2] when the boundary 
conditions have been used 


[10] 


ou\? 
t+ a) ( ) dy = 0 


Note that the integration of :quations [1] and [2] are carried 
out in detail in the Appendix. 

Using Equation [8], the evaluation of Equations [9] and [10] 
yields two simultaneous differential equations for 6 and a(r) 
(see Appendix). (In the following, prime denotes d /dr.) 

{From Equation [0] 


a) 4 6 a = 


where 
F(a) = 16a? lla 
From Equation [10] 


K b(r) 


6’ Gia) + 6 Ga) 5 


where 


64 
Y 
—, 
vu. 
< 
= | 8 or 
A(x 
BE 2) + a(x) 
Ou | OT 
u = 
OT 
“ 
: = +1(y = +6): = | 
id 
3] 
(3) A=-A(1—a 
where and the expression for /U'] becomes 
2, 
u, 
y= d d 
udy =0.........[9] 
y=0: = 
“4 Wy u dy 
= 
[5] 
q. 
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Gla 320 a® + $27 a 


il (a = 2288 (a 


Solving equation one obtains 


7 F(a) 


where ¢, is an arbitrary constant arising from the integration 


Making use of this expression for 6 and replacing br) by 2 6 


(see Equation [5]), the evaluation of Equation [13] vields 


: / A la d a 4 


where ¢2 is the constant of integration and 


SSO a! 4 


lla 


640 a! 
K (a 


572 (a l 
The integration of Equation [17] is carried out graphically as 
indicated in Figs. 2, 3, 4, and 5, where K = AK(a)is shown, The 
result of this integration is given in Fig. 6 where a = a(&) is 
Here 


drawn. 


In order to eliminate double valued solutions which are indicated 


in Fig. 6, c was determined so as to shift the a = a(£)-curve 


SYMMETRIC TURBULENT MIXING, PARALLEL STREAMS 


tangential to the a-axis. The shifted curve a = a(¢{) is shown 


in Fig. 7. Here 


20) 


0.086). 
This value corresponds to the point where the a-axis is tangential 
to the curve a a(¢). 
valid only from the corresponding point on along the x-axis 
r 0). “yap” from the end of the 
plate to the point where this analysis is valid is due to the degree 


Only those values of a are used which are larger than dase 
This means that the approximation is 
The reason for this short 


of approximation used in specifying the velocity distribution in 
the mixing region. Thus, if a higher order of polynomial were 
used, a smaller dai.-value would result and the “gap" could be 
made as small as desired. 

A nondimensional mixing region width curve A A (? 


Here 


shown in Fig. 8 


The data used in evaluating the various fygures are listed in 
Table 1. Velocity profiles in the mixing region are shown in Fig 
9 for several values of €. 


NuMERICAL EXaMPLt 


For any particular problem, the velocity of the potential flow 
U, the kinematic viscosity v, and the plate length /, are known 
The following values will be used in the present example: 


: 
and 
Ad 
l ( = | 
= 
Ou 
Is 
A= 
> 
t C2 19) 
+ + + + 4 | | 
| 
| 
| | | 
|} 
| 
| -10 | 
\ 
- 908 ‘ 
+ 
big. 2 A = A(a) bio. 3 K = Kla) 
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hia.4 A = K(a) 


on 


- 0008 
-04 
-2 


Fie.6 = &(a) 


66 
— 
05 06 08 08s a9 | qua 
| 
= 
+- ia . 
| 
il 
| 
| 
-25 - -200 HH E 
K = Kia 
- 0004 -0012 OO - 0016 - 0020 
-! -3 -4 -5 3 
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PABLE 1 DATA FOR EVALUATING FIGURES 100 fps 


f K(a) da l 10 ft 
v 0.1566 ft? see 
a 
Kia 
002727 0 
002690 0.020 0 00004713 2 : is hoped that it might have a universal value, but it is possible 
002365 0 O86 0001136 
0004075 0.120 0 00009704 ; that its value will vary for various problems; « can be evaluated 
003383 0 200 4) 0000789 
007356 0 300 4) 0005996 
01391 0.400 = —0 001639 i this problem a comparison with experimental results given by 
02656 4) 003593 
05526 007404 : Liepmann and Laufer (5) indicates that « is of the order of 0.1. 
i784 96365 This value was used in this problem. The boundary-layer thick- 
1428 go OTS75 2 5264 Thess at the end of the plate, 6*, is (7) 
YS6U 1843 
6* = 0.377 1 (Re)~"”* 
975 O62 1 o646 


No reliable value has been determined for the constant «It 


by comparing the results of analysis with experimental data, In 


where the Reynolds number is 


-3 


Fig.7 ¢ = 


67 
a 
oO 
100 - 
Oo > 
300 - 
0 400 
500 
600 - 
0 700 - § 
S800 
0 850 
O S875 
0 - 
0 450 -3 
0 975 253.10 
i 
+ 
kis 
os — 
os 
4 
fA 
SCALE 
- 0004 - 0008 - 0012 - 0016 -0020 ' { 
-02 -04 -06 -08 -10 2 a 
-2 = -4 -5 3 
4 j 
ota 
ie 
5 2 
-.02 -04 -06 —08 -10 
2— ° -2 -3 -§ 
i 
kia. s S= A(t 
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= 6,386,000 


‘Then 
6* = O.1641 ft 


Since the continuation of the boundary-layer thickness is the 
boundary of the mixing region, 6 = 6* at r = 0, if the small 
effect of the gap is neglected 
From Equation [16] 


= 0.9563 ft 
The curve 6 = 6(r) for this example is given in Figs. 10 and 11, 
Kuethe has extended Tollmien’s analysis of turbulent mixing 
of a uniform stream with a fluid at rest and included turbulent 
mixing of two parallel uniform streams of different: velocities 
Since the boundary laver upstream of the mixing region was not 
considered, for equal velocities of the two streams, no mixing 
resulted in his investigations. Thus no comparison of the pres- 
ent work with the results of the Kuethe method can be made. 
The important difference between the two analyses is that the 
boundaries of the mixing region are straight lines if the Kuethe 
method is used, but the present analysis shows a considerable 
amount of curvature in the region immediately behind the plate, 
This curve is approximately a straight line, however, for large dis- 
tances behind the plate. To verify this bending of the boundary, 
experimental points obtained by Liepmann and Laufer are 
plotted in Fig. 12, along with the corresponding result of Toll- 
mien for a velocity ratio (ratio of the two potential streams) of 


10 


Vevociry Prorites 
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TABLE 2. VALUES USED IN DETERMINING MIXING-REGION 
THICKNESS 
U = 100 fps, » = 0.1566 ft? ‘sec, « O.1 


Data: 1 10 ft 


ar 


003850 
O1434 
O1G13 
02391 
1913 


OOLO 
OO20 
0025 
0050 
O100 
0200) 
0400 
OS00 
1000 
2000 
1000 
7500 


zero. “The distances behind the plate for the present numerical 
example corresponding to the values of € given in Fig. 9 are also 
noted on that figure. “Table 2 lists the values used in determin- 


ing the mixing-region thickness for this example 
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APPENDIX 
INTEGRATION OF MOMENTUM AND ENERGY Equations 
The boundary-laver momentum equation is 
Ou Ou OT 
pu + pl 
or 


The integration of Equation [1] from the axis of symmetry, 


0, to the edge of the mixing zone, y 6, vields 


. 


ou / 4 
pu ay - pr 
or 


Integrating the second term by parts gives 


Ou 
Jo 


From the continuity equation, Equation [3 


pr) pu) 
OW or 


and therefore 


6s 
wl 
Ke = 
v 
= 
z(ft) 6(ft) 
0 0.1641 
0 0.1417 
4 0 0.1389 
0 0.1391 
{ 0 0.1402 
‘ 0 0.1418 
‘ 0 0.1534 
0 0.1737 
( 0 0. 2086 
0.3825 0 2633 
0.5738 0.3079 
( 0 7650 0.3469 
( 0 9563 0 3858 
1 913 0.4925 
‘ $ B25 0.5824 
7.172 0.7077 
9 563 0 7842 
19 126 1 O474 
252 1 4578 
‘ 62 733 1 8787 
a . 
10 F 
o8 — t t 
06 - 
i 
| 
o4 - + + + 
0500 FT] [x-145 
! 
| 1! 
| 
-04 ' t Ou 
dy di 21] 
| OV 0 OV 
| 
| 
-0o8 | + + Ol pr ) 
dij 
OV 
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NUMERICAL EXAMPLE 


Fie. 10 6 = 


Ou ) substitute for the first term of Equation [21] and obtain 
/ pr dy = | pr ul? 
0 


“3 


where 


= | px Wr) Va) oy a put dy de 


(see Mquation [5] ) Applying the boundary conditions, Equation [4], the facet that 


’ 0 due to symmetry, and considering incompressible flow 
[21 | beeomes 


d / 
dr 


| 
“15 
4 
+ 
| 
~ 
i 
| | | =e = 
TT I 
1.4 
B(FT) 7 
1o + 
| |_| 
0.8 Ts 
Hatt 
| 
o.« 
0.2 
| 
° 10 20 
x(FT) 
hig. 1) 6 bir 
Also 
. 
or 
d 
(> )ay = pu dy 4 dy 
or 2 Or ( or . 
0 
4 
{| 
fs 
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LIEPMANN (FIG 13) 


TOLUMIEN 


Integration of the incompressible continuity equation gives 


Jo dz Jy dr 


4 u 
The final result of the integration of the momentum equation 4 oy ? 
is then 
Applying the boundary conditions and considering incom- 


[ oe 19 pressible flow, the foregoing equation becomes 
0 


we ld 
rhe energy equation is v3 
. 2dr 2 


Ou nich 
pe put or substituting for ry and 7, the final result is 


‘The integration of this equation from the axis of symmetry to id [ us? dy Ur d f u dy 
0 0 


the edge of the mixing region yields 2dr J 2 dr 


pu? dy + pur dy — u — dy = 0. . [22] + Kb(r) a) dy = 0. {10} 
0 or Jo oy Jo ou o 


A procedure similar to that used in the integration of the DeRIVATION OF DIFFERENTIAL EQUATIONS FOR 6= 5(2) AND 
momentum equation is followed a = a(x) 


ou ou? l ] 3 The velocity distribution in the mixing zone is 
puv pv "ay pure 
0 ou 2 0 2 u 


= a(x) (7? 1)? — (9? 


ut dy == [p v dy The integrated momentum equation is 
- 


0 Or 
dt 
dr Jy, dz Jo 


The energy equation in the integrated form is 


! ! lad Urd é 
Jo Or or [ ud dy u dy 
0 0 


2dr 2 dr 


Substituting the foregoing values into Equation [22] gives 


1 é 4 Ou ( a dy = | 
OV 
dy 4 put uT r -dy =0 
or (0 2 ‘ 2 lp | Oy 

Using Equation [8] to evaluate Equations [9] and [10], the 


or following is obtained 


— 
- 
| 
° 
02 -4—+- 
| | 
4 
TT 
LJ 
° 2 3 4 
Fig. 12 
‘ ad 
dx 0 dy dr 
(6 
3) 8) 
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= (128 a? + SOa 4+ 107) 
dy lola ~ l 
= (Sa + 
Therefore 
d 
1(1°76/315) (128 a? 80a 4+ 107) 
dr 
(0/15) (Sa 
[6 (1G a? =0 


6’ (16 a? — Ila 5) 


where prime denotes differentiation with respect to x. 


Let 
Fia) = lb a? lla 
then 


6’ F(a) + 6F’ (a) = 0 


+ 6a’ (32a 11) 


+ =0 
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This is the differential equation used to determine the width of 


the mixing region 


Therefore 


d.. 
10 (32004 IStat 327 a 
lr 
b(x) 
2288 (a 
6 
Lat 
Gia) = 320 a* + 184 a? $27 4 77 
H (a) 2288 (a 1)3 
then 
Gla) + 0G (a) Hi(a)=0 


1 =0 
[14] 
[15] 


71 
q 
= a = = + 
133 9 7 5 3 
(2 is 2) 
)| 13 11 7 5 
( 6 12 *) 4 
/ou\? 1602 2 1 
dy = (a? 2a+1)t- 
| 
113] 
F 


Some Problems of Orthotropic Plane Stress 


By H. D. CONWAY,! ITHACA, N. Y. 


Many plane-stress problems in isotropic elasticity are 
solved conveniently by considering the Airy stress func- 
tions in the form of Fourier series (periodic loading) or 
Fourier integrals (nonperiodic loading) of harmonic and 
biharmonic functions. The object of this paper is to show 
how many of these solutions can be extended to the case 
where the material is orthotropic. For illustrative pur- 
poses, the following seven problems are solved: (a) Half 
plane subjected to normal loading; (6) wedge subjected to 
axial loading; (c) half plane subjected to a normal force 
applied through a rigid punch; (d) half plane subjected 
to tangential loading; (e) wedge subjected to transverse 
loading; (f) force applied at a point in an infinite plane; 
and (g) analysis of deep beams. 


INTRODUCTION 


OR the solution of plane-stress problems in which the load- 
Fk ing is periodic, the use of stress functions in the form of 
Fourier series is very valuable. Similarly, when the load- 
ing is nonperiodic, stress functions in the form of Pourier in- 
tegrals may be used to advantage. Many interesting examples 
of the foregoing are given in a book by Girkmann (1).2 In a 
paper, Girkmann (2) also has made valuable use of Fourier 
integrals to solve problems of infinite strips subjected to concent ra- 
ted loads. 
It will be shown in this paper how many of the corresponding 
problems of orthotropic elasticity may be solved, and several 
illustrative problems will be given. 


or Baste MqQuarions 


The following development of the basic equations for the stress 
analysis of problems in orthotropic plane stress follows closely 
that given by Wolf (3). Defining the strains in the V- and Y- 
directions as €, and ta respectively, we write the corresponding 
stress-strain equations 


E. 


where the symbols used are self-explanatory. The principal 
axes of orthotropy are 


The strain-energy density U', is given by 


m + Be,* + + 


where A, B,C, and D are constants, and it follows that 
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Obtaining expressions for the stresses o, and a, from Equations 
{1} and observing, from Equations [5], that the coefficient of €, 
ing, equals that of €, in o,, we obtain 
= vjE,.. [4] 
The relationship between the elastic constants yields 
E,E, 
E, + El + 2y,) 


As in isotropy, the stresses are written in terms of a function 
Or, 4) by means of the equations 


oy?’ 


Or?’ 


and, since the relationship between the direct and shearing strains 
is 


it follows that the differential equation for @ is 


+ k? 
or? Oy? Ox? oy? 


where k? = B,/E,. Problems in orthotropic plane stress thus 
resolve themselves into the solution of Equation [8] subject to the 
boundary conditions implicit in Equations [6]. 

As illustrations of the method to be used, several typical prob- 


lems of orthotropic pline stress will be solved. 
OrrnorRoric PLANE-STRESS PROBLEMS 


(a) Half Plane Subjected to a Normal Concentrated Load. To 


Prer UNIT THICKNESS 


Y 


bic. 1 


solve the problem of the isotropic half plane subjected to a nor- 
mal concentrated load P, Fig. 1, the stress function @ used by 


Girkmann (4) is the Fourier integral form 
‘ 


= 
ol’ 
= = 2Ae, + 
ol’ 
o, = = 2Be, + 2, 1:3] 
Oe, 
ou 
OV ry 
fs 


~ 


CONWAY SOME PROBLEMS OF ORTHOTROPIC PLANE STRESS 


B = ‘i By placing 1 in the foregoing expressions, we obtain the well 
known results for the isotropic half plane. The problem just 
: cited of the orthotropic half plane has been treated by Wolf 


It will be observed that the function cos arisharmonie (and (5); his answers are incorrect, 
therefore biharmonic) while the function ye~ @ cos az is bihar- For use in a later problem, the displacements ¢ will now be com 


monic. The first function is therefore a solution to Equation puted. The strain €, is given by 


while the second is not 
To solve the corresponding problem of the orthotropic half or ad y wy 


plane —the modulus #, corresponding to the direction of the 


plane boundary we use, fork # 1, a stress function of the form 
from Equation [4]; hence 


ay 
l 
2 Ae~™ + Be * cos ar da {10} ky J (oy + f(x) 
0 a 


Pl +k 
where A and B are certain constants depending on k. This | / 
function vields the stresses . 


ydy 


(2? + (k*x? + y?) 


. 2 
B v ydy fi Ir) 
a, + cos ar da (2? + y®) + y2) 
*. ay The function f(7) may be shown to be a constant C and, after 
a / (46 “yu + Be 4‘ ) cos ax da performing the foregoing integrations by means of partial frac 
0 tions, we obtain 
B ay 
4 Eww = [(k? + v,) log (k2r? y?) 
/ ( ‘ ) in ar da 1) x 


(1 + log (2? + + 


The normal loading on the boundary is represented in the form - debts 
Po evaluate C, it is usual to assume that vis zero at a point on the 


P sin ac boundary ta,y = 0. It follows that 
Limit / cos ar da 
0 
Ey (kK? + v,) log 
2r(h 1) kta? 


and henee the boundary conditions are 


4 
(1 + v,) log [13] 
a’ 


(Oy)y=0 = / (A + B) cos ar da 
If k is placed equal to unity, an indeterminate form results 


sin ae 

Lamit cos bvaluating this by means of L’ Hospital's rule 

us ae 


P z? 4 y? y? 
B Ev = log (tv). 14! 
(Try)y 0 (1 t ) sin ax da 0 a r+ y? 
AL 


which is the well-known result. 


Putting the stress equations for the orthotropic ease in polar 


The constants A and B are therefore given by 


form 
B 
A= = PO + k) cos 6 
k) a, = 0 [15] 
Tr k? sin? cos? 
onsidering, for example, the o,-stre (b) Wedge Subjected to Axial Concentrated Load. Observing 
p > from Mquations [15], that og and 7,9 are zero, we may extend the 
= ( / eos ar da results to the case of an orthotropic wedge loaded as shown in 
AT) Fig. 2. Taking the stress distribution in the form 


ay 
k 
e cos ar da 1 cos @ 
k Jo a, T 0 


the constant A is found from the equation of vertical equilibrium 


A Ctr 
PCL + kjrty 2 rvos = 
11] r k? sin? cost @ 


Tir? + y?) (kx? 4 


Similarly from whieh it is that 


+ y?) + 2) kK? sin? + cos? Ataun tan 


Po 
W(x? + y?) (k?z® + y?) Fork = 1, Equation [16] is evaluated by L’ Hospital's rule to give 


+ kjry? 


4 
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P cos 6 


r (4 sin 28) 


which result is due to Michell (6). 
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This is the same equation as obtained by Girkmann (9) for the 
isotropic case, and the pressure p at a distance z from the origin is 
| P 
= [18] 

r ; z? 
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P PER UNIT THICKNESS 


Prer UNIT THICKNESS 


G r 
Fia. 2 3 hig. 4 


It is relevant to mention here that the case of a eylindrically 
aeolotropie wedge loaded in this manner has been discussed by 
Carrier (7). Carrier finds that the stress distribution is the same 
as in the isotropie case, when the axis of aeolotropy corresponds 
to the vertex of the wedge. 

(ce) Half Plane Subjected to Normal Force Applied Through a 
Rigid Punch, 
investigated by Sadowsky (8S), and it is interesting to consider 
The problem is shown 


The isotropic version of this problem was first 


the corresponding orthotropic case. 
diagrammatically in Fig. 3, it being assumed that the punch is 
rigid and that, for the plane 


const for—-c Se 


(v)y 


From equation [13], the displacement dv due to the loading ele- 
ment p(éjdé at distance & from the origin is 


jd £)? 4- 
E(k — 1) kta? 
} 2 
a’ 
Hence 
(dh (hk? 4 log 
(1 + v,) lo ( 
) 
(k + 1) ,, 
a dg log 
wE, a 
It follows that 
t k +1 ( r—& ) 
(v) = low ds 


Since the foregoing expression is constant over the loaded re 
gion of the half plane 


x 
p(&) log ( 


as in the isotropic ease. This result is far from obvious. 
(d) Half Plane Subjected to a Tangential Concentrated Load 
This problem, Fig. 4, is solved by the stress funetion 


«any 
= / (4. v4 Be * ) sin a da 
a 


in precisely the same way as the half plane subjected to a normal 


19) 


load. The stresses obtained in the present case are 
Pk(L + PRA k 
w(x? + y*) (k*z? y? + y*) + 
PKL + 
Try > » 
W(x? y2) (k?z? 4+ 
In polar form, these stresses may be rewritten as 
PA + k)sin 
(20) 
wr (kh? sin? + cos? 6) 
(e) Wedge Subjected to a Transverse Concentrated Load. Ob- 


serving from Equations [20], that the circumferential and shear- 


r PER UNIT THICKNESS 


bie. & 


ing stresses are zere, the foregoing results may be applied to the 
ease of the wedge loaded as shown in Fig. 5. Proceeding as in 


cuse (6), we olbtaim 


“4 
Xx 
| 
| 
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PROBLEMS OF ORTHOTPROPIC 


PLANE STRESS 


sin @ 


(k? sin? 6 cos? 


For k = 1, the indeterminate form is again evaluated by L’Hos- 
pital’s rule to give 


P sin @ 


r (3 sin 23) 
2 

The cylindrically sacolotropie form of this problem is also 

treated by Carrier (7) who again finds that the stress distribution 
is the same as in the isotropic case 

(f) Force Applied at a Point in an Infinite Plane. The stress 

function necessary for the solution of the problem shown diagram- 

matically in Fig. 6 is that given in Equation [19]. Considering 


Prer UNIT THICKNESS \ 


x 


= 


bic. 6 


the plane as divided in two along the X-axis, the shearing force 


applied to each side of the diviston is P/2m4. The shearing stress 


on the straight boundary of each half plane is then 


P sin ac 
cos ar da 
Jo 


and, equating this to the shearing stress along y 


= 0 obtained 
from the stress function, a relationship between the constants 
A and B is determined, 
ing A and B is obtained from the condition of zero displacement 


The other equation necessary for find- 


valong y = 0. 
Carrying out this procedure, the following stresses are ob- 
tained 


Carrier (7) has solved the evlindrically acolotropic version of this 
problem, assuming that the load 1s applied at the axis of symme‘ry 
Okubo (10) h 
by means of complex stress functions. 

(qg) Analysis of Deep Beams 


of the material obtained the foregoing results 
One of the more difficult: prob- 
lems of plane stress is encountered in the analysis of beams hav- 
ing length and breadth of comparable magnitude. 
called 


Such beams 


are commonly “deep beams.” Methods similar to one 


a, cos 
PER UNIT THICKNESS 


another for the solution of isotropie deep beams have been given 
independently by Pickett (11) and Girkmann (12). Okubo 
(10) also has discussed the solution of orthotropic deep beams 
using complex stress functions 

As an example of the present analysis of orthotropie deep 
beams, the problem, shown diagrammatically in Fig. 7, will be 
solved: 


the corresponding lsotropu problem has been solved 


by Carkmann by means of the stress funetion 


cosh aay + sinh ay) cos 


| sinh cos [24] 
where 


2b 


kor the orthotropie problem, we write the stress function | 
the form 


cosh ay 4 cosh COs 
J k 


(C',, cosh 3,7 + D cosh cos 


™ 


m = 13,5, 


which yields the stresses 


BR 
cosh com 
k? k 


cosh kit ) 


3,1 


= 
cot B 
k 
‘ — 22) 
b 
| 
a = 
Y 
Kia. 7 
Y 
4 
p | 
a,* 
n= 
Limit 
— 
= 
| | 
Ps k? +p + n 
[2:3] 
Py k? + +yv,)] ! 
T, 
— k®) Lz? + y’ +- y* 
= A, cosh any 4 
n= 1,3, 
A, cosh + cosh r a 
ah 
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(C',, cosh + D,,k? cosh cos B,.y (C,, sinh + D,k sinh (—1) * = 0.[30] 
1,3,5, 


26 we obtain two equations in two unknowns. In the first of these 
(cont equations it is necessary to expand sinh @,y and sinh a,y/k in a 
Fourier series of sin 8,,y whereas, in the second, sinh §,,2 and 

sinh kf,,2 are expanded in Fourier series of sin a,x. A doubly in- 

finite system of equations then results which are solved by con- 

sidering only a finite number of terms. Iteration may be used, 

‘The boundary conditions and the final solution of the set of equations is similar to that 
used by Timoshenko (13) in his solution to the problem of the 
bending of the uniformly loaded and clamped rectangular plate. 


B aie | Substituting Equations [27| and [28] in Equations [29] and [30], 
any + "sinh ) sin 


sinh + Dk sink sin 


m 


“1,5,5, 


o, = Oforz = pls) a, Cos for y = 


yield the following equations BIBLIOGRAPHY 
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A general method of solution is given in this paper for 
the problem of bending of a wedge-shaped thin elastic 
plate with arbitrary boundary conditions onthe radial edges 
in the case of a single load. The solution is carried out for 
a plate with clamped edges and a single load on the bisector 
radius of the plate. Stress distribution along the edges 
is shown and the behavior of the solution near the corner 
point is discussed for several opening angles of the plate. 


INTRODUCTION 
Hk bending of « sectorial plate clamped along the radial 
edges has been the subject of several papers recently pub- 


lished, 


by G. F. Carrier and FS. Shaw (1)? to sectorial plates under 


\ simple approximate method has been applied 


various conditions, « method credited to Weinstein has been used by 
Hl. R. Hassé (2) in considering a semicireular plate under uni- 
form load. Y.-S. Ufivand (3, 4) has treated similar problems by 
means of integral equations. Finally, the bending of a plate 
carrying 4 uniform load and bounded by two radial edges and two 
circular ares has been considered by G, F. Carrier (5). 

In order to obtain a rigorous solution for a sectorial plate with 
arbitrary homogeneous conditions along the radial edges in the 
case of a single load an infinite radius of the sector will be assumed 
in this paper. In eliminating the influence of « third edge and 
thus in reducing the number of independent parameters to a mini- 
mum, such « limitation of the problem proves to be even an ad- 
vantage in so far as the question of stress distribution near the 
corner point of the plate is concerned. 

CONSTRUCTION OF THE GENERAL SOLUTION 

Let us consider a thin elastic plate, Fig. 1, carrying « single 
load P at r ry, 8 = % and limited only by the radial edges 
4 = +a. The conditions along these edges are for the present 
arbitrary and submitted merely to the exigence of the statical 


equilibrium of the plate 
The differential equation for the deflection w of the plate 


lo 1 o? 
AAw = ( 0 {1} 
or? r or r? of? 
has for the general solution functions of the form rée **"? and 
ree *(k~ 29 where kis an arbitrary number except fork = 1 which 
gives a special solution, Putting k = | + tu with a new param- 


eter wand adding « constant factor e one arrives ata solu- 


tion of the type 


u({u) = resp | t + iu log | [2] 
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The Bending of a Wedge-Shaped Plate 


By S. WOINOWSKY-KRIEGER,' QUEBEC CITY, CANADA 


THE GENERAL 


By taking « linear combination of terms of the form of Equa- 
tion [2] the solution of Iquation [1] can be represented in the 
following manner: 

Range -a< 0< 


r 
wu) = r Cos lop ) fy (Au resin (u log [3] 
To Ye 


Range 


r 
wu) (Ou) cos ) + rosin (« log [4] 
Te 


in whieh for ¢ 12,3 


A, cosh nf cos 6 4 B, cosh uf sin 
Cy sinh cos 6 + D, sinh sin 6... [5] 


and A., D, are some coefficients depending on u but inde- 


ndent of; and 


BouNnpAany CONDITIONS 


The twelve coefficients A,, B,, Cy, D, (@ = 1, 2, 3) contained 
in Equations [3] and [4] are defined by twelve conditions, from 
which eight are edge conditions along 6 = +a and the remain- 


ing four some conditions of continuity and Joading along the 
radius = 

Let us begin with the consideration of boundary conditions in 
restricting our attention to the edge 6 = —-a@ and in writing for 
brevity fi, for f,(0, u), (0 uw) and so on, 


The conditions 


= 0, 0 =O 


corresponding to a clamped edge lead to the relations 


f,=0, fi' = 0 at = —a.......[@) 


The conditions 


fa aa 
y= 
p 
@ 
= 
q 
ay 
is 
| 
| 
d 
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= 0, Aw(u) = 0 
valid on a simply supported edge are equivalent with 
=0,f, = 0, fh" = 0 at = —a 
The conditions on a free edge are fulfilled if 


O*w,(u) 
or? 


{1 Ow, 
) -}=0 
or? \r 
v being the Poisson’s ratio of the material of the plate. Substi- 


tuting Equation [3] in the previous relations one arrives at the 
system of equations 


O*w{u) 


1 ow,(u) 


r or r? 


-0 


1o 
Aw(u) 4 1 v 
ob 


fi" + u (1 + Vv) fs = () 

— (2 — — fi’ + ull + wife’ = 

— ((2 — v)u? — Ij fa’ — + v)f,’ = 0) 


valid for @ = - @. To make the boundary conditions complete 
four further equations analogous to [6], [7] or [8], respectively, 
must be written for the second edge 6 = 4 @ in accorcance with 
conditions here preseribed. 


CONDITIONS OF CONTINUITY 


Three obvious conditions equating the deflection, the slope, 
and the curvature of both surfaces w,() and wu) on = are 


w,(u) = 0 
1 Ow, 1 Ow.(u) 
r oO r oO 
1 Ow,(u) ( 1 Owe u) 
r or r? off? r or r? ob 


Making use of Mquations [3] and [4], and taking into account 
the first of the previous conditions to simplify the last one, one has 
for = 0, 


= | 
fi'—fr’ =0 = 
= 0) 


ConprrioNs FOR SHEARING ForcES 


In order to introduce into solution the singularity caused by the 
load P concentrated at the point r = ro, 8 = O¢ let. us determine 
the difference of shearing forces on both sides of the radius @ = 
», that is, the quantity 
Auy(u)) . 


bo 
6Q(u) = 20 {10} 


where D is the flexural rigidity of the plate. 
Hquatiens [3] and [4] when substituted lead to the relation 


r 
= D (fe file ate log ) 
r 


Let us consider on the other hand the Fcarier representation of 
an arbitrary function 


Putting x = log r, & = log p the previous expression becomes 


4 
g(r) = du / cos [12] 
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= du / cos log p .{13] 
T Io P/ Pp 


where (r) is written for yg (log r). Introducing once more 
6Q,, i.e., the difference between the shearing forces Q, on both 
sides of the radius 6 = %, kt = r°6Q, The function (r) 
then must be zero everywhere except in r = rp on the additional 


condition that 
(r) dr = 
0 


Hence by Equation [13] 


P 
= r°6Q, = = cos log du_...{15] 


A comparison of Mquations [11] and [15] leads to the conclusion 
that the relation 


[14] 


P 
To 


at 0, .. [16] 
must hold and the deflection of the plate is then obtainable in 
form of the infinite integrals 


= w(u)du for & 
0 

= w(u)du for <A<a | 
0 


and being funetions defined by Equations [3] and [4]. 
DETERMINATION OF CORFFICIENTS 


Four edge conditions of the form of Equations [6], [7], and [8] 
on 6 = —-a, four analogous conditions on 6 = +a, three condi- 
tions of continuity of the form of Equation [9], and the discon- 
tinuity condition, Equation [16], are sufficient to determine the 
twelve unknown coefficients in the most general case. The actual 
carrying out of the solution is considerably simplified in most 
cases of practical interest. 

If for instance the boundary conditions of the plate represent 
an arbitrary combination of built-in and simply supported edges, 
these conditions always can be satisfied by making f,(4, u) zero 
throughout the plate and by restricting the solution to both 
functions f,(0, u) and f.(9, uw) associated with r cos (u log 
r/ro). In the case of two clamped edges (or two simply sup- 
ported edges) a further simplification is possible by decomposition 
of the given single load in two combinations of loading, namely, 
a symmetrical and an antisvmmetrical one, both with respect 
to@=0. Itis readily shown that the number eight of unknown 
coefficients is then reduced to six for each load combination. 

Both edges of the plate being free the same method of decom- 
position can be used to advantage. A symmetrical function 
Jf, u), or an antisymmetrical one, however, must be added in this 
case, thus increasing the number of unknown coefficients to eight 
ih each part of the solution. 

If one edge is simply supported the opening angle of the plate 
may be doubled and the method of images (6) used with respect 
4o the simply supported edge. 

In the case of a single load applied on a nensupported edge, say, 
on 0 = ——a, the third of Equations [8] should be completed by a 
term on the right in accordance with Equation [16]. 

By Equation [3] the deflection of the plate is always zero at the 
Consequently, a concentrated 
To make the corner 


corner point of the plate r = 0. 
reaction should be expected at this point. 


free of forces, a reactive load must be introduced under the con- 
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dition to give atr = Oa reaction equal in value but opposite in sign 
to the reaction caused by the given load. 


PLate UNpER CENTRAL 


Let us apply the general solution given by Equations [3], [5], 
and [17] to the simplest case of a plate clamped along the edges 
6 = 0, 9 = 2a and carrying a single load P at r = ro, 0 = a. 
The expression for the deflection is then reduced to 


we=r fi(O,u) cos (: log au co < a). .[18] 
0 


the function f,(@, uw) being zero because of the assumed conditions 
on the edges. The boundary conditions for (6, u) are now 
fi(O, u) = 0, (0/08 if, u) = Oon @ = O and the conditions on 
= a ure (0/06)f,(6, wu) = O by symmetry and (0°/06)f,(0, u) = 

Pr. 27D by Equation [16]. The four coefficients of Equation 
5], when determined from these conditions and substituted in the 
integral, Equation [18], lead finally to the expression 


OF), + Of 
Prro + 2 r ) du. . 
2rD (1 + u®)uN To 


in Which the abbreviations 


©, = sinh uf cos u cosh sin 
0, = sinh ul sin 4 | 


= ucosh au sina + sinhaucosa@ ?... 
= (1 + wu?) sinh @u sin @ 
N = sinh + usin 2a@ 


are used, Expressions O;, Og hold for 0 < 6 < @ and @ is to re- 


place by 2a fora < 2a. 


The result, Equation [19], also can be obtained by means of 
Mellin transform. The form of this method used by C. J. Tran- 
ter (7) to treat a two-dimensional problem of the wedge needs 
only a slight modification to be applied in the present case. An- 
other approach to the problem of the infinite sectorial plate with 
clamped edges may be found in a paper by I. E. Saharov (8). It 
should be noted, finally, that the solution, Equation [19], is con- 
tained as a limit case in a far more general solution due to A. C. 
Dixon (9) and concerning the bending of a plate clamped in two 
circular ares 


Srress DisrripuTION ALONG BOUNDARY 


The further consideration is reduced to the analysis of the stress 
distribution along the radial edges of the plate. By differenti- 
ation of Equation [19], the following bending moments M,° and 
reactive forces V, on the edge @ = 0 are obtained 


1 
M,° = 
r? 
Pro sin sinh @u r 
= - Cos u log du 
Tr N To 


Pro ( r 
= cos log du 


sinh @u cos a 


where 
Us = ucosh au sin @ 


The construction of the preceding expressions is considerably 
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simplified by the fact that the quotients Ow, Or and 0*w/ Or? as well 
as the twisting moments are zero along the edge. 
The computation of previous integrals has been carried out 


by application of Simpson’s rule up to a certain limit (u = 2 to 


u = 4) while the remainder could be evaluated in a closed form 
after neglecting in the integrand the terms e @ arising from the 
hyperbolic functions. The distribution of the bending moments 


and reactive forces along the edges obtained in this way for the 


opening angle of 90 deg is plotted in Fig. 2. The deflection of 
the plate at the point of application of the load given in the 
same figure has been computed from Equation [19]. 


4 


Py 


\ 


. 


hic. 2) Benning Moments ano Reactions Acting ALONG THE 
Evoes or a Plate CLamMpep IN AN ANGLE Wrrn 90 Deg 
OPENING AND SUBJECTED TO A SINGLE Loap (a = w/A4) 


For opening angles more than 180 deg the bending moment 
und reactions can increase to infinity approaching the corner 
point r = 0 of the plate (10). A more detailed investigation of 
stress distribution near this point will be given in the particular 
case of an opening angle of 360 deg. 


Corner Witu Orenina oF 180 Dea 
In the particular case of @ = 2/2 the denominator of both 
integrands in Equations [21] is reduced to No = sinh wu. The 
resulting expressions 


M,° du 


> COs “ log 
Pro / ( ‘) 


9 
oar cosh (mu/2) 


Jo sinh (mu /2) w(r? + 1,7)? 
can also be obtained from the known solution of J. H. Michell 
for the bending of an infinitely extended cantilever plate under 
the action of a single load. The corresponding distribution of 
the edge forces is shown in Fig. 3. It should be noted that the 
opening angle of 180 deg is the only one giving for M,° and V, 
finite values other than zero at r = 0. 
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hia. 3 
AN INeinire CANTILEVER PLave Wrra a Sincie Loap (a = 


Connen Wrrit OPENING OF 360 Dig 


The assumption @ = 7 leads to the curious case of an infinite 
plate rigidly clamped in one half of a straight line, Fig. 4. One 
has now simply No = sinh 2ru which allows a straightforward 
representation of the integral contained in Equation [19] as a 
sum of residues of the integrand in poles which lie in the upper 
half plane of the complex variable u (reference 11). The position 
of these poles being given by « = mi/2(m = 1,3, 5,... ), the 


result of evaluation is 


mo 
msin @ cos 


2 cos O sin 


Prro 
mem? 4) 


This expression holds for 0 6 < 7,0 < r/ro < Land ris to inter- 
change with ro for r/ro > 1.) The value of the deflection at r= 


ro, 9 = wis consequently 


w ; 
m?*) 
13.5 


m 


[24] 


and the result of the summation of this series is given in Fig. 4. 

Because of sin @ = 0 the moments 7,° are zero along the edge 
which is, however, not the case for bending moments near the cor- 
ner point itself. In order to obtain the stress distribution for 
r—> 0 let us restrict the sum Equation [23] to its initial term. 
One has then for the radial and the tangential moments the ap- 
proximate expressions 


3 sin 
Sr 2 2 


P 6 
5 sin 
2 


2 2 


while the remainder is of the order (r/ro)'”. Therefore, when 
approaching the corner point r = 0, the bending moments in- 
crease as r~'/?, Their logarithmic increase near the single load 
can be shown by taking again into consideration the full series 


M,~ 
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P 
a 

we } 6=0 


Ineinite PLate CLampep tn One Hacer or a STRAIGHT LINE 
AND CARRYING A SINGLE Loap (a = 


Fic. 4 


Equation [23]. The singular part of bending moments is con- 
tained in the quantity 


DAL + vi Aw 


sin 


The summation of this series, easy to perform, gives for 6 


ro 


re r 


which is the desired result. Equation [26] ean be used as well to 


obtain the distribution of reactions along the edge and the result 


aw) - 12 
r oo ), 2rir + ro 8) 


. . (23) 


is valid forO <r < @, 

Let us consider next the behavior of the shearing forces near 
r = 0. Taking into consideration but the initial term of the 
series Equation [26], one arrives at the approximate expressions 


D Aw ~ 
or 2r 
Q Do 
= 
r 2r 
showing that the forces Q increase to infinity with r— 0. 
Let us determine, finally, the resultant shearing force 


9p 
2 / Q.rdé ~ a ( 
/0 T r 


as well as the total reaction transmitted to the plate by the edges 
0 = Oand @ = 27 together. Making use of Equation [28] and 
leaving for the present the lower limit of the integration free one 


(30) 


concludes that 


I 

2P 


The result 


ir 
are tan | 
ro 


[31] 


lim (Rk, + Rk) =P 


[32] 


readily obtainable from Equations [30] and [31] asserts the simple 
fact that both reactive forces R, and R,, although unbounded 
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near r = 0, compensate each other with a positive excess equal 
to the value of the single load /’ applied to the plate. 


APPLICATION OF SOLUTION TO a SECTORIAL PLATE 


A certain analogy existing between the solution of the form 
of equation {5} and the general solution obtainable by Lévy’s 
method for the rectangular plate with two opposite edges simply 
supported becomes more evident by consideration of a plate 
bounded by two radial edges and two circular ares, say r = > 0 
andr = a> hb. 

At first let us expand a given funetion Yr) in a series of the 
form 


forb<r< a. Multiplying both sides of this equation by 


ar 
log 


‘ 
log 


where n’ is an integer and integrating the result between r= 


and r= b, one arrives ut the expression 


If, in particular, = = roand = Oforr # ro, then 


V(r, To) 
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Comparing this result with Equation [15] and observing the 
solution in Equation [19] one concludes that the deflection of a 
plate clamped for instance along the radial edges 6 = 0, 2a and 


subjected to a single load P at r = roe, 8 = avis given by 
J 


Prro OU, + OU. . ( 
sin] log 
a (1 4 u,? 


D log 
x si log 
. 


= nt log a/b and besides that the notation, Equa- 
The defleetion clearl 


vanishes on r = a,r = b, but such is the ease neither with the 


in which uy 
tions [20], holds with u, instead of u. 


slope Ow/Or nor with the radial bending moments acting along 
the curved edges of the plate, 
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The Stress Distributions Induced by Concen- 
trated Loads Acting in Isotropic 
and Orthotropic Half Planes 


By H. D. CONWAY,! ITHACA, N. Y. 


Using a Fourier integral method, the solution is obtained 
to an isotropic half plane subjected to a concentrated load 
acting at some distance from the straight edge. This 
problem was discussed previously by Melan,? using a com- 
plex variable method of solution. The Fourier integral 
method is then extended to solve the corresponding prob- 
lems of the ort hotropic half plane. 


P PER UNIT 
THICKNESS 


INTRODUCTION 


HE use of stress functions in the form of Fourier integrals 
is valuable in the solution of plane-stress problems, many 
isotropic problems having been treated by Girkmann.* : 0 
In @ recent paper, it was shown that the method may be ex- 
tended easily to problems in orthotropic plane stress. 
The object of the present discussion is to use the Fourier in- ‘The shearing stress is sero on y = 0 and 
tegral method to solve the problem of the half plane subjected 


to a concentrated load acting at some finite distance from the PALtv) fB+r a Qar? | 
straight edge. For illustrative purposes, the isotropic half plane (Oy )y-0 = on (x? 4 
problem is first solved, the results obtained being the same as >... [2) 
those previously given by Melan.? The results are then extended P(i+v)§ 2 a a(a? — x*)| 
to include the more general problem of the orthotropic half plane. or +yz2?+a? (z? 
In that which follows, the principal axes of orthotropy are x, y. 
ANALYSIS Noting ae cos ar da = 
(a) Isotropic Half Plane Load Line Normal to Straight Edge. a . 
The problem to be solved is shown diagrammatically in Fig. 1, a? — x? 
the distance a being finite. ‘To solve this problem, we first con- ve write a (x? + a?)? 


sider the isotropic plane loaded as shown in Pig. 2. The stresses 

induced for this case may be written down immediately by super- POL + v) , 2 cae y 
position from the solution to the plane subjected to a single con- (Fy )y-0 = on (, rare a) ss cos ax da. [3] 
centrated load.§ They are 


PL 4 v y--a y+a a | 
in + + (y + a)? x? + (y — a)? [x? + (y + a)?]? + (y a)*} 
PA $3 y +a y--a y+a 
in Vi + Lat + (y + a)? x? + (y a)? + (y + a)?]? [x? + (y a)*| { 
+ v 1 Lo (y +a)? (4 ay 
+ vba? + (y +a)? 22 + (y—a)? + (y + a)?]? + (y — a)*]? 
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GONWAY--STRESS DISTRIBUTIONS INDUCED BY CONCENTRATED LOADS 


The next step is to solve the problem of the isotropic half plane 
subjected on its straight boundary to the loading given by 
Equation [3]. To do this, we write the Airy stress function in the 
form 


= A + ayBye~* cos axrda; y 0 


which gives 


2B) + ayBle” cos ar da 
oy? 


(A + cos ar da 


@ 


\((A— B) + ayBle~ “sin arda | 


4) 


Using the boundary condition given by Equation [3] and remem- 
bering that the shearing stress is zero on y = 0, we obtain 


P(1 + v) 2 

A = B = + aa € aa 
2r 

and hence, from Equations [4] 
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aw) (| cos arda 
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an) aw sin ar da 
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The integrations are easily performed and 
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Pril +v) 


To 


|r? 
Subtracting Equations [5] from Equations 
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These are Melan’s results.? 

(b) Orthotropic Half Plane —Load Line Normal to Straight Edge. 
The problem, shown in Fig. 1, will now be solved for the ortho- 
tropic half plane. As has been shown in a previous paper,‘ prob- 
lems in orthotropic plane stress resolve themselves into the solu- 
tion of the equation 


Or? oy? J\ Or? 


subject to the boundary conditions, where k? = By/E, is the 
ratio of the moduli of elasticity in the XY and V-direetions, As 


In isotropic plane stress, the stresses are given by 
op 
on? or? Or OY 
Qayuly + a) (y + a)*} 
+ (y + a)?*]* 
2ayl (y + aj} 


fad 


shown in Fig. |, ts solved and we obtain, after rearranging 
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The principal axes of orthotropy are z, y. 


Using the results obtained in a previous paper‘ for the ortho- 
trapic plane subjected to a concentrated load, the problem shown 


in Fig. 2 yields the stresses 
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‘The shearing stress is zero on v= Oand 
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= 


ar da 


{9} 


To solve the problem of the orthotropie half plane 
subjected to this loading on its straight edge, we write 
the stress function in the form 


ky cos arda; y 20 


which gives 


or? 


(Ae~ Be~ cos ax da 


Or OV 


B 
ay 4 ‘) sin ar da 
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From Equation [9] and from the fact that the shearing 
stress is zeroon y =0 


—aa/k 
+ k*y)e~ 


Thus, from Equations [10], we obtain, after integrat- 
ing 
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It will be observed that for isotropy and k = 1, the indeterminate form of the foregoing stresses may be evaluated by L Hospital's 


rule to give Equations 
(c) Orthotropic Half Plane —Load Line 


solved for the case of an orthotropic mate 
down by superposition from the solution for a single concentrated load given in a previous paper.* The stresses are 


where 
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Parallel to Straight Edge. The problem shown diagrammatically in Fig. 3 will now be 
rial, The stresses for the orthotropic plane loaded as shown in Fig. 4 are first written 


given by Equation [14], we write the stress function in the form 


| -(Ae~* + Be~@¥/*) sin ax da; 20 
a a 


As before, the principal axes of orthotropy are x, y. 


The stress a, is zeroon y = Oand 
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from which the stresses are 


= 4 sin ar da 
a’ | 
“7 eos ar da * + Be~ sin aur da 
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Subtracting Equations [11] from Equations [7], the orthotropic version of the problem shown in Fig. 1 vields the stresses 
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To solve the problem of the half plane subjected to the loading 
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From Equations [15] we obtain, after integrating 
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Subtracting Mquations [16] from Equations [13], the problem 
of the orthotropic half plane shown in Fig. 3 is solved and yields 
the stresses 


k?) rt + (y a)? + (y + a)? + (y a)? |f 
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As before, for the isotropic case when & = 1, the indeterminate 


form of the foregoing equations may be evaluated by L’Hospi- 
tal’s rule. 
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J. Fadle was first to derive a solution for the stresses in a 
rectangular strip subject on one of its narrow edges to a 
self-equilibrating system of stresses; i.e., stresses which 
have zero resultant force and zero resultant moment. 
Fadle’s solution is rather unwieldy because of the use of 
complex (biharmonic) eigenfunctions. These eigenfunc- 
tions are associated with the roots of the equation 
sin 2y + 2y = 0. The first (nonvanishing) root, as deter- 
mined to seven decimals by Mittelman and Hillman, is 
Y2 = 2.1061961 + 1.1253643/. In this paper we derive a varia- 
tional solution of the same problem in the form ¢(x, y) 
= Le,v, where, in first approximation, ¢, = f,(y)g,(x). 
The series c,f,(y) is obtained by expansion of the bound- 
ary values ¢(0, y) of the Airy function ¢ into a complete 
set of self-equilibrating orthogonal polynomials f,(y); the 
functions g,(x) are then determined from the Euler- 
Lagrange equations of the associated variational problem. 
This procedure has the advantage of staying entirely in the 
real domain. The first approximation corresponds to the 
physical concept that the longitudinal fibers of the strip 
are beams on elastic foundation (the adjacent fibers fur- 
nish the elastic foundation) subject to end thrusts and 
lateral loads. Incidental to this idea there are provided 
quantitative formulas which relate depth of penetration 
of an applied traction to its shape (number of its wiggles). 
The eigenvalues y,, the real parts of which furnish the ex- 
tinction coefficients, are obtained from a quadratic equa- 
tion in y?. One finds that the lowest (nonvanishing) 
eigenvalue is = 2.075 + 1.1434. In higher approxima- 
tions coupling effects bet ween derivatives of the orthogonal 
modes f,g, are also taken into account. The jth approxi- 
mation to a mode ¢,, is obtained by evaluating a 2j — 1- 
rowed determinantal equation involving the functions 
tO 1 High modes are calculated 
with the same facility and accuracy as is the fundamental 
except that the fundamental mode ¢, not being preceded 
by other modes, requires, in jth approximation, only a 
j-rowed determinantal equation. One thus finds that in 
third approximation ¥, is the root of a 6th degree equation 
in and has the value = 2.1061964 + 1.1255644%. 


INTRODUCTION 


Timoshenko was the first to make systematic use of the 
variational method in problems of stress analysis. The 

* method, introduced shortly after the turn of the century, 
found immediate favor, and early textbooks, like Féppl’s “Drang 
und Zwang” leaned heavily on this approach. As the method 
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increased in popularity its shortcomings also became more evi- 
dent. The method was primarily suited for determining average 
properties; regions ot rapid stress Variations, or stress-concen- 
tration factors, could not be adequately handled. It was sus- 
pected that the class of functions utilized in the variational ap- 
proach was not the proper one. But the trouble was never 
really identified or remedied, and as other more exact (and 
lengthier, differential-equation type) methods were developed the 
variational approach gradually lost favor. 

Timoshenko’s first English publications on the variational treat- 
ment of plane stress problems appeared in 19238, ten years after 
the publieation of his Russian language book, giving the theory of 
the method. Independently C. Inglis, also treated some 
plane stress problems in 1923 by the strain energy approach. 
The method was developed further by J. N. Goodier in 1931, who 
applied it, in his doctor's dissertation, to several problems of in- 
terest (la).? Among these is the problem of determining the 
stresses in the rectangle, Fig. | (arrows in lower half of Figure 
should point outward), due to the applied edge tractions® 


= Sy*... [1] 
Assuming a stress funetion in the form 


g=¢ + (z*— a*)* (y? 1)? + + nay! 


+...) 
= Sys/20 (2b) 


Goodier determined the coefficients ny, from the require- 


ment that the strain energy 


IE / / ey" yy) dy [3] 


be a minimum, Other, more involved edge tractions have re- 
cently been considered, along the lines of Equation [2], by Con- 
way, Chow, and Morgan (2). 


Kic. 2 ( 


\ similar, but less tractable, problem is that of a semi-infinite 
strip, free along the edges, loaded by self-equilibrating tractions 
along the narrow side, as illustrated in Fig. 2. This is a funda- 


? Numbers in parentheses refer to the Bibliography at the end of 


paper. 
* Bars denote edge tractions. We shall always consider al! loads 
as given per inch thickness of the strip 


ia 
x 
2a 
-_ 
y 
> 
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| 
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mental problem of plane elasticity. It usually arises when one 
considers the general problem of a rectangle, as in Fig. 3(a), 
under arbitrary edge loading L,, Le on the long sides, 8), s. on the 
short sides, 
tions 1), Le are mutually self-equilibrating, and that so are s, 
8. (In Fig. 3(a) we represent the special case when s; = s) = 
0.) The most satisfactory analysis of a problem like that of Fig. 


For simplicity we assume that the combined trac- 


3(a) proceeds as follows: 
By use of a Fourier series or Fourier integral expansion of the 
Airy function 


Peven = 


or Sf + 
+ 4 B( ajay} cos arda {4} 


+ + sin arda.... (5) 


one can determine the stresses that result from the loading 
system 1,, L2—applied on the long sides. This method is dis- 
cussed at length in Timoshenko-Goodier (1b) and Girkmann 
(3). ‘The solutions, Equations [4] and [5], usually create some 
we call them 1,’, L2’-on the short sides of the strip, as 
indicated in Fig. 3(b). 

The next task is to evaluate the effect of the resultant S, of 

and and the resultant of and so, as indicated in 
Fig. 3(e). (Remember that, in the figure, we have chosen s; = 
s = 0.) This task is carried out in three steps: We decompose 
the S,, Sy stresses, as indicated in Fig. 4 for S,, into stress systems 


stresses 


Sq. = Sao causing simple tension, into stress systems S,; = Spe 
causing simple bending, and into the residual systems Sa, Ss 
for the two ends which generally differ from each other but each 
of which is self-equilibrating. Solution for the effects of S,, S, 
is elementary, solution for the effects of S.,, S.2 resolves to solu- 
tion of the problem of the semi-infinite strip.* This presupposes 
that the rectangle is long enough to permit disregard of interac- 
tion between the two end conditions. However it will be shown 
that when a > 1 then the requirement is satisfied. Thus all rec- 
tangles can be treated as semi-infinite strips with respect to loads 
applied at their narrow sides. 

The problem of the semi-infinite strip differs significantly from 
the problem in Fig. 1. No factors, like (x? — a?)? of Equation 
[2], can now be applied to make ¢ vanish at some convenient 


* In the present example, where J; and 2. are mutually equili- 
brating, Sg = S, = 0. 
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place. Nor is one now concerned with average behavior —the 
averages cancel out, force and moment averages were eliminated 
purposely before start of the analysis —stress distribution in the 
immediate neighborhood of the applied tractions is the main con- 
cern, This problem therefore requires a more rigorous approach. 

A variational treatment of the problem has not been attempted 
heretofore. However, J. Fadle has obtained a solution by ex- 
panding the given boundary tractions into biharmonic eigen- 


functions (4). The eigenfunctions ®, are of the form 


Peven = € COS vy + sin 
Pua = € (x sin Yy + Yy cos Yy) 


The values of the parameters «,, y, are determined from the re- 
quirement that the horizontal edges be free of stresses 


= +1) =0, 7x) = ‘ [8] 
There result the consistency criteria 

sin 2y + 2y = 0 (even case) 

sin 2y — 2y = 0 (odd case) 


the eigenvalues 


Yo = 0 = 0 
= 2.1061 + 1.1254 3.7488 4 
Ye = 5.3503 + 1.55160 = 6.9500 4 
¥ = 8.5367 4+ 1.77551 


1.38438 


and the amplitude ratios 


7, tan ¥, 
Yn COL 


(even case) (4) 


(odd case) 


Fadle has listed roots yz to Yu to 5 decimal places, and the 
Odd roots Ya to 
Yu to six decimal places are given by A. P. Hillman and H,. E, 
Salzer (5), and even roots Y2 to Ys to seven decimal places are 
given by B.S. Mittelman and A. P. Hillman (6). 

We note that if y is a root, then so are —- y and y*, 
Hence 


foregoing values are taken from his paper. 


[12] 


Seven = > (Ay + By Po, 
k 


are proper expansions of the Airy function into biharmonic eigen- 
functions. The coefficients A,, B,, must be determined from the 
prescribed boundary conditions 

While Fadle’s functions ®, satisfy the stress equations exactly, 
their linear combinations, Equations [12], [13] are likely to ad- 
here to the boundary conditions [14] rather poorly, beeause de- 
B,, for these un- 
wieldy complex functions is a laborious job; in a practical prob- 
lem the series, Equations {12} and [13], are likely to be termi- 
nated after just a few terms. 

The method to be followed attacks the problem from the oppo- 
site end. We shall satisfy the boundary conditions exactly, but 
the stress equations only approximately. This approach will 
prove preferable bceause it enables us to stay entirely in the real 
domain and work with simple, fast converging, and at the same 
time, physically significant functions. 


termination of the expansion coefficients A 


* Conjugate is noted by a star. (® and 9 stand for real part and 


imaginary part, respectively. 


SH 
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Tue Variationan Mernop 


We write the stress function, ie., the solution of the equation 


T'y =0 {15} 


in the form 


. [16] 


=lag, == CRIM YIGAL) 


where for f, we shall use the complete set of orthonormal poly- 
are appropriate for the preseribed homogeneous 
+1); the g,-factors will be deter- 
from 


nomials that 


boundary conditions (at y = 
mined from the Euler-Lagrange equations that result 
We owe inspiration for this 
Other authors 


minimization of the strain energy. 


approach to bE. Reissner’s numerous papers (7). 


have also applied the variational method to expansions in product 
Kantorovitch (8), Poritsky (9), as well as 


functions, notably 


CGoodier and his students (10). Poritsky, in particular, has econ- 


sidered general expansions of the form = f(a, 


g(r), and has established Equations [21]. 


We first treat the case when 


g(r, y) = (1 = 1, = @) 


= = 0 {17} 


(We use the abbreviations = df(y)/du, = dg(xr)/dr.) One ob- 


tains 


= = Soy 1/5), (0, y) = T(y) = 0 


+1) = 6,(r) = 0, —¢,,(7, + 1) = Fr) = 


r 


[18] 


i.e., the foregoing ¢ represents the stresses that result, from a 


parabolically distributed self-equilibrating traction a, = S(y? 
1/;) applied at the edge, = 0, as illustrated in Fig. 2. Varia- 


tion of the strain energs 


= dr y r 
OL’ 
J, 


2)dy {19a} 


2 
= dr gq”? + 


2 
y? dy 


8/3 S? 63 
2 4 2 ‘ 
= on q ty 7 dr 
vields the Euler-Lagrange Equation 
63 
g 


The solution of this equation that conforms to the boundary 


conditions, Equations [17], is 


yr) = (cas Br 4 in ar). {21a} 
where 
= a+ fi = (3 + = 2.075 + 1.143%. . [210] 
is root of the biquadratie equation 
— Gy? + 63/2 = 0 ..[21e] 


One recognizes (11) that Equation [2la] gives the deflection 
of a I-in-thick infinite beam on elastic foundation, subject to 
axial tension NV, and to a lateral load P applied at the center, 2 = 
0. The stiffness of an h wide filament of the beam is 
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D = Eh*®/12%1 w?), Ib in? in, 22a] 
the foundation spring constant is 
63 D 
k= (Ib in.) sq in. 
2 


the applied axial tension is 


V = 6D lb in. [22] 
and the lateral load is 
22d] 


From the stress funetion, Equations [17], [21], we derive the 


sin ar) 
3 


stresses 


o.=¢ = S(1? (cs Br 4 


0, = = 12 SCI cos Bz 
sin ar) 
3 
a? + 
Ge, * Sy sin By 
33 


We refer to @ as the attenuation eonstant, to 


l= = [24] 


as the penetration distance or “attenuation length” of the para- 
bolie distribution. It gives the distance (in multiples of the half- 
width of the strip) in which the amplitude of the stresses de- 
crease to about L/e of their edge value. 

Two questions now arise: (@) How to improve the approxi- 
mation, [17], [21], which, clearly, does not satisfy the bihar- 
monic equation; (b) hew to treat other, more complicated end 
tractions; for instance, the self-equilibrating quartic parabola 
distribution of normal stresses 


a, = —"/). [25 
We first consider question (4), as this will also show the way to 
solution of the first problem. 

For the distribution [25] one would be inclined to assume the 


stress function 


S 
(2 sy? + gic); gO) = 1, =0. [26 
for this vields 
y) = (9, Sty! 1/5), Tly) ¥2,(9, y) = 0 
= i) = 0, Tis ¥2,(2; + 1)=0 


[27] 


hence is in accordance with the preseribed boundary conditions. 


The variational equation for Equation [26] becomes 


1170 
te 
200 3S g 
and has the solution 
a 
( cos Be + sin Br 
gr) ‘ 38 ) (28h) 


| 
2007 + 1.204 


The reason for this is that the 
'/,, and the 


This solution is badly in error 
curve y* — '/; looks very much like the curve y? 
properties of the latter obscure the behavior of the truly quartic 


i 
— 
S 
a 
Hl 
4 
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= 
pe 
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part of the —'/, curve. Before we can apply the variational 


method properly, we must write az in the form 


138 13 4 
165 165 


i.e., we must decompose the associated ¢ into its orthogonal quar- 


138 ly? 129) 
- 3)... 12! 

165 
tie and quadratic constituents 


23 


: (30a 
33 


g/S = 330 xal 4 


where 


= = 1, = = 0. (306) 


and xo, x« are unnormalized, f., fy are normalized orthogonal self- 


equilibrating polynomials 


3 
f= Nixe= V57 (1 2y? + y*), 


+1) = fo’(+1) = 0 


2 V7 13 ( + - + 111), 
fi(+1) = f,"(+1) = 
Here and in what follows we shall consistently abbreviate 


FG>= f" 


In particular, when F, G are members fr, fm of the orthonormal 
set, we shall write briefly 


dy, <n',m' > dy 
dy 


From the variation of the fig, term of o/S 


1 
uf dy + + fe 
2 0 
dz |g"? + 2< 4’, 4’ > < > 
0 
= / dr lg 2: 


there results the frequency equation 


F(y)Gly dy [32] 


[33] 


KbU 


> ga) = (34) 


a” t 


16.8 y? + 1017.9 = 0 
and hence the complex frequency | 
Ye = & + Ba = 5.259 + 2.062¢ 
The solution therefore is 
1 + 13y? — 23y* + Ily*)e—5- 2 


X (cos 2.0627 2.55 sin 2.0627)... 


= 


The yoq solution, determined earlier in a similar manner, gave 
+ (cos 1.1432 4+ 1.82 sin 1.1432) 


[365] 


= (1 


Because the modes y2q2 and yg are precisely orthogonal, their 
derivatives can be considered as weakly coupled. Hence, in first 
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approximation we can neglect, the interaction of these terms that 

would result were we to place the entire ¢ expression into the 

strain-energy formula, Thus in first approximation 
l 23 


137] 
339 


¢/S 


is the Airy function, associated with the quartic parabola input 


= and the stresses are given by 

Ss = 292, O,/S= 
23 

t 292" 138) 

330 

1 


X2 g2 


It is now seen that at distances > /, ~ 0.2 from the edge the high- 
frequency, Ys, component of the input is fairly obliterated and 
only the low-frequency component, 2, persists. This also gets 
extinguished at distances > 1 ~ 0.5. In particular, if we deal 
with a square, only exp (—2/0.5) ~ 3 per cent of the fundamental 
2/0.2) ~ 0.8 per cent of the second symmetric 
mode reaches the opposite face. (This then justifies us in neg- 
lecting e*®? type terms in the solution whenever a > 1.) We 
shall refer to the gradual elimination of high-frequency compo- 
nents of given inputs with depth of penetration as “frequency 


mode and exp ( 


degradation.” 
ORTHONORMAL POLYNOMIALS 


It is clear that the general procedure must be as follows: We 
decompose the boundary values of the Airy function of an applied 
end traction, &(y) or 7(y) into its self-equilibrating orthonormal 
components 


u 
nf dm = ¢(y) = 
A B 
= 2,(y) 
A 


(for &, even, 7 odd take B = 0, A = : 
B= 1,A = 0) 
then write, in first approximation 


[39a] 


> fat 


+ ..... [39] 


for &, odd, 7 even take 


- 
g(r, y) = > or Su > 
{40} 


or gift, yu) = 


where the choice 


3, 


sin 


41h) 
3, [41h] 


hy 
(the first is used when &, is given, > = 0; the second when 7 is 
given, &, = 0) insures that 


g(0) = 1, = 
h(O) = 0, =1f 


[4c] 


| 
| [Sla} 
<n,m> 
+ <¢, fs .. 
fe > Sa + fa >ha 
... [35a] 
| 
t 


HORVAY 


The complex frequency y, = a, + 18, is determined from the 
eigenvalue equation 


2 < kiki > t+ < > = 0.. [Ald] 


Finally we obtain o,, 0,, T as the derivatives 


(2,4) = = 
(7,y) = = eh; 9%" {42] 


of y when 4, is given. Similar expressions hold—in h,—when 
T is given. (To avoid saying the same thing twice we shall, in 
what follows, frequently make statements concerning the series 
Lex only, without adding that corresponding statements hold 
also for the series 2 ¢, f, hy.) We record that 


2 
—(a’? + B%)h = g’ e ™ sin Br 
g” = + «(. cos 3r 4 sin 3) [43] 


2a 


We used the notation 
q= . [44] 


for the integral of g; h is defined similarly, We shall make use 
of these functions when calculating displacements. 

We shall now survey some properties of the polynomials f,. 
The even functions are characterized by absence of tractions on 
the horizontal edges, 


oz, +1) = 0;i.e., f(+1) =0 {45a} 


+1) = 0; ie., f(41) = 0.. [45h] 
and by zero stress resultant along the vertical edge 


6,dy = = f'( -1)} =0 


or, alternately 


wesw {465} 


according to whether 6, is given, and 7 is zero, or vice-versa. 
Clearly, the third condition, Equations [46], is implied by the 
firat two, Equations [45a] and [45h]. The condition of zero re- 
sultant ¢, moment is automatically taken care of by the choice 
of f as even function. 

The odd polynomials are. characterized by the absence of trac- 
tions on the horizontal edges, Equations {45a, 6], and zero mo- 
ment or shear resultant along the vertical edge 


WO) f'dy = [47a] 


or, alternately 


— = nO) = = 0 


according to whether &, is given, and 7 is zero, or vice-versa, 
Clearly, the third condition, Equations [47], is again implied 
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by the first two, Equations [45a], [456]. Furthermore the con- 
dition of zero resultant 3, force is taken care of automatically by 
the choice of f as odd function. General end tractions are ob- 
tained by superposition of even and odd, and of of and r effects. 

The question now arises how to construct the functions fa. 
Obviously, an even function is automatically orthogonal to an odd 
function, The construction of an even function, like fe thus re- 
quires orthogonalization only with respect to its even predecessors 
One writes 


fe =a + by? + cyt + dy + ef [48a] 
and determines the coefficients a, .... , e from the five conditions 


ffl) = 0, f'(1) = 0, <6,2> =0, <6,4> =0, 
6,6> =1.. 485] 


This procedure while correct, involves ever-increasing labor in de- 
termining successive polynomials. One readily recognizes that a 
function defined by 
= (ufn + basi tn 1) ) 
bors — >, Gavi? = >. (49) 


>] 


is orthogonal to faa by definition of b,.., and is normalized, by 
definition of aay. If fi, fo... ,f, are the first n functions of an 
orthonormal set, ie., if << k, m > = 6,,, for k, m <n, then fas, 
constructed in the foregoing manner, is the (n + 1)st such fune- 
tion: <k,m > = also fork, m <n 4+ 1. To prove this, we 
must demonstrate the orthogonality of f,., to all its predecessors, 
It suffices to consider only < nm 4+ 1,0 -3 One finds 


1> =0.... [50] 


te 
> 
= 


Formula | 49) thus provides a recursive determination of the poly- 
pol! 
nomials f,. In Table 1 we list the first nine such funetions in the 


form 
f [51] 


where x, is the g-dependent part, V, the normalization factor, 


TABLE 1 SELE-EQUILIBRATING ORTHONORMAL POLYNOM 
TALS. fn 


Vn x 
3 
2 vy? ‘ 
is u 
16 
4 Vis 1 + 1By? 2ay* + Vy 
a, V5 711 Sy 4 29y* 4 
1 -— 11 — 1S6y* + 65y4 
128 
7 V/5-7-11-13-19 l2y? + 38y* 4+ 
3 
V5 7 11°13 47y? 346y* + S78y* Wily! 4+ 
auth 
9 jy + + 1054y" 969y* 4 


256 


They are associated with the frequency equation [41d], and yield 
the complex frequencies 


hth 
} 
3 
7 
faa 
= <fe,as> +0 = 
ay? 
46a] | 
q 


92 
= a, + if, = [<n’,n’> +if<n’,n’> 
—<n',n' > 


[52] 


as follows in Table 2. 


PABLE 2 COMPLEX NATURAL FREQUENCIES 


va = 3.656 4+ 1.538: 
ys = 6.942 + 2.6821 


In the 
m' >, 


foregoing we made use of the numerical values < n’, 
n”,m" > for equal n and m. In Table 3 we list these, 
for later purposes, also for unequal n and m up ton, m 
those for equal n and m up to 9. ' 


= 6, and 


TABLE 3 SCALAR PRODUCTS 
<n’, m'> 
3 9-7/2 
(3/2) V13/5 9 V13/5 
4 V17/(5-11) (3/2) W11-1775 
9+13/5 


27-13 -20/10 
(7/10) (3-4-7/5) 13-17 
17-10/5 
7-19 


3-5-409/2 
3-19-601/2 
13-23/5 9-23 -3187/10 

In terms of the stresses, Mquations [42], we determine the 2 and 
y-displacements u, v (using (@, 0) as fixed point, the x-axis as 
fixed axis) 


z 
ku = (a, 


poy = Le ga whee’). - [58a] 


where the g, 9', 9” expressions were given earlier, in Equations 
[43], the f expressions were listed in Table 1, and the f’, f” and 


f= tay 


expressions are given in Table 4, for the first six f,-polynomials. 


[54] 


TABLE 4 
4(--y + 


1 — ty? + Sy* 


2(13y —— + 33y*) 


145y* + Oly? 


8(--7y + 50y) + 65y") 


By the foregoing we have provided a complete solution of the 
problem of determining the first-order effects of prescribed ap- 
plied self-equilibrating end tractions or their prescribed displace- 
ments. We again point out the fact that the functions f, g,, 
do not satisfy the biharmonie equation. 
shear-strain expressions, calculated by 


Therefore, the 


or by 


[55b] 


JOURNAL OF APPLIED MECHANICS 


138y? 4 
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are not in agreement. However, an average of the two expres- 
sions probably gives a fair estimate as to what the shear strain 
really is. We also note that the self-equilibrating polynomials 
satisfy the differential equation 

(1 - 10401 


- y*)f” + [12 


- y?) — y?)f'"’ + + 2)n +3 


-24)01 


(n 


-4(n + + 


-2n + 2)(n + 3)f =0 


AprrROXIMATIONS 


In the preceding section we used the expansion ¢ = 2 egfigs 
for the Airy function where the f, were orthonormal polynomials, 
and the g, were defined by Equations [41]. We formed the strain- 


energy expression® 
+8 
uf [v..* + 4 
0 1 


Ueen = fe 


< 4’, 4’ > +... 


*, 4° > GG, + 


< 2 


Uoaa = similar in Gs, Gs, .. . 


In the foregoing we utilized the relation < k,l > = 6, Next 
we assumed that < l’ >, < k", > are negligible for k /. 
This permitted us to write U, in first approximation, in the form 


> 


<kh",k* > [58 


involving only “diagonal” termes. 
It is now our aim to determine functions G, which eliminate, 


upon y and 2z-integration, cross terms of type from Equa- 


DERIVATIVES AND INTEGRALS OF fa 


273y') 


S85y* + 455y) y 


tions [57], henee which lead to accurate diagonalization of 1 


@ 


[G,"2 + 


0 
>< > [59] 
§ The author succeeded in establishing this equation only after he 
completed the remainder of the paper. Once the equation is availa- 
ble the investigation of the properties of f, can be carried out 
faster, and more systematically. 
* We shall write henceforth Gy for the z-dependent factor of gx, re- 
taining the symbols gx, Ax, for the specific functions, Equations [4la, 5]. 


v2 = 2.075 + 1.1436 
ve @ 8.729 + 3.4051 
| 
m 
22 dy 
24 | 
2.6 Ueven + 
44 
46 
| + < 2°, 2° > Gi? 
< 4",4"° > +... 
[57] 
: 
n S°/N 
2 1 
2 4 (-—-1 + 3y? 
3 4( By + Sy’) y 
13 23 i, 
4 yt By dy 
« 
anew 3 19 13 
28 118 156 65 
| 
¢. 
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Clearly, such functions G, cannot be solutions of 4th order differ- 
ential equations (the best that is available in this nature are the 
functions g,, Ay), but will be solutions of higher order, in fact of 
infinite order, equations, which can be approximated in a pro- 


gressive manner, 
In order not to get: wrapped up in a maze of symbols we shall 


assume that there is applied to the strip an end traction 


a,(y) = fy" 60) 


and we consider the problem of finding the second approximation 
to the corresponding Airy function gy. (The first approximation 
was f, We write 


= fly) + fly) + fly) Gr). [61a] 


= 1 
=0 


G(s) = GdS) = 


= = Ge(2) = 0. . [61h] 


i.e., in addition to the distribution f, excited by the applied trac- 
tion, we expect a feeble appearance also of the two neighboring 
distributions, f, and fe. But not at z = 0; here only fy can exist. 

Then we can immediately utilize Equations [57] and, abbrevi- 


| Gy, 

| 

= | > - fa [62a] 
dr? 


we find the euler-Lagrange equations 


ating 


+ Fu + Fa = 0 
+ Fe + Fee = 90 63) 
Fe {G2} + Fee (Gi) + Fe = 0 


Denoting furthermore 


= ¥' > 4+ 8" >. 


el 


re results the frequeney equation 


Foy 
A Fo Fy Fe PLB — — 
Fee Fis Fo FoF? + 2 Fuk ok tha} 


HW, +? 223 
5 6.330236227 ¥* 4 


123.7824639 y? ISS) = 0 lite} 


All coefficients in Equation [644] are integers or half-integers. 
We factored this equation into products 


A = + poy? + aa) + + Ge) + Poy? + qe). [65] 


as given by Equation [64¢], by following the procedure outlined 
When is a root 


in reference (12 


td. a 13, 66) 


of Equation 


THE END PROBLEM OF 


RECTANGULAR STRIPS 


= + 4740476690)" 
= 210619636 + 
Yo = + 16.61492877)° * 
= §.32650426 4 1.550046627 
(61.8912320 4 58.55230197)' 
= + 


Ys 


then the Equation System [63] is consistent.’ In order to deter 
mine the “eigenmode” u,, 0, Ww, associated with the “eigenvalue” 


7, we place 


(iz = Gi, = 17, Ge 6S! 
into Equations [63] and obtain 
O.00020084 + O.OOLTSSO 47) 
= (-0.11805559 4- 0.118442687): 


1:(  0.18392725 0.072940377 ) 
Yo: = ( O.05022166 4+ 0080256537): 
(O.00558379 + O.262701330) 21 


For the conjugate roots yy," one obtains the conjugate modes, 
u,*, 0%, w,*. In general G,, Gy, Ge are combinations of the six 


n 


modes 
Gz = ig ug + conjugate 
Gig = woe + we” + we ™ + conjugate 


By Equations [616] they are subject to the six boundary condi- 


tions 
(0) = 2R {ug + uy + ug} = O 
G0 2K {rr | Ve |} 
2K 4+ we + we] = 0 
G0 + Yalta + 0 
= —2R + Yoru + = 0} 72] 
GeO) + Yala + Yor's 0 


Writing 


iV, 


for real and imaginary parts of ue, %, we, Equations [69], [71], [72] 


permit determination of u,...,W. One finds 


0.0201872 | 
0.1109543 


ou 


O.2700820 


fal 


and hence, by Equations [69], alse 


4 0. 26608510 


6 


= + O.O0047 47) 


Ws 


Phe forniulas cos ¢ are tan «) 


arc tan | 1 + come handy in evaluating 
‘ 


the roots without the use of trigonometric tables The root ya in the 
‘approximation, because it was determined in 


1 + u*) sin 


foregoing is a ‘‘third 
terms of fo and two right neighbors fe, fe, two left neighbors fo 
f-2 0. Siunilarly y« determined in terms of f4 and fa, fe, is a 
“second” approximation, and ys determined in terms of fe and fe f 
is a slightly improved ‘‘first’” approximation. All our numerical re 
sults are uncertain in the last digit shown (Except, of course 
Equation [644 |, which is precise.) 


‘a 
. 
| 
| 
| 
| 
> 
| 
| 
| 
| 
| 
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One can write the solution, Equations [70], more conveniently in 
the form 
Giz = t+ + 
= + Bohy 
G.= + Cshe 4 


+ Aghy + + Ache 
+ + hege + Behe 
t+ + cogs + Coie | 


where 


sin 
B,, 


+ 


n 


aur), h, =e 


2K fu} 28,9 
= 23,9 


= 23,9 {w,} 


2a, Riu, | 
2a, {v,} 
2a, KR fw, 


One obtains the numerical values 


0.006502 
0.003257 
0.074283 
0.606208 
0.040374 
1.308623. | 


2.428257 
1.127782 
0.735009 
0.039222 = 
1.307255 Cs 


= ag 

As Ag 
0.126802 
O.OOLLS2 
O.001L358 = 


[77] 


hence, by Table Land Equation [6La} determination of the second 
approximation to gis completed. 

It must be remembered that gy. of Equation [61a] is the second 
approximation for the Airy function of the applied traction fy. 
However f, is not the boundary value of the true second eigen- 
function, ®,. Therefore the function gy is a mixture of Dy 
Py, Pa. (Subseripts g, refer to g-type and h-type be- 
havior, as in Equations [4le}.) In particular, one has, in second 


approximation, 
(1/N) Pula, = galasfa + + cafe) 


(N is the normalization factor.) We note that the coefficient of 
gs gives the second approximation to the true shape of the bound- 
ary value, Py (0, y), of the second symmetric mode. 

Extension of the foregoing procedures to other modes and 
1 when terms must 


[7s] 


higher approximations, or to cases a - 
also be taken into account are obvious and need not be discussed. 


APPLICATIONS 


The method described appears to be most useful for solution of 
multidimensional vibration and eigenvalue problems, A survey 
of some simple applications is given in a separate paper (13). 
In the narrower field of stress analysis the method permits one 
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to write down the solution for many, formerly regarded as diffi- 
cult, problems, so to speak, by inspection. Several of these, 
dealing with thermal stresses, will be discussed in a subsequent 
publication (14). In a later study the problem of the circular 
cylinder subject to self-equilibrating end tractions will be treated. 
The method also can be adapted to contact stress problems, but 


here further development is necessary. 
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Nonlinear Distribution of Bending Stresses 
Due to Distortion of the Cross Section 


By H. H. BLEICH,? NEW YORK, N. Y. 


A theory is presented to explain the nonlinear distribu- 
tion of bending stresses found in recent tests on a passen- 
ger ship with long superstructure and in model tests. 
The hull and the superstructure are considered as sepa- 
rate beams which are forced to act together by shearing 
forces and by vertical forces resisting relative displace- 
ments of the two beams. The case of constant cross sec- 
tion of the beams is treated, and solutions in qualitative 
agreement with the tests are obtained for two types of 
loading. 


INTRODUCTION 


S part of a series of recent structural tests on a passenger ship 
reported by Vasta® the strains due to bending of the 
ship acting as a beam were measured, It was found that 
at midship the distribution of bending strains was not linear over 
the effective seetion consisting of the hull and deckhouse. Fig. 1 
shows the strain distribution found, indicating a pronounced 
break on the level of the promenade deck, where the cross section 
is offset horizontally (the side plating of the hull ends on this 
level). Navier’s hypothesis, that plane sections remain plane 
after bending, and the conventional theory of bending of beams 
appear not applicable. 

Similar tests on small models were reported by Holt* showing a 
definite, but less pronounced break on a model with horizontally 
offset superstructure, Fig. 2. 
another model where the superstructure is not horizontally offset, 


It is significant that in the case of 


Fig. 3, the strain distribution was found to be linear. The model 
tests offered a clue for the cause of the deviations from the con- 
ventional linear strain distribution.® It was observed that the 
deflections of hull and superstructure, measured at points A and 
B in Fig. 2, differed by about 10 per cent,® indicating that the 
cross sections of the beam consisting of hull and superstructure 
distort under louding 


1 This paper presents parts of a “Study on the Structural Action 
of Superstructures on Ships,’’ undertaken for the Ship Structure 
Committee under Bureau of Ships Contract NObs 50538 (Index 
No. NS 731— 034). 

? Professor of Civil Engineering, Columbia University. 

3 Structural Tests on the Passenger Ship 8.8. President Wilson 
Interaction between Superstructure and Main Hull Girder,”” by J. 
Vasta “rans. of the Society of Naval Architects and Marine En- 
gineers, vol. 57, 1949, p. 253. 

«Structural Tests of Models Representing a Steel Ship Hull With 
Aluminum Alloy and Steel Superstructures,”’ by M. Holt, paper pre- 
sented at the March, 1949, Meeting, New England Seetion of The 
Society of Naval Architects and Marine Engineers Copies are ob- 
tainable from Mr. EK. H. Robinson, editor, Bethlehem Steel 
Company, Quincey 69, Mass 

6 See discussions of Ref. 3 by Holt, Crawford, Ramsey, and author. 

® Reference 3, fig. 47. 

Contributed by the Applied Meehanices Division and presented 
at the Annual Meeting, New York, N. Y., November 30-December 
5, 1952, of Tue AMERICAN SecteTy of MecnantcaLt ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 20 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1953, for publication at a later date Discussion 
received after the closing date will be returned 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanies 
Division, May 13,1952. Paper No. 52 —A-7. 


95 


x observed strain 


\ 


Fic. Nontineank Distrisetion oF Sraatns Onsenvep iN 
on A Passencer Vessen 


al 


hic. 20 big. Linean Disrainu- 
or STRAINS Onserven IN Moves TION OF STRAINS 
Tests IN Moves. Tests 


It is a known fact that Navier’s hypothesis for a structure 
acting as a beam is applicable only if the cross sections of the beam 
do not distort An example for nonlinear stress distribution due 
to distortion of the cross section is the case of a thin cylindrical 


shell acting as a beam.’ In order to explain the nonlinearity 


Design of Cylindrical Conerete Shell Roofs,” American Socwety 
of Civil Engineers, Manuals of Fngineering Practice, No. 31, 1452 
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found in the tests, this paper studies the effect of this distortion 
on @ bar the cross section of which consists of two cells, Fig. 4(a). 
Because of the application intended it is, however, not necessary 
to consider the most general case of distortion, which would re- 
quire 4 shell analysis, but it is assumed that the symmetrical cross 
section consists of two nondistorting portions which can move 
relative to each other, Fig. 44). The justification for this assump- 
tion lies in the tests which show that Navier’s hypothesis is ap- 
plicable for the hull and superstructure each by itself, 


bic, 4(a) bia. 4b) 


Starting from this assumption, the paper will consider the prob- 
lem of two separate beams forced to act together by horizontal 
shear forces and by vertical forces acting at the junetion of hull 


and superstructure, The vertical forces are due to elastic resist- 
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ance of the deck framing or bulkheads against the motion of the 
superstructure with respect to the hull. The system consists 
therefore essentially of a beam elastically supported by another 
beam, with a shear connection to enforce equal strains at deck 
The case of constant section will be treated for two load- 
ing cases. It will be seen that the theoretical stress distributions 
found are of the type observed in the experiments. 

Before analyzing the full problem we will consider in section 2 
a simplified structure in which the action of vertical forces between 
hull and deckhousg is negleeted. This simplified structure does 
not describe the actual conditions but because of its relative sim- 
plicity it is easier to study the play of forees; the understanding 
The 
simplified approach in section 2 may be considered a generaliza- 
tion of Hovgaard’s theory of a beam attached to a deck plate sub- 
jected to tension or compression due to the bending of the hull.* 

It might be of interest to note that the solution obtained can be 
The stresses in 


level, 


gained is of value in treating the full problem in section 3. 


applied also to other structures, not only ships. 
a girder having « cross section, as shown in Fig. 5, under vertical 
loads are similarly affected by distortion of the cross section and 
the equations found in this paper are applicable to this case. 


2 ANALYSIS OF A Simpiiriep SrRUCTURE 


Consider the structure shown in Fig. 6(a), a hollow box beam 
with two cells. The lower box, the hull, is of length L, while the 
upper box, the deckhouse, is shorter, and of length /; both boxes 
are assumed to be of constant cross section. The cross-sectional 
area and the moment of inertia of the upper section, Fig. 6(¢), and 


8A New Theory of the Distribution of Shearing Stresses in Riv- 
eted and Welded Connections and Its Application to Discontinuities 
in the Structure of a Ship,”’ by W. Hovgaard, Trans. of the Institu- 
tion of Naval Architects, vol. 73, 1931, pp. 108-126. 
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of the lower section, Fig. 6(d), are Ay, and Az, respectively 
the distances of the respective centers of gravity from each other 
and from the deck are a, aja and awa, respectively, Figs. 6(b, ¢, 4). 

In this section the important simplifying assumption is made 
that the deck A-B, Fig. 6(b), and its supports have no stiffness, 
and will not resist any relative vertical movements between hull 
This assumption is of course not justified in 
The 
structure is subjected to vertical loads and buoyancy forces act- 


and deckhouse., 
any real ship and will be abandoned in the next section, 


ing on the hull only, producing bending moments M in the vessel. 
No external loads are assumed to act on the deckhouse, 

Take a section at the distance z from the center of the deck- 
house, and consider the free-body diagrams for the deckhouse and 
hull, Fig. 77a). The moment and direct forces in the deekhouse 
and hull are MW), Ny, and My, Ng, respectively. Moments and 
M;, are positive if they produce compression on top of deekhouse 
or hull, and direct forces Ny and N2 are positive if they create 
tension. The external loads and buoyancy acting on the hull to 
the left of the seetion have a moment M; further, a shear foree 7’ 
of unknown magnitude will act on the under side of the deck- 


house, and a similar force 7’ will act in the opposite direetion on 


the hull. The shear foree 7 is counted positive if it acts as shown 
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in Fig. (0a). Equilibrium of the portions of deckhouse and hull in 


Pig. T(a), requires the relations 
Vy aa l [ta] 


M adel [1b] 

Owing to the assumption that Navier's hypothesis is valid for 
the deckhouse and hull separately, the stresses can be determined 
it points at adistance sz, or xz from the respective center of gravity. 
Counting tension stresses ¢ as positive, the stress is, in the deck- 


house 

2a] 
in the hull 

[2b] 


The stresses a; and oO, ut the ju vction of house and hull must be 
alike, and equations [1] and [2] furnish, with = ad, = 


aay, 
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W....... 


Introducing this value of 7’ into Equations [1] and [2] one ean 
determine moments and stresses at any point. 

7 was defined as the total horizontal shear force acting between 
the left end of the deckhouse and the section at z. According to 
Equation [3], 7' is proportional to the moment M, and the unit 
horizontal shear (d7')/(dz) which will be transferred by rivets or 
welds from the hull to the deckhouse, will be 


dT ace), 
dz Il, 


[4] 


+ + 


where V = (dM)/(dz) is the total shear force in the structure. 
However, it will be noticed that at the end C of the deckhouse the 
shear 7’ is not zero, but equal to 


r acl, 
a? (aah + ay!) 
A, A: 


At a point slightly to the left of point C in Fig. 7(a) there is no 
deckhouse and therefore 7) = 0; this means that in addition to 
the distributed shear (d7')/(dz), according to Equation [4], there 
must be a concentrated horizontal shear force 7’. according to 
Equation [5] at point C, and a similar concentrated shear force 
Tp, at the other end D of the deckhouse, The typical distribu- 
tion of the forces (d7')/(dz) is indicated in Fig. 7(e). 

It is obvious that the concentrated shear forees 7’) and 7’, 
cannot exist in any actual strueture; their occurrence results from 
the fact that shear-lag effects were neglected when we assumed 
Navier's hypothesis to be correct for the full length of the deck- 
house. In reality the forces 7'¢ and 7’, will distribute themselves 
over a finite distance, presumably of the magnitude of the depth 
of the deckhouse. This distribution is indicated by the broken 
line in Fig. 7(¢), the shaded areas representing 7'¢ and 7. This 
means that the stresses in the vicinity of the end of the house 
found from Equations [2] are incorrect; but, according to Saint 
Venant’s theorem, the effect of the simplification will not affect 
the stresses in the center portions of the structure. 

The expressions for the moments 47,, M2 and direct forces N, 
and Nz obtained in the following become somewhat simpler if the 
notations 

A, A, 


I, 


1, + al 
(6b) 

I. + aol, 
are used. Term y will be called the size factor; it is a measure 
of the size of the deekhouse in relation to the hull. The moment 
of inertia J of the total section consisting of hull and deckhouse 
can be expressed by the moments of inertia J,, 72 and by the con- 

stant /, 

+ 12+ 14q.... [7] 


Making use of the notation in equations [6], the following ex- 


pressions were derived 


MI, MI, 
| a (1 


Sc 
+ + pauls) [8a] 


Ni =—N, =T 


ow, 


M,=M 
(1 + (Cael, + 


[8b] 
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2 
+ 


M,=M Se 
I + (aol; + 


These expressions could be used to determine the stresses o, 
and a2 in the deckhouse and hull. However, each of the three 
expressions consists of two terms, the first one being the value of 
the respective N or M if the conventional bending theory were 
applicable to the entire section. Therefore the actual stresses 
o can be expressed as the sum of the stresses oy according to Nav- 
ier’s hypothesis, and a correction Ag 


o=o0, + {9} 


Navicr’s stresses oy can be found from the conventional equa- 
tion 


. {10} 


where z is counted from the centroid of the entire section, Fig. 
6(b). The corrective stresses Ao, and Age in the deckhouse and 
hull, respectively, are 


Ao, = 


where AN and AM are corrections of N and M given by the 
second terms of Equations [8] 


{1s 
a (1 (al, + 


MI, 
(1 + + pals) 


{126} 


= MI, 
(1 + (aol, + 


[12¢] 

Fig. 8 shows typical stress distributions oy, Ag, and ¢@ = ay + 
Ao computed for Holt’s model, Fig. 2. Owing to the fact that 
the structure analyzed in this section was simplified by omitting 
vertical forces acting between hull and deckhouse, the results 
are of limited significance; the typical break in the stress distribu- 
tion at deck level is, however, already there. The value of the 
foregoing analysis lies in the fact that the more accurate analysis 
presented in the next section shows that the actual stresses can be 
expressed in the form o¢ = oy + Ag, where ® is a numerical 
factor depending on the various dimensions of hull and deck- 
house and on the stiffness of the bulkheads. 

It might be added at this point that the reasoning presented 
would be fully applicable also if hull and deckhouse would not be 
of constant section. All formulas derived in this section remain 
unchanged, except Equation [4] for the unit shear (d7')/(dz); 
when deriving this equation from Equation [3] the fraction on the 
right-hand side would no longer be a constant, resulting in an 
added term in Equation [4]. The important result, that the 
stress at the midship section can be expressed as the sum of 
the stress oy, according to Navier’s theory, and the correction Ag 
remains valid. 


3) GENERAL ANALysis OF Two-CELL STRUCTURE 


Consider again the structure indicated in Fig. 6; differing from 
the treatment in the preceding section the assumption is made 
that any relative displacement of the deckhouse with respect to 
the hull will be resisted by the internal vertical forces required to 
deflect bulkheads and transverse beams supporting the deckhouse. 
The deckhouse is, in effect, considered as a beam elastically sup- 
ported on the hull, and is further attached to the hull at deck level 
so as to enforce equal strains. 
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Under the action of external vertical loads and buovaney the 
structure indicated in Fig. 0 will deflect: and we can describe the 
deformations by the deflections y, and ye of the center lines of 
the deckhouse and hull, respectively. In order to exclude motions 
of the entire vessel as a rigid body, 4; and y are defined not as the 
absolute the 
measured from a straight line C-D rigidly connected to the hull. 


displacements, but as relative displacements 
As a result of this definition the displacement yo of the centroid 
of the hull at points C and ) must always be zero. 

It is further assumed that the stiffness of bulkheads or deck 
beams resisting relative vertical displacements of the deckhouse 
is constant for the full length of the deckhouse, the magnitude 
of the stiffness being given by a spring constant A. This spring 
constant AK is defined as the force per unit length of deckhouse 
required to produce a relative deflection equal to one unit of 
length, Fig. 10.) Therefore the vertical reaction between hull and 


deckhouse will be A (ia, We) per unit of length 


The structure analyzed here consists therefore of two beams 
and 
that 
zontal shear forces and vertical reactions can be transferred, 


having areas A), Ay and moments of inertia J the two 


beams are connected along C-D in such a way both heri- 
Fig. 
11 indicates a general ty pe of loading for the vessel, including the 
shear and moment diagrams. We assume Navier’s hypothesis 
to be valid for the hull and for the deckhouse separately, and 
there is no problem concerning the determination of stresses fore 
and aft of the deckhouse; 
to the center portion C-D of the structure. 


we can, therefore, restriet the analysis 
This center portion, 


indieated in Fig. 12, will be under the action of vertical loads py 
on the deckhouse, Po on the hull (which includes buovaney 
shear forces Sp,and moments and M 

The differential equation for the two deflections y. and wy. de- 
scribing the deformation of the structure can be obtained con- 
veniently from the “theorem of stationary potential energy” stat- 
ing that the deformations of any structure are such that the total 
potential energy (7 of the system is a minimum. In the present 
cuse the potential energy U consists of the internal strain energy 
V, and the potential (7, of the external forees py, pa, Se, Sp, Me, 


and The total potential « nergy V4 


El + avy 


2pm + |My » 


Yo will be a minimum if the variation 


él 0 


Using the rules of the ealeulus of variations" one ean derive the 


set of two simultaneous differential equations 


Ky + 


+ al, + 


Kia + Ele + + = po . (15h) 


The process of variation also furnishes the boundary conditions 
required to determine the eight arbitrary constants which will 
appear in the general solutions of the differential equations [15]. 


For 2and 


| 


alam” + yy" 16h] 


* See Appendix, Equations (37 | and [40 
“Buckling Strength of Metal Structures,” by F. Bleich, 
Graw-Hill Book Company, Ince... New York, No Y., 1952. pp. @1 
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5, 


loadin diagram 


The meaning of the first of these boundary conditions is ob- 
vious, but the other three require physical interpretation. The 
moments AM, and M, of the longitudinal stresses in the deckhouse 
and huli can be expressed by the usual relationships WM) = El, 
m” and M, = — El, y."; Equations |16b, can therefore be re- 
arranged 
{17a} 


” 


M, = 
M,=M 


These equations indicate that the moments M1) and MW, at the end 
of the deckhouse are not equal to zero, and M, respectively, as 
Using the expression Hquation 


might have been expected. 
[42] for the horizontal shear 7' derived in the Appendix, Equa- 
tions [17] become 

{1Sa] 


| 18h} 


M, 
M,= M 


and these equations are identical with Equations (1) for the sim- 
plified structure considered in section It must be remembered 
that Mquations [18] apply only at the end points of the deck- 
house; but at these points the moments and stresses as determined 
in section 2 occur, and the conclusion that concentrated hori- 
zontal shear forces must be presumed to act at these points re- 
mains valid. The magnitude of these forces is given by Equation 
[5]. 

The fourth boundary condition, Equation [16d] expresses the 
fact that the shear force at the end of the deckhouse must vanish; 
this can be seen by comparison with the expression for the shear 


force, Equation [44], derived in the Appendix. 


4 Sovvurion oF DirreReENTIAL FOR CONSTANT 
Moment M 
Consider first the simple case that the loads p,, p: and the shears 
Se and Sp are zero, the only loads being = Mp) = 


5, 


tions [15] are then homogeneous, and the general solution of these 
equations contains eight arbitrary constants to satisfy the eight 
boundary conditions, Equations [16]. The problem considered is 
symmetrical with respect. to the origin of the co-ordinate z, and 
using only symmetrical functions, the general symmetrical solu- 
tion will contain only four arbitrary constants. This general 
solution is 


"92? + sin yz sinh yz cos yz cosh yz. [19a] 


sin ¥2 sinh ¥z cos ¥2 cosh yz {194} 


where 


A 1+ 
and yw is defined by Equation [64]. 


Introduction of Equations [19] into the boundary conditions 
I:quations [16], leads to the values of the constants 


100 
Cc 
| 
shear diagram 
Mp 
| “hh 
moment diagram 
hia. 
1 
| 
loads ppp 
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M 

2El 
MIE 


{21a} 


{21h} 
+ poy], 


V 


Ic} 
Cael 


The value of C; is not given as it describes only a rigid-body mo- 
tion of the structure net required tor the purposes of this paper. 


and WV, are 


sin uw cosh « + cos sinh 

= [22a] 
Sin sinh “ cosh 


cos sink sihou cosh u 


= 


| 22h] 


sin cos + sinh cosh 


where 
1+ 
2 + pol 


2 al, 


The stresses can be computed from the expressions for the 
moments M,, Me and direct forces Ne 


Ely", M: E (24a] 
El, 


a 


N, [24h] 
(for derivation of Equation (246) see Appendix, Equation [41] ). 


For the midship section, 2 = 0, the following values were found 


I, Mae) 


= N, 
al + pt) (Ql; + pauls) 


{25a} 
u 
+ (Ql, + pals) 


(lL + + pauls) 


Comparing Equations [25] and Kquations [8] obtained in 
section 2, we see as only difference the faetor ®,, appearing in 
the second term of each of Equations [25]. In section 2 we had 


found that the first term of each Equations [s) 


represented the 
result of Navier’s theory, while the second term was a correction. 
The refined theory in this section furnished a similar result, but 
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the “correction” found in section 2 is to be multiplied by a factor 
?,. To cotnpute the stresses according to the refined theory we 
ean use the relationship 
Oo, + ?, Ao 
where Navier’s stresses the corrective stresses Ao,, and 
the corrective forces AN,, and moments AM, are to 
he computed from Iquations 110), [11), and [12] in seetion 2. 
Numerical values of the deviation factor ®, are given in Table 1 
This result, Equation [26], is surprisingly simple; it indicates 
that the deviation of the stress distribution from Navier’s caleu- 
lations is indicated by the value of the nondimensional factor ®, 
which will be called “Deviation Factor.” hig 13 shows 
function of the parameter u defined by Iequation [23]. Term 
wis a function of the dimensions of hull and deckhouse and of the 
stiffness factor A of the bulkheads, and is proportional to the 
length of the deckhouse, and increases with rising value of K 
According to Fig. 13, , 
values of u; 


1 for u 0 and decreases for rising 


for « > 2 the factor @, is a small positive or even 
negative number, indicating that for such values Navier’s stress 
distribution at the midship section is approximately correct 

The 


solution of the differential equations found in the foregoing per- 


Equation [26] was derived for the midship section, z = 0 


mits the computation of the stresses at amy other section low, and 
asimilar relationship 


however, the value of the devi- 
0; 
/, defining the location of the 


exists all along the deckhouse; 
ation factor is not the same as at the midship seetion z 
is a function of « and of the ratio,2 
14 shows 


The value of the deviation factor at the 


eross section. Fig as a function of the ratio 2// 
for several values of uw. 
end of the deckhouse z // 


values of u, P,(z) is very small everywhere, except near the end of 


0.5 is 1 for all values of u; for large 


the deckhouse, indicating the validity of Navier’s theory in the 
center port ions of the deckhouse 
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of Deck house 


025 


5 or DiererentiaL ror Dis- 
TRIBUTED LOoaps 
In this section the ease is considered of equally distributed 
loads p, and po, acting on deckhouse and hull, respectively, while 
the moments at the end of the deckhouse are WM, = VW, = 0. 
Equilibrium requires external shear forces 
(pi + pe) 


at the ends C and D2 The moment in the midship section due 
to the louds p; and pe ts 
The loading being symmetrical, the general symmetrical solu- 
tions of Equation [5] are 
Cy sin ye sinh ye + Cy cos yz cosh 
wk 


sin yz sinh ye cos yz cosh yz 
Mp 


[20] 
+ 


where ¥ is defined by Equation [20]. 
The boundary conditions, Mquations [16], furnish the values 

of the arbitrary constants 
M, 
[30a] 

277 (1 


1306) 


Cael, + payls) 


[300] 


where M,, is the moment at mid-span given by equation [28], and 


sin w sinh 
p, = sla] 


usin cos u + sinh cosh u 


2 cos cosh u 
VY, = .. [31d] 


usin u cos u + sinh cosh u 


u = yl/2 is defined by Equation [23]. 
Equations [80] are quite similar to Equations [21] and the 


further computation follows the pattern of the preceding section, 
the only difference being that instead of the deviation faetor 
P, a factor Py appears 
z = 0, are 


The stresses at the midship section, 


+ (32) 


i 


= Oy 


[10}, [11], and [12] are to be used to compute a Nu- 
merical values of the deviation factor Py are given in Table 1. 

Fig. 13 shows ® and &, as functions of the parameter wu. In 
the important range « < 3, Py is larger than @,, indicating that 
equally distributed load produces larger deviations from Navier’s 
stresses than a constant moment. There is only a quantitative 
difference between the two loading eases considered in this and 
the preceding section; the spanwise variation of the deviation 
factor for distributed load will be similar to the one shown in 


Fig. 14 for constant moment. 


6 Discussion or Resuirs 


Consider the model of a ship’s structure shown in Fig. 15, 
loaded by equal end moments corresponding to the ease treated in 


section 4. The section properties are as follows:'! 


Deckhouse: 
70 in. 


Hull: Ay 
20,000 psi 


A, = 2.95 sq in., = 11.4 in.', ay = 0.372, 1 = 


7.85 sq in, = 160.9 int, ag = 0.628, K = 


General: 29 & 106 psi, a = 0.36 in., 375,000 in.-lb 


The stresses oy and Ag, determined from Equations {10}, [11], 
and [12] are shown in Fig. 8. The actual stress distribution is 


according to Equation [26] 


where ®, is a function of the parameter u, Equation [23 


= dy 
One 
= (0.192. 
For COMpartson 


finds u 1.02 and by interpolation from Table 1, @, 
The final stress distribution is shown in Fig. 16. 
purposes Fig. 16(a) also shows the conventional linear stress dis- 
tribution. The distribution is similar to the one found by Holt, 


Fig. 2; a numerical comparison is not possible as the test loading 
differs from those treated in the paper, 

Equation [26] shows that the deviation from the linear stress 
distribution nds on the factor which, according to Table 
has its largest value ® = 1 for wu = 0, and is quite small when the 


parameter « > O. The value of this parameter, Equation [22 


1" The properties of the section agree with those of the center por- 
tion of the model used by Holt, except tor the value of K which could 
not be ascertained, The moment MV selected is equal to the maxi- 
mum value at the center in Holt’'s test. 
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2: 70° 


Comparison of CompuTep AND Linear Stress Distrinv- 
TIONS 


hic. 16 


depends on all the section properties; uinereases when the length 
lof the deckhouse is increased; it is also sensitive to changes in the 
spring constant A describing the resistance of the section to dis- 
tortion. If either J or K is sufficiently large to make u > 3 the 
stress distribution at the center will be close to linear. How- 
ever, even for large values of u, the deviation factor ® will be close 
to unity near the end of the superstructure, Fig. 14, and the stress 
distribution in this region will not be linear. (It must be noted 
that in this region the stress distribution will be further affected 
by shear effects not considered in this paper.) 

The dependency of the parameter on K furnishes the explana- 
tion why the tests on the model shown in Fig. 3 indicated good 
agreement with the conventional linear theory. Because of the 
continuity of the side plating the resistance to relative displace- 
ments of superstructure and hull is very large, and A is very large. 
In this case, vis also large, making the deviation factor very small, 
which agrees with the test result. 

A point worth discussing is the rather surprising result, ex- 
pressed by Equations [26] and [27], that the stress distribution 
ean always be considered a linear combination of the distribu- 
tions oy and Ao. The stresses oy and Ao are determined from 
considerations of equilibrium alone, and the factor @ expresses 
the only effect of the compatibility conditions represented by the 
differential Equations [15]. The cause lies in the assumption on 
which this paper is based that each of the two beams of which the 
Due to this 


assumption the bending stresses in any cross section can be 


structure consists have linear stress distribution. 


described by three parameters, two of which are defined by 
equilibrium conditions (the horizontal resultant of all stresses 
vanishes, and their moment equals the external moment). This 
leaves only one parameter free, for which ® can be selected. It 
appears, therefore, that a relation @ = oy + PAo will exist not 
only for the two cases analyzed in this paper, but also for any 
other loading condition and for structures with variable cross 


sections and spring constants. In any such structure the state 
of stress can be described fully by a deviation function (2), 
which conclusion should be of considerable value in interpreting 


results of tests 


Appendix 


DERIVATION OF STRAIN ENERGY OF STRUCTURE 


Denoting by e; and & the average longitudinal strain in the 
deckhouse and hull, respectively, the strain energy of the longi- 
tudinal stresses will be as follows: 


Deckhouse: 
s 
4+ 


(Ave,? 
2 
The strains € are counted positive if they represent elongation, 

In addition to the strain energy of the longitudinal stresses, 
there will be energy stored in the bulkheads or deck beams which 
resist the relative vertical displacements of deckhouse and hull; 
this part of the strain energy can be expressed by the spring con- 
stant A in the form 

Kin, 
The strain energy of the shear stresses will be neglected; it is 
small because we consider the case of long deckhouses only, 


The total strain energy V is 


2 [33] 


The stresses in the deckhouse and hull can be expressed by the 
average strains €, and &, and by the second derivatives of the de- 


flections and 
Deckhouse: @ 


Hull: o@ ke, 4 


where 2, and 2 are defined in Fig. 6. Because hull and deck- 
house are connected by rivets or welds, the stresses on the main 
deck level must be alike and we have for x; 


aa), Le ads 


aay,” [34] 


Ke, Eam = Ee 4 
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Further, the longitudinal resultant of all stresses in the deckhouse 


Vi, must be equal to BE A,e, and, similarly, Ne = EAye. The re- 


sultant of all longitudinal forees, Ny 4 No, must vanish 


N, + No = E + = 0 145) 


by means of equations (34) and [35], and €& can be expressed 


by the curvatures 4," and y.” 


a A 2 


+ 


A, + Ay 
aA, 


Ay ++ 


foun,” 
Substituting these values into equation [53] 


/ 


PorentiaL or Exrernar Forces 


Counting p, and p. positive if acting downward, their potential 
energy is 


+ pos) dz [38] 
1/2 
The shear forees S, and S,, and the moments VW, and aet im- 
mediately outside points C and J, and their potential energy will 
depend on the vertical displacements woe and inp) and on the 
Taking 
into account the direction of the shears and moments shown in 


rotations of the end surfaces of the hull, gee’ and yoy’ 


Vig. 12, the potential energy will be 


M M, Un 


[Su]! + 2 


Spep t Ya 


and the total potential energy 0 of the external loads is 


pons) de. . 


IoxPRESSIONS FoR LONGITUDINAL Forces AND AND 
Vierrican SHbars 


The resultants and NV. of the longitudinal stresses in the deck - 
house and hull are = Aye, and Ne = or with reference 
to Equations [36] and |ta! 


T being the total shear force from the left end of the deckhouse 
toa point having the co-ordinate 2, equilibrium requires 


El, 


a 


am 


and the unit horizontal shear will be 


dT 
( i 
de 


oa 


bia. 17 


To obtain the expression for the vertical shear Vy in the deck- 
house, consider an element of the deckhouse of length dz, Fig. 17. 
Equilibrium of moments with respect to the centroid requires 


dM, 
dz dz 


aa, 


Substituting WV, yy” and Equation [43 


The vertical shear in the hull is similarly 


\ 
KI 
Ni + anys” 
a 
N; * + aye”) 
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The Necking and the Rupture of Rods 
Subjected to Constant Tensile Loads 


By N. J. HOFF,' BROOKLYN, N.Y. 


A one-dimensional theory of the behavior of a nonlinear 
viscoelastic bar subjected to a constant tensile load is de- 
veloped with the aid of a creep law considering secondary 


creep alone. The theoretical value of the time at which 
the bar ruptures and the shape calculated for the necked 
portion of the bar are in satisfactory agreement with the 
results of experiments. 


INTRODUCTION 


HEORETICAL investigations of the 
necking and the rupture of bars subjected to the ordinary 
tensile detail i 

“Theory of Flow and Fracture of Solids.” ( Mo 

necking trom 


and experimental 


treatise 
of the re- 


test are discussed in 
search men mentioned in’ this book predict 
the stress-strain curve or obtained the stress dictribution in the 
necked portion of the bar experimentally. Ilyushin (2)5 was the 
first investigator to introduce viscous effects into his analysis. 
By meaus of a two-dimensional viscoplastic theory he studied the 
stability of the flow in a thin strip of material subjected to ten- 
sion. The relationship between strain rate and stress was as- 
sumed to be linear in agreement with the results of his tests car- 
ried out at very high speeds of straining. 

In the present note a simple one-dimensional analysis is ear- 
ried out on the assumption that the material is perfeetly visco- 
elastic. The connection between strain rate and stress under- 
lying the caleulations is a nonlinear one derived from creep- 
The load is assumed to be con- 
The rupture time and the 


test data obtained with metals 
stant as it usually 
shape of the necked portion of the bar obtained from the theory 


Is in creep tests, 


are in satisfactory agreement with the results of experiments 
carried out by Dorn and Tietz (3) and with the photographs in 
Nadai’s book (1). 


Benavion or A Perreer Bar 


When uniformly distributed tensile stresses are applied to 
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Discussion 


the ends of a perfectly evlindrical bar of uniform material proper- 
ties, the state of stress is one dimensional and the bar distorts 
uniformly. It is assumed that the deformations consist of two 
parts, one elastic and the other of the creep type Tests carried 
out with rods subjeeted to constant tensile loads have shown that 
at first the rod elongates rather rapidly, but soon it settles down 
to a uniform rate of elongation designated as the steady ereep 
rate In the present note the first stage of deformation is disre 
garded and it is assumed that the ereep deformations at any 
particular temperature are defined with sufficient: accuracy by 


the creep law 


(de /dt) = fla [1] 
This implies that the time rate of the tensile strain € is constant 
for any given stress at a given temperature, The dependence 
of the creep rate € on the stress must be determined by eXpert 

It is known (4) that the steady rate of creep changes over to a 
monotonically iIneresasing one as soon as the decrease in cross- 
sectional area accompanying the stretching of the bar causes the 
stress to increase substantially, Tt is reasonable, therefore, to 
modify the empirical creep law of Equation [1] by replacing the 
stress and strain in it by their instantaneous values at any given 
time 
in which the bar elongates materially and its cross-sectional area 


The new creep law is then applicable to an extended test 


deereases correspondingly. Tf the volume is assumed to be con 


stant, the instantaneous value of the stress is 
a= 


The load divPled by the original 
The instantaneous value of the 


and is known as the true stress. 
area is the nominal stress a 
strain is called the natural strain, or the true strain, and is defined 


€ l + €) [33] 


where Ig designates the natural logarithm. Tf the notation is 


introduced 
[4] 


the creep law of Equation [1] in its generalized form ts 


(d/dthlg R = (R/R fla R 


The elastic strain €, is defined as 
alk 


and thus upon substitution of the true stress and the nateral 
strain in place of the conventional values, the law governing the 
total deformations becomes 


(R/R) = (0,/E DR + flak 7| 


The variables can be separated in this differential equation 
and the solution can be given in the form 


t= — + 8 


where C is a constant of integration. It must be determined 


from the initial conditions 


105 


hat 
= 
a 
(2) 
7 [5] 
if 
| 
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€=(0,/E) =¢€, R=1+6€ = R,, whent = 0... [8a] 


The results of creep tests are usually presented as the loga- 
rithm of the stress plotted against the logarithm of the steady 
creep rate. The curves obtained are often straight lines. When 
such is the case the creep function in Equation [1] ean be repre- 
sented as (5) 

f(a) = (a/Xd)" [9] 
that is 
f(a,R) = (a,R/d)".. {10} 


Substitution of this function in Mquation |S} and consideration 


a, — ‘| an 
n 


of the initial conditions yield 
t= (AX = 
n 


provided 
If the elastic deformations are disregarded this equation becomes 
¢ = (A/o,)" (1/n) (R,* — R*)... . [12] 


But in the absence of elastic deformations R, = 1 and at t = 0, 
L-quations [1], [2], [3], and [9] yield 


é,, = €,/(1 4 = f(a,) = (a,/r)" [13] 


no 
Hence Mquation [12] also can be written as 


t = (1/ne,) (1 R-*) [14] 

When the nominal strain approaches infinity, 2 also approaches 
infinity and the cross-sectional area tends to zero. The time at 
which this happens is designated as the critical time fer. From 


Mquation [14] 


lee = (1/né,) = (1/n) (A/o,)" {15} 


and the equation governing the deformations of the bar can be 


written in the final fprm 


= 

In the curve marked in Fig. | the change Ar in the radius 
roof a eylindrieal bar of circular cross seetion is plotted as Ar /r 
against the time ratio ¢/fee in accordance with Equation [16]. 
The material constants were determined from experimental data 
presented by Dorn and Tietz (3) for 248-T3 aluminum alloy at 


100 FB The creep law derived from the data is 


(a 74,000 [17] 


where € is the strain rate per hour and @ is the stress in pounds 
per square inch. It follows from the assumption of the con- 


stancy of the volume during the deformations that 


NECKING 


An actual bar does not remain evlindrical throughout the ten- 
sile test but is known to neck down in some section which is 
weaker than the others because of unavoidable inaccuracies in 
the geometry of the bar and random variations in the properties 
of its material, The progress of necking was calculated from 
Equation [16] for the aluminum-alloy bar characterized by Equa- 
tion [17]. It was assumed that the material properties were con- 
stant but the cross-sectional area of the bar was | per cent greater 
at the two ends of the bar than in the middle and the area varied 
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along the bar according to a sine law. An increase of 1 per cent 
in the area corresponds to 1 per cent decrease in stress and to 
18.44 per cent increase in the critical time of a bar for which 
Equation [17] holds. Therefore the radius-time relationship 
for the end sections was obtained from the curve marked 9% js 
in Fig. 1 by keeping the ordinates unchanged and multiplying 
the abscissas by 1.1844. The result is the curve marked 7/L = 
0. The other curves shown correspond to intermediate sections, 
For the actual computation of the shape of the necked portion of 
the bar more curves were used than the ones shown and the range 
of the diagram was extended to larger values of Arr. 

The points of intersection of any straight line ¢ = const with the 
curves define the shape of the bar at that time if the assumption 
of a one-dimensional state of stress can be maintained. Obvi- 
ously this is a good approximation as long as the shape of the 
deformed bar does not differ much from a cylinder but it becomes 
progressively worse as the contour of the bar deviates more and 
more from the straight line. 


The progress of necking is illustrated in Fig. 2. The shape at 


Rapius-Time roR AN Texston 


Bar or Cross Ske rion 


Fig. 2) Successive Saapes or Bar in Tension 
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t = Ois not evlindrical but the '/2 per cent increase in the radius 
of the end sections (corresponding to the 1 per cent increase in 
cross-sectional area) as compared to the radius of the middle see- 
tion is not visible in the drawing. At ¢ = 0.9932¢.. the necking 
becomes noticeable and progresses very rapidly since at ¢ = 
0.9999t,, the bar assumes the grooved shape shown by the third 
curve, and at ¢ = fer the necking penetrates to the axis of the bar. 

The necking is accompanied by elongations in the axial direc- 
tion which vary along the bar. When the curves in Fig. 2 were 
drawn, the average nominal strain between two consecutive ref- 
erence sections was computed and the corresponding value of 
R = 1 + € was multiplied by the initial distance between the 
sections, This increased distance was used in locating the final 
relative positions of the sections in the drawing 

As the shape of the necked portion shown in Fig. 2 resembles 
the photographs of test specimens in Nadai’s book (1), the devia- 
tions from the one-dimensional state of stress may not have a 
significant influence upon necking in the stages of deformation 


shown. 


Reprore Time 


According to Equation 15), the time far necessary for the cross- 
sectional area of the rod to be reduced to zero is inversely pro- 
portional to the steady creep rate é€, at the initial stress caused by 
the load and to the exponent nm of the creep funetion in Equation 
fay. 

An actual bar subjected to a constant load will naturally fail 
in a shorter time, namely, when the cross-sectional area becomes 
so small that the tensile stress in it causes rupture The condi- 
tion of failure also is influenced by the radial and tangential 
stresses prevailing in the necked sections. However, the time 
values indicated in hig 2 show the necking to tuke place so 
rapidly that the value of ¢ s should be very close to the time when 
the rod fails except when the initial stress differs little from the 
stress at rupture. This latter case is of little significance in creep 
testing. For these reasons f., will be assumed to be the time at 
which the rod ruptures As both the creep rate and the time-to- 
rupture values usually are presented on double logarithmic paper, 
the eAperime ntal ereep law and the eritiea! time formula are re- 


written here ina logarithmic form 
loge € nlog AX + n log a 19) 
log ter log log € (20) 


where log is the logarithm to base 10, 

It follows from these equations that the double-logarithmic 
plot of the stress against the rupture time is a straight line if the 
double-logarithmic plot of the stress-strain rate relationship is 
linear. The two straight lines are mirrored images ot each other 
with the mirroring taking place about the line 


logy 21] 


log € 
These statements are illustrated The value olnos the 
ratio A B prov ide the proper linn ar scales are used In 
these For instances in the figure the nyth of a 
unit on the a, scale is 4.75 times the length of a unit on the €, seale. 


Hence n 2% 4.75 =%.5. As log 9.5 O.U777, the line a, = 
fi(é,) must be mirrored about the line log ¢ O4SSS5. In the 


usual ereep diagram the seales of €, and fer are shifted relative to 
each other. 

The results of the tests carried out by Dorn and Tietz on six 
materials at four different temperatures were compared with the 
prediv tions of the theory just developed. Theoretical values of 
ter were calculated from the initial creep rates and plotted in the 
diagrams showing the experimental values. Fig. 4, presenting 
data on 3S-HIS aluminum alloy, may serve as an example for the 
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satisfactory agreement obtained. The crosses are the experi 
mental €.-values, the dotted lines their cones ting lines, the circles 
the e\perine ntal rupture tithes, and the full lines the theoretical 
curves obtained from [15 

The agreement was similarly good with the other materials 
(38-1112, 528-1132, 528-H3S8, GIS-T6, and 248-TS) aluminum 
alloys except in the case of three test series These were made 
on GIS-T6 specimens at 100 and on 2458-TS specimens at 500 F 
and 400 FL As these two materials were precipitation-hordened, 
it is censonauble to assume that their me tallographiy and mechani- 
eal properties may have changed during tests carried out at such 
high temperatures. The specimens softened and failed at times 
amounting only to '/, to a) the theoretical values The com- 
parison Was somewhat inconclusive in the case of tests at YO Fb be- 
cause the small slope could not be determined with sufficient 
BOCULAES At such temperatures, however, aluminum alloys 
enn hardly be « do to behave as perfectly Viscoelastic mate- 


rials 
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It should be mentioned that the tests cited were carried out with 
It is possible that the effect of the three- 


thin sheet specimens. 
dimensional state of stress is more pronounced with circular cy- 
lindrical specimens and thus there may be a greater difference 
between the rupture times of the latter and the eritical time values 
predicted by the theory than between the rupture times of the 
sheet specimens of Dorn and Tietz and the theoretical values 
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On Turbulent Flow Between Parallel Plates 


By S. 1. PAI, COLLEGE PARK, MD. 


The Reynolds equations of motion of turbulent flow of 
incompressible fluid have been studied for turbulent 
flow between parallel plates. The number of these equa- 
tions is finally reduced to two. One of these consists of 
mean velocity and correlation between transverse and 
longitudinal turbulent-velocity fluctuations u,'u,’ only. 
The other consists of the mean pressure and transverse 
turbulent-velocity intensity. Some conclusions about 
the mean pressure distribution and turbulent fluctuations 
are drawn. These equations are applied to two special 
cases: One is Poiseuille flow in which both plates are 
at rest and the other is Couette flow in which one plate is at 
rest and the other is moving with constant velocity. The 
mean velocity distribution and the correlation u,’u,’ can 
be expressed in a form of polynomial of the co-ordinate in 
the direction perpendicular to the plates, with the ratio 
of shearing stress on the plate to that of the corresponding 
laminar flow of the same maximum velocity as a parame- 
ter. These expressions hold true all the way across the 
plates, i.e., both the turbulent region and viscous layer 
including the laminar sublayer. These expressions for 
Poiseuille flow have been checked with experimental data 
of Laufer fairly well. It also shows that the logarithmic 
mean velocity distribution is not a rigorous solution of 


Reynolds equations. 
NOMENCLATURE 

The following nomenclature is used in the paper: 

a = half width between parallel plates 

a, = coefficient in mean velocity distribution of Couette flow, 
Mquation 

a, = coefficient in mean velocity distribution of Poiseuille flow 
equation 


Qo, = coefficient in mean velocity distribution of Poiseuille 
flow, Equation [45] 
Oy.) = coefficient in mean velocity distribution of Couette flow, 


equation 
A = constant 
B = constant 
C = constant 


(, = coefficient of friction defined by Equation [22] 

f = any quantity of the mean flow, Equation [2 

n = exponential factor 

p = pressure 
Po =a reference pressure 

P = acomponent of pressure defined by Equation [35] 

r = nondimensional correlation coefficient defined by Mqua- 


tion [25] 
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v, Revnolds number 
R lia v, Reynolds number 
R,, Reynolds number 
time 
uy ith component of velocity 
l velocity of moving plate in Couette flow 
= Yr, reference velocity 
(, = average mean velocity defined by Equation [20 
)) = maximum velocity in Poiseuille flow 
My nondimensional velocity 
r, = co-ordinate 
y nondimensional co-ordinate simular to 
a constant 


6 distance from plate 


n a nondimensional co-ordinate of 22 
v coeflicient of kinematic viscosity 
ry a nondimensional co-ordinate of 


p density of fluid 
0 nondimensional transverse turbulent intensity defined 
by Mquation 26) 


laminar shearing stress on wall 
T, = shearing stress on the wall 
= certain tunetion 
w = nondimensional pressure defined by Equation [24 
(bar) means meson values 
(prime) fluctuating values 
Without bar or prime; instantaneous values 
Sub i ork); means 1, 2, or 3 
1 in direction of mean flow 
2 in direction perpendicular to plates 
% in direction perpendicular to 1 and 2 


INTRODUCTION 


The essential characteristic of turbulent motion is that the 
turbulent fluctuations are random in nature, Hence the final 
and logical solution of the turbulence problem requires the applhi- 
eation of methods of statistical mechanics. Osborne Reynolds 
first introduced elementary statistical notions into the considera- 
tion of the turbulence problem. He assumed that the in- 
stuntaneous velocity components u, of the fluid satisfy the Navier- 
Stokes equations and that these instantaneous velocity com- 
ponents nay be decomposed into two parts, the mean velocity 
components a, and the turbulent fluetuating-velocity components 


uv,’ Which are zero in the mean, Le. 
=u 


If we substitute u; from Equation [1] into the Navier-Stokes 
equations of motion for an incompressible fluid, and use the rules 
that we may derive for taking means, a new set of equations, 
known as Reynolds equations, is obtained. This differs from 
Navier-Stokes equations only in the presence of additional terms, 
Reynolds stresses or eddy stresses, added to the mean values of 
the stresses due to viscosity. 

The solutions of Reynolds equations will represent properly the 
turbulent flow. However, there are only four equations of Reyn 
olds for ten unknowns, namely, the mean pressure, three mean 
velocity components and six Reynolds stresses, In general, the 


a! 
> 
. 
Fey 


110 


Reynolds equations are not sufficient to determine these un- 
knowns. 

In so far as the mean velocity distribution is concerned, some 
semiempirical theories, sometimes known as phenomenological 
theories, of fully developed turbulent flow have been developed. 
The application of these theories to some engineering problems 
The best known theory among these 
The famous von Karmaén’s 


has been quite successful. 
is Prandtl’s mixing-length theory.? 
logarithmic velocity distribution is derived from the mixing- 
length theory. Even though Prandtl’s mixing-length theory had 
predicted successfully the mean velocity distribution in turbulent 
flow, it is now generally believed to have serious limitations and 
inconsistencies, The mixing length deduced from measurements 
of the mean velocity is of the same order of magnitude of the 
dimension of the mean flow, but in the theory it should be very 
small 
not true in general as revealed from hot-wire anemometer mens- 
The boundary the 
Usually one can only say that the result 


The assumption on the distribution of maxing length is 
urements of these quantities. condition at 
wall is not satisfied. 
of the mixing-length theory does not hold true for a laminar 
sublayer and a viscous layer which are near the wall. Further- 
more, it definitely fails in prediction of turbulent fluctuations. 
In order to understand more thoroughly the mechanism of 
turbulent flow, it is better to study the Reynolds equations them- 
selves without introducing the concept of mixing length. Pro- 
fessor Kampe de Feriet® recently studied the Reynolds equations 
for turbulent flow of incompressible fluid between two fixed 
parallel walls, ie., so-called Poiseuille flow. Some interesting re- 
sults have been obtained. This paper, in addition to some of 
Professor Kampe de Feriet’s results which are not quite well 
known in this country, extends his results in two respects: (a) 
A solution of Reynolds equations for mean velocity distribution 
between parallel fixed walls is obtained, which holds true not only 
in the turbulent-flow region but also in the laminar sublayver and 
the viscous layer, ie., if holds true across the whole channel, 
Such a solution has been checked very well with experimental 
data of Laufert for turbulent flow ina channel. The correlation 
of turbulent fluctuations, ie., Reynolds stresses, obtained from 
the mean velocity distribution, also agrees with the experimental 
data. (hb) The whole analysis is extended to the case of Couette 
flow, i.e., one wall is fixed and the other is moving with a constant 
Since there is no known experimental data for this 


velocity, 
case, it has not been checked with experimental data 


STATEMENT OF PROBLEM 


Consider the turbulent flow of incompressible fluid between two 
infinite parallel plates; one is at rest and the other may be at 
rest or in uniform motion. The distance between the plates is 
The co-ordinate axes are Oy-22-273 shown in Fig. 1, where 2, 
ta and 


2a. 


= Ois arbitrarily chosen. The plates are located at re 


they are extended to 


The velocity of the upper plate is a U', which is equal to or 


greater than zero. 
Furthermore, we assume that the mean flow is steady and 


two-dimensional, ie, 


2"Modern Developments in Fluid Dynamies,"’ by 8. Goldstein, 
Oxford University Press, London, England, vols. 1 and 2, 193s. 

VReoulement d'un fluide visqueux incompressible entre 
deux plaques paralléles indefinies,”” by J. Kampe de Feriet, La Houille 
Blanche, Grande-Rue, Grenoble, France, vol. 23, November— 
December, 1948, pp. 1-9. 

«Some Recent Measurements in a Two-Dimensional Turbulent 
Channel,” by J. Laufer, Journal of the Aeronautical Sciences, vol. 17, 


1950, pp. 277-287. 
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of 0 f=f 
— = = ( i 
ot ozs J = (tu 22) 


(2) 


where f may represent any quantity of the mean flow such as mean 
velocity u, or mean pressure pf, and so on. 


O,a,% 
(%) 
(0,-a,% 


hic. Berween Paratcer Watts 


The instantaneous velocity components of the flow are uj, ua, 
and u, along the x, 42, and 23 axes, respectively. We assume 
that the mean flow has velocity components along 2;-axis only, 
Le, 

(3) 


= (01,22); tw = uy = 


The turbulent-velocity components along the a, xe, and 2, 
axes, respectively, are 


“uy = Uy, U2 = Me, Ug = Ug 14} 


In the equations of motion of turbulent flow, Reynolds equations, 
(Equation [9]), we have the following mean values of turbulent 
fluctuations 


Here we assume that these mean values of turbulent fluctuations 
are funetions of zz, only. This is due to the fact that we consider 
a problem which has the same statistical properties at all planes 


= const 


FUNDAMENTAL EQUATIONS 
We assume that the instantaneous velocity components of 


the flow satisfy the Navier-Stokes equations 


du, 1 Op 


dt p or, 


OL, OF, 


where 


Or? 


or,* 


Or >, 


dt ot Ors? 


p = density and vy = coefficient of kinematic viscosity, k, 7 = 1, 2, 
or 3 and the summation convention is used, 


The equation of continuity is 


Ou, 
= 0.. [7] 
or; 
Substituting 
p=p-+ Me Mg . [8] 


into Equations [6] and [7] and averaging, we have 


= 
‘ 
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19) 1; 7, is a constant in the present problem, We define a refer- 
= + p Ls? 


ence velocity 


where = p 


and the corresponding Reynolds number R* 


R* 


Utav {18} 


The nondimensional mean velocity is defined as 


V = 4,/U* = Vin, R*) [19] 


On, 
= 0 (10 

or, The average of the mean velocity over any section 7, = const is < 
Equations [9] and are known as Reynolds equations, U,, ie. 
which are the fundamental equations for turbulent flow of incom- 
pressible fluid. There are ten unknowns: p (1), u, (3) and / Vin |20} 
u,’ uy’ (6). The four Reynolds equations are not sufficient in 

general to find the ten unknow ns. How ever, in our present prob- ppg. ogy responding Reynolds number is 
lem, because of the simplicity of the configuration of the problem, : 
it is possible to get some information from these fundamental Ua ad ° 
R, [21] 


equations. 


TURBULENT FLow Between Parasite WaALLs The coefficient of friction on the plate is defined as 


If we substitute Equation [3] into Equation [10], we have . - 
C,=-— 
On, pl 2 
- 0 
(11) Hence 


Re ut ic, | 


uy = (12) R = [23] 
We see that the mean velocity is a funetion of only. on 
Phe nondimensional pressure is defined as 
Consider the case 2, = x; in Equation [9] with the help of ie 
Equations [2], [3], and [5], we have p 
a(t, n, R*) 
(u2' u;') = {12] 
Or: where p, is a reference pressure which may be taken, for example, 
= as the mean pressure at the point 2; = 0, 2 = —a or ( 0 
Since on the wall I 2 wr 
n I) 
The nondimensional forms of turbulent fluctuations are ; 
we conclude that rn, R*) Ug 
= 0 {13] 
and a 
for the whole velocity field. In this type of flow, the correlation a 
between and uy’ is zero in the entire flow field. R* 
Phe other two equations of Equation [4] become 
| op d In nondimensional form, Equations [14] and [15] become 
p or, dre 1 
0 {27] 


of R* dn? dn 


Op d 
(u,"*) 0 . 
por dry ow da 
on dn 


Now we have four unknowns: 2), and 
uy’? (42) but only two Equations [14] and [15]. We cannot The boundary conditions are 
solve this problem completely, ie., we eannot find these four un- 


0; 1(4+1,R*) =0 


knowns from tworelations. However, it is possible to obtain some (a V(—t, 


relations between these four unknown quantities. 
Before discussing these relations we will first transform the 


for Poiseuille flow 
2) 


equations into nondimensional form. 
We define the nondimensional co-ordinates as follows VOIR? 0: V(+1.R*) = 


{16} for Couette flow. 


(h r(—1,R*) = r( +1,R*) = O {40} 


The plates are now located at 7 = +1. 
Let 7, be the shearing stress on the lower plates, Le., at 7 = 


J 
é6 
j= 1, 2, or 3 
or 
|, 
2 
: 
(c)— o( 1, R*) = o( +1,R*) = 0 
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Equation (42) is obtained because of the choice of p, in Equation 
[24]. 
Integration of equations [27] and [28] gives 


9, R*) + a(n, R*) = AE + C [33] 


R*) = An +B 


Vin, R* 
R* dn R*) 


where A, B, and C are constants. From Equations [31] and 
($2], we have that C = 0. Henee the mean pressure @ becomes 


w( n, R*) = AE P (9, R*). [35] 


where (9, R*) is function of and R* but independent of 
Frow Fiow in CHANNEL 


In this case both plates are at rest and the flow is svmmetrical 
with respect to 7 = 0, 
dimensional form are 


The shearing stresses on the walls in non- 


dV 

dn 
dV 
dn 


R* aty = 


atn = +1 


Substituting Equations [80] and [36] into equation [$4], we have 


A=-—l, B=0 


Hence Equations [33] and [34] become 


[38] 


1 dV 


[39] 
R* dn 


It is interesting to note that the four unknown quantities are 
divided inte two groups, Vand rin one group, and @ and @ in 
another. The correlation au,’ uw" influences only the mean ve- 
locity profile, while the transverse turbulent velocity intensity 
u,’? affects only the mean pressure distribution. 

From Equation [40] two conclusions of practical interest may 
be drawn for the mean pressure 

(a) Since o(y) is independent of &, the mean pressure w de- 
creases linearly with increase of & in the same manner as in lami- 
nar flow. 

(b) Fora given section of 2; = const, since o(9) > 0, the mean 
pressure in the fluid is less than or equal to the mean pressure on 
the wall. 

Because of symmetry with respect to 7 = 0, we have 


V(n, R*) = 


R*) = a(t, —n, R*) 
n } 


(40) 
From Equations [39] and [40], we see that r(y, R*) must be an odd 


function of 9, Le. 


r(—, R*) = —r(, R®).. [41] 
and in particular 


r(0,R*) = 0.. [42] 


Integration of Equation [39] gives 


R* ” 
Vin, R*) = + R* ru, R*) dy 
1 


If r(m, R*) 
laminar Poiseuille flow. 


[43] 


0, Equation [43] reduees to the velocity profile of 
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By symmetry conditions of Equations (40), we have 


where max = U,, is the maximum 2)-wise velocity component 


(44) 


of the mean flow which occurs on the axis of symmetry 

If we express V(n, R*) as a power series of n, we find that in 
order to satisfy Equation [43] and the boundary conditions, Equa- 
tions [29] and [30], the power series can contain only three terms 
of even power of 9. In order to comply with the results of lami- 
nar flow, we have to write the expression of V(n, R*) as follows 


15 


where 1 is an integer larger than or equal to 2 but otherwise arbi- 
trary. Substituting Equation [45] into [43] and using the 
boundary conditions, Equations [20] and [30], we have 


116] 
where 


[47] 


Le, 8 is the ratio of the shearing stress 7, on the wall in turbulent 
flow to the corresponding shearing stress on the wall for lami- 
nar flow 7, with the same maximum velocity U’,, 

Hence the mean velocity profile is 


V(n, R*) = 


and the correlation r is 


149} 
s(n 1) 


r(n, R*) 
If s = 1, Equation [48] reduces automatically to the case of 
laminar flow, and Equation [49] is identical to zero. In turbulent 
The value of n has to be determined 
From Laufer’s measurements‘ of turbu- 


flow s is larger than 1. 
from experimental data, 
lent flow in channel, we find roughly from the average of three 
curves that 


n= 1.408 {50} 
We may choose n as the nearest integer given by Equation [50]. 
For instance, in Laufer’s measurements, for Reynolds number 
R,, = al’,,/v = 12,300, we have s = 11.06, and n = 16, hence 

0.3293? {51} 


V.. (7, R*) = 0.6707 


where V,, = u,/U,, and the correlation r is 


r(n, R*) = 0.9702n|1 — n™] [52] 

Equations [51] and [52] are plotted in Fig. 2, where Laufer’s 
experimental data are also indicated. Fig. 2(a) is the same as 
Fig. 2, except that the scale is changed so that we see more clearly 
the values near the wall. It shows that the theoretical curves 
check with experimental data fairly well, not only in the turbulent 
region in the usual sense, but also in the laminar sublayver and the 
viscous layer as well. 

The coefficient of friction Cy, is given by the following formula 
from Equations [20], [23], and [43] 


112 
V= pe T on t ) 
136] 
a 
U,, s n 
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0 Laufers Experimental Data on 


Mean Velocity 


| a Laufer$ Experimental Data on 


sufficient conditions for the existence of logarithmic velocity dis- 


tribution of von Karméan are as follows: 
A universal profile (due to Prandtl and Nikuradse) with 


abscissa 60°* »y where 6 is the distance from the plate and ordi 


nance 4, /U'* exists In the present notation 


O<n< 1 


+ I< <0 


Vin, R*) = 


----Laminar “/jp \ 
or = : 


2 The following Stanton’s law holds 


const 


R*) 


Vin, R* 


his 


Substituting Equations [55] into Equation [56!, we have 
‘ MR dn = a 
Changing the variable tog = (1 7) R*, equation [57] becomes 
‘ 
\ Pq) dq ar oS] 
- R* 
02 0¢ 06 04 
ating Equation [5S] with respeet to R*, we have 
Center of Channel Wal! 


> Flow 1n CHANNEL 


oy) = alogg + B {50} 


Where 8 is an arbitrary constant. 
(59), we have the logarithmic ve- 


From Equations and 


data 


o Loufers experimental 


| | 


| — 
Turbulent 


/u* 
| | 


on mean velocity 


Rm >/2300 
| -/1.06 


locity distribution as follows 


R* a log {C1 + 1 


However at 9 1, Vi C1, R*) becomes infinite. Henee, usually it 


is said that Equation [60] holds true only in the region 0 « 


€, where € is the thickness of the laminar sublayer Sinner 


the logarithmic velocity distribution does not satisfy the bound 
ary condition at the wall, it is nota rigorots solution of Revnolds 


equations 


In this case one plate is at rest and the other is moving at a 
Now the total 


constant velocity U, Fig. 1. shearing stress 


The shearing stresses on the walls 


is constant aeross the flow. 


in nondimensional form are 


d\ 


dn 


Substituting Equations [30) and [57] inte Equation (34), 


we have 


R* 
= R* 
4 


Substituting the value of r of Equation 


brow 1s CHannet Near Wate 


nin, R* 


into 


2.8/8 
288 


According to Professor Kampe de Feriet,? the necessary and 


[53], we have 


Hence Equations and [44] become 


‘all ; 
ver (2 | 
1 dl 
[63] 
dn 
(53! From biquation (62) we see that the mean pressure ps 


pendent of but varies with The mean pressure in the fluid 
is also less than or equal to that on the wall 


Integration of aquation gives 


R* R* (1 n dy 164) 


reduces to the velocity profile ol 


If ri R* 


laminar Couette flow, 


] 
| 
j 4 yr W 
em 12300 | that is 
7 
08 
oe:- ‘ 
te 
| | | 
\ R* = at” t | 
| 
Ty) 0.92 09 0.98 A=0, B=! 
4a 
a 
Fic. 
s(2n + 1) 3 4. 9 
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as —Turbuient Ty 
--<Laminar 
| uu, /U” 


=11,06 


23 
Fixed Wal! 


hia. 3 


Again, if we express the solution of V(9, R*) in power series of 
and if it satisfies Equation and the boundary conditions, 
Equations [29] and [80], Vy, R*) ean contain only three terms 
with a constant and two odd powers of In order te eom- 
ply with the results of laminar flow, we have to write the expres- 
sion of V (9, R*) as follows 
[65] 


U 
Vin, R*) + an + 97" 


2U* 
where nis an arbitrary integer. Substituting Equation [65] into 
Equation [64] and using the boundary conditions, Mquations [29] 
and [30], we have 
Qn 4 x 


a, = 
2n 


anti 


2a which is the shearing stress for 
U/2U* R*/s, we have 


where 8 = 7,/7T,, and 7, = wl’ 
the laminar Couette flow. 
finally 


Since 


Vin, R*) = 1 + [67] 
8 2n 2n 
If s the case of 
laminar flow. 
There is no experimental data available for the turbulent-plane 
Just to show the characteristics of the solu- 


= 1, Equation [67] reduces automatically te 


Couette flow yet. 
tion of Equation [67], we use that value of Equation (50) for n and 
plot the mean velocity distribution tor the turbulent Couette 
flow as shown in Fig. 3 fors = 11.06, 

The correlation coetlicient r R*) is 


1) (1 


2n + 
2ns 
The value of r for s = 11.06 is also shown in Fig. 3, with the as- 
sumption of Equation {50}. 
The coefficient of friction Cy is given by the following formula 
from Equations [20], [23], and [63] 
1 


08 40 


i 
Moving Wal/ 
With Velocity V 


Tursucenr Covertre 


Substituting the value of r of Equation [GS8} into [69], we have 
simply 


R* 


2 


By similar hypotheses as those of Equations [55] and [56], one 
can easily show that in the Couette flow, the logarithmic velocity 
distribution® can be obtained. However, the boundary conditions 
on the walls are not satisfied. Hence this logarithmic velocity 


profile is not a rigorous solution of Reynolds equations. 
CONCLUSIONS 


The Reynolds equations have been studied for the turbulent 
flows between parallel plates and the following conclusions may be 
drawn: 

1 The correlation of the two turbulent-velocity fluetuations 
not in the direction of mean flow, iLe., wu,’, is zero for the whole 
velocity field. 

2 The mean pressure distribution may be divided into two 
parts; one varies in a similar manner as that in laminar flow, ice., 
it decreases linearly with 2,-wise distance in Poiseuille case and 
it is independent of 2; in Couette ease. The other part is in- 
fluenced by the transverse turbulent intensity .’? which is a fune- 
tion of co-ordinates perpendicular to the plates. The mean pres- 
sure in the fluid is less than or equal to the mean pressure on the 
plates, 

3) The and the 


4) /u,’ may be expressed by a polynomial of the distance perpen- 


mean velocity distribution correlation of 
dicular to the plates, with the ratio of the shearing stress on the 
wall to that of the corresponding laminar shear stress of the same 
maximum mean velocity as a parameter and an empirical con- 
stant. These expressions hold true all the way across the plate, 
i.e., both the turbulent region and viscous layer including laminar 
sublayer. These expressions for Poiseuille flow have been checked 
with the experimental data of Laufer fairly well. 

4 The logarithmic mean velocity distribution is not a rigorous 


solution of Reynolds equations. 
*“The Fundamentals of the Statistical Theory of Turbulence,” 


by Th. von Karman, Journal of the Aeronautical Sciences, vol. 4, 
1937, pp. 134-138. 
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This paper is a sequel to one presented in 1951, by the 
author (1).2. It was shown that during the development 
of detonation, the combustion zone which appears first in 
a unidimensional flow field as a single discontinuity, is 
later transformed into an unsteady, double discontinuity 
system, and it was demonstrated that such a transforma- 
tion is necessary because of the restrictions imposed on the 
system by the dynamic boundary conditions. Inthe water 
channel the combustion-front discontinuity is simulated 
by a unidimensional source formed by admitting water 
from the bottom. By a proper selection of state param- 
eters analogous relationships are derived to those bet ween 
pressure and specific volume in a gaseous combustion sys- 
tem. Thus the consequences of restrictions imposed by 
dynamic boundary conditions on the propagation of com- 
bustion are illustrated in an analogous system which, 
being simpler in nature, is easier to understand. More- 
over, the water-channel analog is utilized as an illus- 
trative model of a system where controlled, stationary 
detonation could be achieved. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


a = local velocity of sound la = ¥ ‘y RT) 


= small amplitude water-wave velocity = ‘gh) 
¢, = specific-heat capacity at constant volume 

f = stream force function per unit area (f = p + mV 
qj = acceleration of gravity 

h = water depth 

k = specific heat ratio 

m = mass flow rate per unit ares 
M = Mach number 

p = pressure 


q = flow rate per unit width (q = VLA) 
q = thermal energy addition per unit tines 


qa = unit flow rate in front of source 
q = Unit flow rate behind source 

q, = unit flow rate from source 

gas constant 

8 = entropy 

7’ = temperature 

v = specific volume 


1 Assistant Professor of Mechanic al Engineering, University of 
California. Mem. ASMI 

2 Numbers in parentheses refer to the Bibliography at the end of 
the paper, 

Contributed by the Applied Mechanies Division and presented 
at the Annual Meeting, New York, N. Y., November 30- December 
5, 1952, of Tue American Society or MecHanicaL ENGINEERS. 

Diseussion of this paper should be addressed to the Secretary, 
ASME, 20 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1953, for publication at a later date Discussion re- 
eeived after the closing date will be returned 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, April 7, 1952. Paper No. 52--A-3 


Water-Channel Analog to High-Velocity 
Combustion 


By A. K. OPPENHEIM,' BERKELEY, CALIF. 


VY = flow velocity 


\? 
z= analog to specifie volume [4 = 


h 
analog to pressure y gh? 


a slope angle of Rayleigh line 


" 


= characteristic process parameter de V gh? for 
analog and € q RT, for gas system) 


flow rate ratio (2 ) 
Ya 


v nondimensional specific volume r/c, for analog 
and for gas svstem) 

nondimensional pressure (74 for analog and 
tor gas system) 

slope angle of Isentrope 

y¥ slope angle of Hugoniot curve 


INn1 RODUCTION 


In the previous paper (1 the ies dynamic aspects of the de- 
velopment of gaseous detonation were analyzed. The salient 


features of this study are as follows: 


1 ‘The combustion system is restrieted by its dynamic bound- 
ary conditions which imply that, if the combustion front is 
treated as a discontinuity in the flow field, the process across it 
can be idealized as one at constant stream-force function per unit 
aren, f p+tmvV const. "This process is represented on a 
state diagram as the Rayleigh line (?-line) which in the pov CO- 
ordinates is a straight line 

2 In order to explain adequately the development of deto- 
nation, the process mitst be considered to be taking place, during 
the predetonation period, in an unsteady double discontinuity 
system consisting of a shock front preceding the combustion 
front, as Hlustrated in Pig. 1. 
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8 The analysis indicates that the locus of states of the burned 
gases (state (3) in Fig. 1), is given by the Q-curve, represented in 
Fig. 2, which is referred to a constant state © and determined 
by the following conditions: 


(a) Change of state neross the shock is specified by an 


adiabatic 2,-line 
(b) Change of state @-@ across the combustion front is speci- 
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hig. 2. Loc or Srares Durning DETONATION 
fied by an /?-line for which the thermalenergy addition to the 
system per unit mass of substance is constant 

(c) The Mach number of state @) is unity; ie., the combustion 
zone moves at a local velocity of sound with respect to burned 
Bases. 

4 As a result of the analysis it is shown that in the initial 
stages of the development of detonation the shock front runs 
away from the combustion front, and the detonation wave can 
be formed only if sufficiently high pressure is attained in the 
intermediate zone (state (2) in Fig. 1), so that the velocity of the 
combustion front could exceed that of the shock and the two 
fronts coalesce, This is demonstrated in Fig. 3 where the ve- 
locities of the shock, Vie, and of the combustion front V.), relative 
to the intermediate state (2), are proportional to the square roots 
of slopes tan a, and tan a@,, respectively. 

5 The analysis leads to the conclusion that it should be pos- 
sible to achieve detonation without the ignition of the shock 
front (as, indeed, demonstrated experimentally by Schmidt and 
co-workers, reference 2) and that it should be possible to attain 
stationary detonation if provision is made for the expanding 
system of the unsteady shock-combustion front zone, 

Since the combustion system is quite complex and, at the 
same time, the processes are restricted primarily by the dynamic 
boundary conditions, it is thought that the understanding of the 
phenomenon ean be enhanced by an illustration obtained from a 
hydraulic system with analogous boundary conditions. The 
analog can serve also as an illustrative model of a combustion 
system where controlled, stationary detonation could be achieved. 


PrincirLe or THE ANALOGY 


The restriction imposed by the dynamic boundary condition 
on a shock or a combustion-front discontinuity implies that, at 
each instant, the stream-force function referred to the state im- 
mediately behind must be equal to that referred to the state 
immediately in front of the discontinuity. The locus of states 
behind such a discontinuity, with respect to a constant state in 
front, is obtained in form of the Hugoniot curve (Rankine- 
Hugoniot curve for the shock) by imposing an additional restric- 
tion on the system, which, for a gaseous discontinuity, is de- 
rived from the energy equation. The analogous hydraulic sys- 
tem is formed by an open channel represented schematically in 
Fig. 4, where a similar dynamic boundary condition is satisfied 
by the configuration of the flow system, and where the possibility 
of introducing an additional restriction is provided by the control 
of the water rate admitted from the bottom. Only the one- 
dimensional case is considered so that the channel width is con- 
stant and the hydraulic system represents essentially a unidimen- 
sional source-uniforin flow combination. 
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Fie. 4) Sysrem Diagram or Warer-CHaNNet 

The energy equation cannot be utilized in the hydraulic system 
since undetectably small variations in internal energy correspond 
to extremely large variations in water depth, and the system can- 
not be considered to be adiabatic as in the gasdynamic case. 
The restriction specified by the energy equation for the combustion 
system is thus substituted by the restriction specified by the con- 
tinuity equation for the water channel, Since the continuity 
equation is essential in determining the change of state for the 
gasdynamic process, the analogous hydraulic process must be 
made determinable without resorting to this equation, 

This is achieved by a proper selection of characteristic state 


parameters, namely (see Fig. 4) 


y= gh? analogous to pressure 


and analogous to specific volume 


where 
Va 


In the foregoing gq = V.A is the flow rate per unit channel 
width, g, denotes the flow rate immediately in front of the source, 
q, that immediately behind the source and qg, the flow rate ad- 
mitted from the source, all flow rates being expressed per unit 
width of the channel. 

The dynamic equation applied to the system in Fig. 4 ean be 
written as 
1 1 


2 2 42 2 
the + qe 5 + const 


h 2 h 


+ qi? 


hy 


* Subscripts 1 and 2 are substituted here for subseripts a and b 
shown in Fig. 4 and used for the general definition of \ expressed 
by Equation [3]. 
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OPPENHEIM WATER-CHANNEL 


whence, treating state (@ as variable and, consequently, dropping 


= = (4 


Mquation (4) represents the Rayleigh line (or, shortly the 


subseript 2 


R-line) for the hydraulic system: the analogous equation for the 


sV stem ts 


Similarly, as in the gasdynamie case the square root of the 
R-line slope is, at a given state 7, proportional to flow velocity 


since 


iW 


VY tana = \. = AV, 
1 


where, at a given state, A, is constant 
The Mach number is expressed by 


(q 


gh 


which is analogous to the expression 


\ kp 


for the gasdynamie case. The characteristie feature of the eon- 


ventional water-channel analogy (3), namely that it corresponds 
toa hypothetical case of a gas with = 2, is thus maintained here 
alse 


The equation of the line of constant Ain the y 2 co-ordinates 


is analogous to that of an isentrope, sinee, from Equations {1} 


and [2 


q 
yx? = 4 


As/cr 


Which is analogous to pe® =e 


shortly, H-curve) is given 


The analogous Hugoniot curve (or, 
ly the locus of states (2) for a constant state 1 (ie, ry = const 
and 4) = const) and constant value of q., and its equation is 


q 


vhile this equation does not have the same form as that of the 
gasdvnamic Hugoniot curve, which for a perfect gas with con- 


stant speenfie heats, ts 


it has the analogous property, concerned with the deflagration 
and the detonation states. As demonstrated in the Appendix, 
at the point Where the H-curve is tangent to the /?-line passing 
through state 1), it is also tangent to the isentrope, and the Mach 
number is unity, This means that, similarly as in the gaseous 
system, for the fully developed deflagration or detonation, the 
relative flow velocity behind the discontinuity and with respect 
to it) is equal to the local eritieal velocity. Unlike the 
gasdynamie Hugoniot curve its analog is discontinuous and 
passes through state 1, Figs. 6 and 7; however, this is inconse- 
quential since, in the gasdvnamic case, points Iving in the quad- 
rantm > Landy > have no physical meaning 
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AnaLogous Volume (9 — v) Diagram 
or THE ANALOGY; Deronation Reaime (6 3) 
For the case of q, = 0 the H-curve represents the locus of 


states behind a hydraulic jump and becomes analogous to the 

fankine-Hugoniet curve re presenting the locus of states behind 
a shock front. However, here this case corresponds also to 
\ land the equation of the H-curve, Equation [7], reduces to 
that of the Isentrope, Iequation 1) Thus, in the analogy, the 
taunkine-Hugoniot curve degenerates into an isentrope. Be- 
eause of the specifie meaning of Equation [6) this does not mean 
of course, that the corresponding process is isentropic. 

The analogous Q-curve is obtained by considering a double 
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discontinuity system defined in Fig. 5. Besides the dynamic 
boundary conditions the process is restricted by the requirements 
q, = const, and M,; = | 


The change of state ()-) aeross the hydraulic jump is restricted 


by the condition 
= 
representing the analogous Rankine-Hugoniot equation. The 


change of state (2)-@) must obey the analogous Hugoniot hqua- 
tion [7| referred to this process, namely 


‘ 
2 Ys 


is, by eliminating (q/A) from Equa- 


= 


and the condition of My, 
tions [4] and 


(10) 


In the foregoing equations the value of the characteristic param- 
eter \ used in defining x is for x. as well as for 2,, \ = 1, while 


for according to Equation [3], = 
From the last two equations, 


2 Me 


representing explicitly the locus of states (3), ie., the equation of 
the Q-curve. Thus, for the analogous system, the parameters of 
state (2) can be eliminated directly from Equations [9] and [10] 
without the use of Equation [8]. 


= 


In the gasdynamic case all three 
equations are needed for this purpose, and the elimination of 
state (2) parameters is so involved that it is simpler to represent the 
equation of the Q-curve in parametric form (see Equations [8], {9}, 
(10! of reference 1, which are, respectively, analogous to simi- 
larly numbered equations in this paper). The fact that the Q- 
curve in the y 2 co-ordinates is independent of state Go is in- 
consequential since in the analysis it is referred to this state by 
the use of the nondimensional co-ordinates. 


TABLE 1 
No Specification Hydrauhe analogy 
State parameters 
2 rm 


3 


4 lsentrope 


5 H-curve 


where 


= const 


Q-curve 


where 
4s qs 
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The analogy in terms of the nondimensional parameters is sum- 
marized in Table 1. The equation numbers in the hydraulic- 
analogy column denote the reference equation on which the non- 
dimensional expression is based; the equations of the gas- 
dynamic system refer to the idealized case of a perfect gas with 
constant specific heats and the equations numbers are those of 
reference (1). 

The functions listed in the table are shown, plotted to scale, in 
‘igs. 6 and 7, the former referring to the deflagration regime and 

= 0.1 and the latter to the detonation regime and € = 3. 


ANALOGOUS Mope. or COMBUSTION SYSTEM 


The water-channel analog is illustrated in Figs. 8 and 9, 
showing the side and top views of the apparatus. The water is 
flowing in a closed circuit through a centrifugal pump and tank 
situated on the bottom platform, Fig. 8, and admitted to the 
channel from the pressure box at the left and from the bottom 
well at the middle-right. Both flow rates are controlled by gate 
valves and measured by means of orifices and U-tube manometers, 
and the channel is provided with three depth gages as shown in 
Fig. 8 Furthermore, the main flow is controlled by the sluice 
at the outlet from the pressure box and the back pressure can be 
adjusted by means of the sluice situated behind the source and by 
the weir at the end of the channel. These two controls can be 
seen better in the top view, Fig. 9, which demonstrates also that 
the channel is made up of two concentric duets, the middle one 
forming the main test section and furnished with the source ex- 
tending over its full width. The source is made up of a rectangu- 
lar well covered with a fine mesh perforated brass plate which 


provides a smooth bottom and prevents any contribution from 


the source to the horizontal component of momentum. The 
plan size of the outer duct is 12 in. X 115 in., that of the middle 
duct 6 in. 9Oin., and the source cross section is Gin. 10in.; 
the rear edge of the source is 12 in. in front of the middle duct 
end sluice gate, 

Thedouble duct design is necessary in order to accommodate the 
intermediate zone at state @), Fig. 5, which is expanding initially 
because of the fact that the hydraulie jump, similarly as the shock 
front in the gaseous system, Fig. 3(@), runs away from the source 
By virtue of this design feature the hydraulic jump is stabilized in 
front of the middle duct where it forms a bow wave, Fig. 10. 


ANALOGOUS FUNCTIONS 


Casdynamic systen: 


Pp 


| and [5 


where 


const 


= 
= 
: 
m— ry 
[32] 
net = gut = 
‘ 
1 k+l k+l 
ao? 1+e/2 17 (2 4 ) [3] 
\ 1 k l k 
where 
k+l 
k+l 
k we avr + wo k wove we 
‘ = | 
(k 0 {13} 
- RT, per 
yo. 


hic. 8) Warer-Cnanner Stipe View 


Jome or UNsteavy Sysrem Forming a 
Wave 


It should be noted that the hydraulic as well as the gaseous 
system is unsteady because of the storage of mass at state (2) be- 
tween the two discontinuities. However, both systems repre- 

Fic. 9 Anatoc; Tor sent examples of a steady-state flow system sinee, at each in 


oP 
is 
OPPENHEIM--WATER-CHANNEL ANALOG TO HIGH-VELOCITY COMBUSTION 119 ea) 
‘ 
om 

a 
4 
‘ 
‘ 


120 


stant, energy is stored by the increase of mass and not by the 
change of state, Systems of this kind can be made steady by 
providing them with means for accommodating the increasing 
mass Of state (2) as done in the channel by the spill around the walls 
of the middle duct in the wake of the bow wave as illustrated in 
Fig. 10, 
fixed position in the channel, the hydraulic system satisfies the 


Since the source simulating the combustion front has a 


same requirement as a combustion system with a fixed position 
of the combustion front. Hence the water channel with all its 
controls may be considered as representing an analogous model 
of a combustion system where stationary detonation could be 
achieved, 

The sequence of processes leading to the attainment of station- 
ary detonation is illustrated in Fig. 11. 

The initiation of the process of “combustion” (by letting in 
water from the bottom to the horizontal stream) is performed at 
low subsonic velocity through the chamber” 
achieved by restricting the flow by means of the sluice situated at 
the end of the middle duet. Under these circumstances the 
pressure must decrease across the “combustion front’ as demon- 


“combustion 


strated in Fig. 1i(a), where, it should be remembered, the water 
depth is proportional to the square root of pressure. This corre- 
sponds to the well-known effect of the flame on the pressure gra- 
dient across it (4,5). The corresponding process is represented 
by a line O-C in Fig. 6. 

By removing this restriction, a fully developed deflagration is 
obtained, Fig. 1106), where the flow behind the combustion 
front is critieal (M, = 1) and the corresponding state is repre- 
sented by point A in Fig. 6. 

Further development of the process is performed by increasing 
the velocity of the incoming flow from the upper reservoir while 
the flow rate from the source should be kept constant. Since 
in the next stage supercritical (-supersonic) flow should be at- 
tained, there should be a minimum of restrictions in the flow field 
and, consequently, in preparation for this condition, the gates at 
the entrance to side ducts are removed, Fig. Il(e). Although 
this changes the value of the characteristic process parameter, 
€ = My,/q, which corresponds to shifting to another Hugoniot 
curve, it is necessary in order to attain later the high velocities 
of state G) required for the achievement of “detonation.” Thus 
the flow pattern, represented by Fig. 11(e), corresponds to a 
fully developed deflagration similar to that in Fig. 11(), but 
referred to a higher value of the process parameter €. [t is of 
interest to note here that, as demonstrated in the Appendix, the 
value of € for the deflagrative flow pattern is limited to € < 1, 
while for the analogy to the detonative mode of combustion € is 
unlimited. There is no restriction of this kind on the value of 
corresponding 


k 
e=M, q 


Via, 


in the combustion system. 

The supercritical flow of state © is then attained by increasing 
the pressure in the upper reservoir, Pig. L1(d). This is associated 
with a substantial decrease of water depth of state @) and a cor- 
responding change of this state. The process parameter € is 
again increased, quite substantially this time, from a value of 
an order of 0.1, for the process in Figs. L1(a-c), to the value of ap- 
proximately 3; but, again, this is necessary in order to achieve 
detonation with the comparatively limited flow rate obtainable 
Thus the required high Mach numbers are 


in the apparatus. 
instead of the 


obtained by decreasing the pressure at state G 
much more expensive increase of the capacity and hence power 
requirement of the pump (or compressor in the analogous com- 


bustion system). The flow pattern in Fig. 11(d) is the same as 
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that in Fig. 10 which shows the top view of the hydrauhe jump 
forming the bow wave at this stage of the process. The corre- 
sponding processes are represented by lines 1-2 aeross the jump, 


and (2) (3) across the source, on the wr v diagram, Fig. 7. 
From this stage on state o 
process parameter € is constant. 


tained by increasing the pressure in the upper reservoir, and the 


remains unaltered and hence the 
The subsequent stages are at- 


corresponding processes are represented by 0-2'-2, 0-3-3, 0-4-4, 
and 0-5'-5 in the state diagram in Fig. 7. The points indicated 
there represent typical experimental results while the Q-curve is 
plotted for the corresponding value of € = 3. A detailed deserip- 
tion of experiments and their analysis is recorded in reference (6) 
With the instrumentation used in the experiment, the value of 
A could not have been evaluated accurately and the extent of un- 
certainty involved by this is indicated by the “corrected” cross 
Although 
the inaccuracy is quite substantial, the theoretical Q-curve is 


points with respect to the “uncorrected” circle points. 


bracketed by the experimental points, demonstrating thus that 
it repsesents the locus of states of the “burned gases’? during the 
development of the process. 

When the flow velocity of state 4) is increased further the jump 
is swallowed into the duct as shown in Fig. L1(e). The corre- 
sponding process is represented in Pig. 7 by 0-t)’-6 irrespective 
of where the jump is situated, provided it is inside the duct. In 
the hydraulic system the jump can be stabilized at any position 
within the duct by virtue of the wall friction but in a gaseous 
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system the effect of wall friction is comparatively much smaller 
and the shock would rapidly coalesce with the combustion front 
as illustrated in Fig. LLCf Thus fully developed detonation is 
achieved. The situation, represented by Fig. 11(f), limits the 
development of gaseous detonation. In the water channel 
the hydraulic jump can be forced to pass the source, while in the 
combustion system the shock is necessary for compression in 
order to provide a« sufficiently high-temperature condition for the 
correspondingly high combustion rate, and, since it is also much 
thinner than the combustion front, it will remain in front. The 
experimental proof of this fact is the well known —-remarkable 
stability of the detonation wave 


CONCLUSION 


The hydraulic analogy to a unidimensional combustion system 
has been derived and applied to the problem of the development 
of detonation. For this purpose the water channel was treated 
as an illustrative model of a combustion system where stationary 
detonation could be achieved. The flow configurations in the 
intermediate stages of the development of detonation have been 
indicated together with the necessary controls for the stabilization 
of the intermediate processes. The water channel ean be con- 
sidered to provide a satisfactory analogy to the combustion 
process in so far as the consequences of the dynamic restrictions 


are concerned, 
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Appendix 
Prorerries oF ANALOGOUS Hrcontor CurvE 


The salient feature of the Hugoniot curve, representing the 
locus of states behind «a combustion front, is the fact that the 
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point of tangeney of this curve to the isentrope is also the point 
of tangeney of the Rayleigh line passing through state 1 to these 
curves and corresponds to a state at which the tlow velocity is 
sonic (M = 1). The same property will be demonstrated here 
for the analogous Hugoniot curve. 

The slope of the H-curve 


tan ¥ oT ove 


is given by the following equation obtained by differentiating 
Equation 15) of Table 


vtany 


te 
4 


The slope of the isent rope ts 


oT us 
tan gd = 2 
rJy 


as obtained from Equation No. 4 of Table 1. 

The locus of points of tangency of these two families of curves 
is obtained by eliminating tan @ = tan W from the foregoing equa- 
tions. This vields the condition 


v v 


Which deseribes also the locus of those states of Rayleigh lines 
passing through state = v, 1) at which M = Las 
immediately evident from Mquation No. 8 of Table 1. This 
proves the salient property of the analogous Hugoniot curve. 

Unlike the gasdyv namic Hugoniot curve, in the analogous hy- 
draulic case, the curve ean correspond to a deflagrative process 
only for limited values of the characteristic parameter €, namely, 
fore < 1. This stems from the following argument: 

The condition for deflagration is My, = 1, obtained through a 
single discontinuity from state > at which the flow is subsonic 
(suberitieal), From the equation of the Rayleigh line passing 
through state 4 

v v 
it follows that for M = | and M, it. #2 v which is satisfied 
only by the lower branch of the Hugoniot curve or for hy < hy. 

From the continuity equation, for fully developed deflagra 


tion (M, = |) 
+ q. 4 \ gh 
or, dividing by V gh?! 


M, th hy) 


h. 
which vields the condition that for M, < land | 
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Elastic Waves Created During Tensile 
Fracture 


The Phenomenon of a Second Fracture 


By JULIUS MIKLOWITZ,? PASADENA, CALIF. 


In some tensile tests with brittle materials, it was noted 
that fractures were produced at two different cross sec- 
tions of the specimen when the rupture load was reached. 
The phenomenon of the second fracture prompted the 
present investigation. It is believed that the second frac- 
ture is caused by the destructive action of the elastic strain 
waves created during the first of the two fractures. The 
analytical and experimental work carried out was focused 
on describing the character of these waves. Consider- 
ation of the mechanics involved reduces the problem to 
that of a vibrating cantilever beam with time-dependent 
boundary conditions. Two types of waves are shown to 
exist. The first is a longitudinal unloading wave (com- 
pression). The other is a group of flexural strain waves 
caused by the moment that develops at the initial fracture 
section. The methods of operational mathematics and 
the electric-analog computer have been employed in the 
analytical study. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


In the nomenclature, the subscript 0 is used to define quanti- 
ties at time ¢ = 0. Subscripts 2 and ¢ indicate partial differen- 
tiation. A lower-case letter is used to define the transform of a 
function originally written with a capital letter; Le., u(r, 8) is 
the transform of U(z, t). 


A(t), Ao = area of intact material in initial fracture section — 
F(t), Fo = force acting on A(t) 
M(t) = moment developed at initial fracture section 


M,, 


maximum 


F(t) 
stress defined by 
Ao 
eccentricity of 
longitudinal displacement of beam element 
longitudinal strain in beam 
longitudinal strain at beam outer fiber due to bend- 


ing 


P(t), Po 


R(t) 
U(2,0), Ue 

U (2, t) = 

(U,(z, Ol, = 
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nance, U.S. N., through Task Assignment Refia-268-11, which is 
concerned in general with Dynamie Loading of Aircraft Torpedo 
Structures, 

2? Research Engineer, Naval Ordnance Test Station. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., Nevember 30-December 
5, 1952, of Tue American Soctety or Mecwanicar ENGineers, 

Discussion of this paper should be addressed to the Secretary, 
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Viz, t) = lateral deflection of beam element 


a 
Aoy 
where & = modulus of elasticity; 7 = moment of inertia of 
beam cross section with respect to neutral axis 
of bending; g = acceleration due to gravity; y = 
specific weight of beam material 
velocity of propagation of elastic extensional de- 
formation, defined by 
crack propagation time, equal to the rise time of 
the unloading wave 
cantilever length 
variable dependent on transformation parameter s 
roots of frequency equation I'(q) 
radius of cantilever, equal to maximum R(t) 
= transformation parameter 
time 
co-ordinate along cantilever 
co-ordinate perpendicular to 2 


INTRODUCTION 

In some ordinary tension tests with brittle materials, it was 
observed that fractures occurred at two different cross sections 
of the specimen, seemingly simultaneously. The specimens 
shown in Fig. 1, demonstrate this type of fracturing. Since it is 
highly improbable that the two ruptures actually happened simul- 
taneously, the creation of elastic strain waves during the first 
fracture, and the subsequent destructive action of these waves 
in causing a second fracture, suggests itself as a possible ex- 
planation. 

The purpose of the work described in this paper was to study 
the nature of these elastic waves. 

According to the analysis presented later, two types of waves 
emanate from the initial rupture section. One is a longitudinal 
compression wave, actually an unloading wave associated with 
the decrease in load in the fracture process. The other is a group 
of flexural strain waves produced by the moment that develops as 
the crack propagates across the bar from its origin at a surface 
discontinuity. The second fracture usually occurs at a gage 
cross section adjacent to the specimen head farthest from the 
initial fracture surface. The analysis shows that this second 
failure is due to the superposition of the longitudinal strain 
(from the unloading wave, which through reflections becomes 
tension) and the resultant flexural strain, which together total 
more than the original static tensile fracture strain. 

The analysis has been developed by considering the action of 
one part of the specimen on the other, the initial fracture inter- 
face dividing the specimen. The longer part of the specimen 
was taken as the “free body’’ which is essentially a cantilever 
beam, the head and heavy grip creating the fixed end. The 
manner in which the crack propagates determines the free-end 
conditions. Since the crack propagates across the bar, the re- 
sultant foree, dependent upon the area of intact material, must 


| 
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decrease continuously from the fracture load to zero, Further- 
more, the line of action of this force moves from the bar center to 
the surface, and, therefore, the force can be replaced by an equiva- 
lent force acting axially and a couple. (It should be pointed out 
that when the crack originates within the specimen, the moment, 
and hence the flexural strain waves that develop are not as great 
as in the present case, which is the most severe.) Essentially 
then, the problem reduces itself to that of a vibrating cantilever 
beam with time-dependent boundary conditions, 

The wave equation governs the solution for the case of the 
axial force. ‘The couple is treated by electric-analog-computer 
methods, shear force and rotary inertia having been considered. 
The analog solution lends itself nicely to a discussion of waves. 
As a check on the order of magnitude of the strains exhibited by 
the analog results, a solution for the couple case was derived from 
the elementary bending equation.* 

A discussion of the experimental work follows the section on 
analysis. 

ANALYsIS 


This work in no way attempts to present new facts on the 
actual mechanism of the brittle-type fracture, this being a very 
broad and important subject in itself. The purpose here was to 
study the waves produced during this type of fracture. ‘Toward 
this end, a rupture mechanism has been assumed in a first ap- 
proximation. This is backed partially by the experimental re- 
sults of this work, and information available in the literature. 
The theory developed here is based on the assumed rupture 
mechanism and other necessary assumptions. | Future work will 
be directed toward getting more experimental verification of this 
theory. 

Fig. 2 shows a typical fracture surface of the many Plexiglas 
specimens tested in this work. This surf..-e was usually normal 
to the tensile axis of the specimen. A radial mode of crack prop- 
agation toward the left from a surface discontinuity on the right 
is emphatically indicated. In the general vicinity of this dis- 
continuity a uniform region of intense lighting, containing 
parabola-like markings, may be observed. Within this region, 
in the immediate vicinity of the crack origin, a pronounced semi- 
circle is seen to mark the onset of the parabola-like markings and 
the straight lines emanating from their focal points. Other pho- 
tographs showed these parabola-like markings more definitely 
in the later regions of fracture also. These markings are typical 
of those discussed by Kies, Sullivan, and Irwin in their work with 
lucite (3).4 They point out that the parabola outlines the area 


§ Because of its nonwave character, and its reputation for yielding 
inaccurate transient solutions, the elementary equation yields a prod- 
uct which is of secondary interest here. Uflyand (1), for instance, 
discusses these shortcomings of the simple bending equation. He 
points out the wave character of the more exact Timoshenko equa- 
tion (2) (including shear force and rotary inertia terms), and cautions 
that this is the equation to be used for transient solutions, 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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PHENOMENON OF 
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FIRST BREAK 
COINCIDENT 
WITH KNIFE 


SECOND BREAK EDGE IMPRESS 
NEAR HEAD 


ShOOND 


included in an individually initiated subsidiary fracture, whieh 
begins at the focus of the parabola These subsidiary initiations 
are Known tooceur ahead of the main crack front, but it is poited 
out that in high-speed fractures the initiations occur close to this 
front. Hlenee it would appear that in the present work the exist- 
ence of a main erack front of regular could be assumed 

Poncelet (4) discusses the work of Smekal (5, 6), as experi- 
mental evidence of Poncelet’s postulations concerning forking, 
whieh is defined as the formation of cracks deviating from the 
original erack. Smekal worked with glass rods and noted a 
nurrored surface in the vieinity of the erack origin, which was 
the trace of the smooth original crack before forking set in. The 
semicircular boundary in Fig. 2, encloses «a similar unmarked 
high glossy surface. It would appear then, that this boundary 
marks the initiation of forking. Outside of this boundary, indi- 
eations are that there is a gradual build-up toward an intense 
level of forking, which is reached when the erack front has trav 
ersed only a small amount of area. Poneelet points out that 
associated with forking is a critical erack velocity, which is a 
constant for the material. 

On the basis of the preceding discussion a main crack front of 
circular shape, the radius of which increases at a constant rate 
with time, has been assumed. The intact area A(t) at the initial 
fracture section is plotted in Fig. 3; the dashed curve according 


to this assumption. This assumption does not consider the ve- 
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locity variation before intense forking sets in. It is suggested 
by Poncelet (4) that velocities in this region are less than the 
constant critical crack velocity. Neglecting this factor does not 
affect the assumed curve seriously. For later mathematical 
simplicity the function 


Ao 
A(t) = D ‘os? St<é | 
A(t (cos + cos k 


= 0 i 


has been chosen to represent the intact area. This curve, shown 
by a solid line in Fig. 3, resembles very closely the constant 
crack velocity curve, deviating only a little near t = k. 

The works of Poncelet (4) and Smekal (5, 6) support a constant 
tensile force acting on the intact area until forking begins, and a 
constant tensile fracture stress acting over the intact area during 


M(t) 


M(t) 
R(t) (x 


ECCENTRICITY 


MOMENT 


TIME t k) 
iN THE A(t) CURVES 


ACCORDING TO CONSTANT VELOCITY 
OF CRACK PROPAGATION 


ACCORDING TO EQUATION (i) 


NOTE 


Functions Representing Intact Area, Moment, ano 


During Crack PRopaGaTion 


Fic. 3 


intense forking. Since forking seems to begin very early in the 
specimens of the present work, close agreement with the quoted 
works is obtained if the tensile force F(t), acting on the intact area 
A(t), is written as 


F(t) = PyA(t) 

The initial fracture process with reference to the idealized 
specimen and machine grips is shown in Fig. 4. Fig. 4(a) shows 
the conditions when the fracture load has been reached. At this 
point (¢ = 0), the crack initiates, probably under the influence of 
a small stress concentration, at a surface point of a random sec- 
tion C-C, and begins its propagation across the bar. The frac- 
ture load Fy (equal to Polo) on section C-C acts axially at this 
instant. In Fig. 4(6), (0 < t < k), the crack has traveled part 
of the way across the bar. Now the force F() has decreased 
according to Equation [2], and acts under an eccentricity of R(Q, 
which is governed by the location of the centroid of the intact 
area. This centroid lies at all times on the diametral path trav- 
ersed by the erack front center. In Fig. 4(¢), (¢ = &), the initial 
fracture process is complete. The force F(t) is reduced to zero, 
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(c) COUPLE 
hia. Ipeauizep anv COMPONENTS 
and the eccentricity R(t) reaches its maximum value r at this 
stage. 

Considering the part of the specimen to the left of C-C as a 
free body, acted upon by the part on the right, the idealized prob- 
lem and its components, shown in Fig. 5, are formulated. To ob- 
tain this idealization the eccentrically acting force F(t) has been 
replaced by an axial force P(t) and a couple M(t), the latter being 
given by 

M(t) = F(t) R().. [3] 


This moment must be such that it is Oat ¢ = 0, passes through a 
maximum, and is again Oat¢t =k. The sine function 


m 
sin 


M 
M(t) = 


{4) 
=0 

has been assumed. This function is plotted in Fig. 3. Equa- 

tions [2], [4], and [4] then, require that 
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If = 4)For, Equation satisfies both end conditions re- 
quired of R(t), namely, that 


lim R(t) = 0, and lim R(t) = r 


A plot of Equation [5] is shown in Fig. 3. 

The nature of the waves involved bas been obtained by solv 
ing separately the component boundary-value problems, Le., the 
axial-force case shown in Fig. 5()), and the couple case shown in 
Fig. 5(c). In solving these problems the small amount of plastic 
flow, at and adjacent to the fracture section, if present at all, has 
been neglected. The two materials used in this work, Plexiglas 
and high-speed steel, were extremely brittle. No macroscopic 
plastic flow was detected in the tests. The transparency and 
high polish of the Plexiglas specimens before testing returned 
immediately after testing. In no case, even at the fracture see- 
tions, was there a diameter change great enough to be attributed 
to flow (measurements made with micrometers). ‘The high-speed- 
steel specimens kept what seemed to be their original grind 
finish too. No diameter changes were detectable. Hardness 
readings were made on one of the double fractured specimens. 
Kight readings on the four fracture surfaces gave an average of 
63 RC. Four readings on the heads and mid-gage point gave an 
average of CO.7 RC. This suggests pos- 
sibly a small amount of microscopic flow 
at the fracture surface 0 

Damping and the radial mode of vi- 
bration also have been neglected. Since 
the interesting phenomena in this work 
eceur in avery short time (as pointed out 
later, the second fracture in Plexiglas is 
believed to happen at about ¢ =250 psec), 
the damping influence is probably small. 
Some experimental data exist which sug- 
gest that therise time of theunloading wave 
(known tobeequal to the crack-propagation time ) Was largeenough 
to make considerations of the radial mode of vibration unneces- 
sary. Two methods were used to measure the erack-propagation 
time in Plexiglas. The first employed two brittle gold paint strips, 
one over a fine notch on the specimen, and the other diametrically 
opposite the first. The paint strips completed two independent 
electric circuits and the time difference in the breaking of the 
two circuits was noted on an oscilloscope. The second method 
employed the Plexiglas specimen itself as an optic system, Light 
was played longitudinally through a painted specimen onto a 
photocell, The crack-propagation time was associated with a 
difference in light levels before and after fracture, due to the pro- 
duction of a fracture surface with some opaqueness, Fig. 2. The 
light levels were noted on an oscillos« ope. An average value from 
the total of 15 tests, using both methods, gave the erack-propaga- 
tion time as 37 wsee. The length equivalent of this time is 3.33 
in. (calculated on the basis of ¢ 7500 fps), which is large com- 
pared to the Plexighus specimen diameter of */sin. 

With the impulsive functions shown in Fig. 5, acting equally as 
well on the shorter portion of the specimen, wave reflections from 
the closer fixed end pass through the intact area of section C-C, 
Fig. 4. Based on the fracture positions of Specimen P2, Fig. 1, 
the solid A(f)-curve in Fig. 3, and Donnell’s work (7), rough eal- 
culations showed the amount of longitudinal strain transmitted 
across section C-C to be very small, The compressive nature of 
the transmitted wave would probably retard the initial fracture 
process a little. The slower-traveling bending strain probably 
would have even less influence, The same remarks apply to the 
high-speed-steel specimens even though they exhibited initial 
fractures closer to the specimen head. This shorter distance is 


balanced by a much shorter crack-propagation time (but a 
larger c-value) and a radial dissipation of wave energy into the 
large head. Hence, transmission of strain through the intact 
area has been neglected. 

On the basis of the foregoing discussion the axial-force problem 
may be stated as follows 


t) = t) 


U6 
0) = z, 0) = 0 


U(0, = 0, EU, +) = PO 


where 


The methods of operational mathematics (8) produce the fol- 
lowing wave solution for the strain 


where 


1)/ 
and 


and where it is understood that the bracketed quantities such as 
+ cos b)) and (1 4), and the trigonometric fune- 
tions such as cos w/2k Cf b) are to be replaced by zero when 
t<b. Hence this is a finite series for any fixed ¢ value. 

Fig. 6, derived from Equation [7], shows the character of the 
unloading wave and its propagation.” The time k was taken as 
(9/16) (l/c), whieh is about 37 see. The front, of course, re- 
flects the assumed relation of equation [2]. The various stages 
shown bring out the nature of the reflections of the wave. The 
stages have been chosen so that the basie cause of the straim 
changes with time, at section 2 = //S (approximate location of 
second fracture), also could be shown The horizontal portions 
of the curves in each of the stages are ac tually coincident at the 
ordinate i, Thev have been pre ud out, in w. 6 
te enable the reader to follow the wave as it goes through its re- 
flections. In all stages, the upper dashed line is the imitial frae- 
ture strain. Note that the theoretical wave has no back. The 
strain-time curve for section 2 = 1/8, Appearing in big. 7, ine usily 
constructed with the aid of Fig. 6 

At stage 7 in Fig. 6, the full value of the unlouding wave, the 
front portion of which is now tension because of reflections, has 
arrived at section 2c = U/8. It is believed that, with the aid of 
additional strain created by the flexural waves, the unloading 
wave action causes the second fracture just after stage 7. The 


6 Poncelet (4) discusses the existence of similarly formed compres- 
sion waves in his work with glass squares 
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In this method the beam was represented by 18 cells. The effects 
of shear force and rotary inertia were included. Details of the 
method can be found in the literature (10, 11). 

Fig. 8 shows the resultant moment-time diagrams, at each of 
the mass stations of the cantilever beam, when the moment given 
by Equation [4] is applied at Station 17.5. The station positions 
are shown in a sketch inserted in Fig. 9. The maximum applied 
moment M,,/m corresponds to an axial strain of (U/l) at the 
outer fiber of the beam. The diagrams at the other stations have 
the same scales as that of the applied moment. The time and 
moment origins are designated for Station 0.5. Similar locations 
apply to the other diagrams in Fig. 8. 

The propagation of the applied moment (hence strain) down 
the bar is clear from Fig. 8. Note that the time necessary for 
action to occur at a particular station increases uniformly with 
the station’s distance from 17.5. Fig. 8 also points out the dis- 
persion of the moment as it propagates down the beam. This is 
brought out by a comparison of the initial disturbances at any 
two adjacent stations. These disturbances reflect the applied 
moment’s shape as it travels down the beam for the first time. 
Observe the change in shape, for instance, as the moment propa- 
gates from Station 17.5 to 12.5. Note the broadening out, and 
the building of negative ends, at the expense of the initial ampli- 
tude. Interesting too, is the fact that no disturbances are 
greater than the initial amplitude. Note also that the diagram 
for Station 0.5 contains evidence of the reflection of the moment 
at the fixed end. This is indicated by the fact that the initial 
negative dip and positive peak show a greater increase in magni- 
tude, when the Station 0.5 and 1.5 diagrams are compared, than 
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additional flexural strain is probably needed because of several 
One factor is related to the speed-sensitivity of certain 
In materials of this 


factors, 
materials, of which Plexiglas is one (9), 
type, under the faster rates of straining (due to the unloading 
wave), stains greater than the static fracture value Uo/d could 
be resisted without failure. The other factors are related to the 
neglected quantities, plastic flow, damping, and radial mode of 
vibration, which would probably extract a small amount of 
energy from the unloading wave 

The flexural strain waves have been studied with the aid of a 
solution for the couple case, Fig. 5(c) and Equations [4], which was 
obtained through the use of the CIT electric analog computer. 


* 7500 #r/sec 


A+ 
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they do for any other two adjacent diagrams. The Station 1.5 
diagram also shows some reflection effects. The times involved 
here are such that the initial positive peak has superposed upon 
it the reflection of the forerunning negative dip. Note that the 
magnitude ot the positive peak is no greater than it was in Sta- 
tion 2.5. In the lower right corner of Fig. 8, a diagram of the 
action at Station 3.5, up to about 1.1 ms, is shown. More severe 
strains, at the later times, are not indicated. 

Curve | in Fig. 9 is an enlarged plot of the diagram at Station 

® The initial positive peak at Station 14.5 does not fit in with the 


general deterioration exhibited by the other diagrams. In later 
curves, Station 14.5 points have been excluded 
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2.5.7 
psec. 
wave travels with the speed ec. 


The first noticeable strain occurs at approximately 67 
According to the more exact theory (1) the fastest flexural 
This would indicate the first ap- 


pearance of strain at about 55 wsee at Station 2.5 (point A in Fig. 


9). Other stations show a similar lagging.* Hence, the analog 
solution seems to indicate that the fastest flexural wave travels 
with a speed less than c. The plot shows a maximum outer fiber 
strain of about four tenths the magnitude of the unloading wave. 
This maximum strain occurs at 200 w see. Reference to Fig. 7 
will show that at this time the longitudinal unloading wave is 
producing compression near the beam base. It is believed that 
the second failure occurs later with the aid of one of the bending 

7 Fig. 9 contains a curve derived from the elementary theory which 
will be discussed later, 

®§ These statements are based on measurements taken from an en- 
largement of Fig. 8. To verify what is indicated, the vertical seale of 
the diagrams woul! have to be expanded in the earlier time regions. 
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strains within the region indicated in Fig. & This is just after 
Stage 7 in Fig. 7 

A concept of the strain waves and their propagation in’ the 
early times écan be obtained from Fig. 10. The figure, derived 
from the analog results, contains plots of the outer fiber strain 
versus position for the times 40 and 65 wsec, both of which are 
greater than k. The time necessary for the fastest flexural wave 
to arrive at the beam base is 65 psec. Hence, these plots are free 
of reflections and represent the first leg of wave travel down the 
The progress of the strain waves toward the base of the 
This 
Lagging of the 


beam. 
beam is obvious from the shift of the peaks, with time. 
shift is indicated by the arrows in the figure. 
waves is indicated since the 65 w sec curve should show evidence 
of strain very close to z = 0, and the 40 wsec curve should show 
its first disturbances at 0.37 1* 

As a basic check on the order of magnitude of the strains pro- 
duced by the analog solution, an expression for the strain accord- 
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Kia. 10) Ourer Fiber Strain Versus Posirion 


Curve 2 in Fig. 9 is a plot of Equations [8] for the position 


ing to the elementary bending theory has been derived. The 
Twenty terms, q:, 9, qx, have been used in the 


outer fiber strain was obtained from the beam deflection, derived or = 1/8. 


in the Appendix, by making use of the relation summation. 
In the later times ¢(>150 w sec) the strain ordinates of curve 2 


[U(2, Ol, = rVeelz, 0) offer a favorable magnitude check on those of curve 1. In the 
which yields earlier times ¢ (<150 pw see) curve 2 differs considerably from 
eurve 1; the weil-known criticism that the elemen- 
turv theory strains occur too early and that they are 
Ax, = = too severe stands out in Fig. 4. Point B marks 
ag, | On the first occurrence of strain according to the more exact 
theory (1); hence strains to the left of point B are 
fictitious. The arrows in Fig. 9 indieate the dis- 
placements that would bring closer agreement between 

the two curves 


EXPERIMENTAL Work 


ak The Plexiglas used in this work was of the type TA in 

U,| 7) /gin. plateform. Thesteel had the following composition: C-0.73, 

kl > Mn-0.31, P-0.014, 8-0.018, Si-0.33, Cr-4.00, V-1.07, W-18.43 per 
cent. [ts form was 1! /y-in-diam bar stock. The steel was given 

[Sh] a treatment which consisted of a heating to 2300 F, a quench in 

salt, and a 2-hr temper at 1050 FL This imposed maximum brit- 


n=1 


tleness on the stee! 


[sin aq,%t + sin aq,*%(t—k)) k 
The occurrence of a second break was first noted in the Plexi- 
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glas. The specimens had a gage length of 6 in., a gage diameter 
of 4/,in., and a ?/s-in. head radius. The gage surfaces might be 
described as highly polished. The specimens were pulled in a 
*0,000-Ib Baldwin-Southwark universal testing machine with the 

id of 3/q-in. standard grips and spherical seats. A loading rate 
of 300 Ib per min was used. 

Specimen P2, Fig. J, exhibited the cleanest fractures (some 
other specimens exhibited second fractures in the threads). The 
first break, in all probability, coincided with an impression on the 
specimen produced by the knife-edge of a mounted extensometer, 
The second break occurred near the head: i.c., the first gauge re- 
gion to be subjected to the tension of the reflected unloading wave. 

Most of the experiments with Plexiglas proved to be inconsist- 
ent in producing the double fracture, probably because of the 
speed-sensitivity of this material. The consistency of the high- 
speed steel in producing two fractures shifted attention to this 
material. 

Fig. 11 shows five specimens exhibiting the second fracture. 
Heavy 6-in-diam stec] heads were used in these tests to approxi- 
mate the conditions of fixed ends. The specimens had a gage 
length of 4 in., a gage diameter of head radius, and 
a 1'/¢in-diam head. They were ground to finished size. When 
the two fractures occurred they were usually at or near the fillets, 
as shown in the photographs. A loading rate of 2000 Ib per min 
was used here. 

Table 1 presents some interesting fracture data. Specimens 
H38, 9, and 10, with their low fracture stresses and resultant single 
rupture, reflect the smaller magnitude of the unloading waves 
involved. The notches, employed for instrumentation purposes, 
are responsible of course. The fact that the stubbier beams re- 
sisted the second fracture is shown by a comparison of the data of 
specimens HI and 2, or that of HS and 4 (in both of these pairs 
the fracture stresses were approximately equal). Note too that 
specimens H5, 6, and 7, which exhibited two breaks, had large 
beam ratios (17:1). 

Specimens H3 and 4 seem to indicate that the stress concen- 
tration at the fillet is of the order of one due to an ordinary non- 
homogeneity in the material, ie., with approximately equal 
stresses, specimen HS broke at the fillet, and H4 at mid-gage. 


ELASTIC WAVES CREATED DURING TENSILE FRACTURE 


Pig. Specimens Two Feacrunes 


PABLE PRACTURE DATA ON SPECIMENS 
Initial 
fracture Cantile ve 
tres length-te Ist break 
Specimen < post diatweter rate at 
245 7 tel 2 billet 
Hie 221 2tel Near gage 
mid-point 
HS tol 2 billet 
sol 1 Ciage 
mid-point 
HWS WWtel 2 Fillet 
tel 2 Notch 
tol Jitel Noteh 
ile 143 Noteh 


Machine finish 

Specimens to had a shallow near one fillet; in no case was 
it more than 0.025 in, dees 

in gage length 
Specimens 15, 6, and 7 show lower stresses, indicating a some- 
What larger stress concentration. The mean of these cases gives 
the factor of stress concentration involved in these tests as only 
1.1 
Work anv 

The work deseribed in this paper suggests the use of the rup- 
ture process in brittle materials as a means of studying, exper: 
mentally, the uniaxial elastic COMpPression Wave and the flexural 
strain waves created by a couple. Plains are to continue work 
along these lines. The work will have two phases, One will be 
directed toward obtaining more exact information on the fracture 
process. Support for, or possibly modification of, the impulsive 
funetions and hence waves could result High-speed photo- 
graphs of the fracture surface during rupture are planned using 
the longitudinal optic system of the Plexighes Specimen, The 
secund phase will be directed toward actual strain-wave mena- 
urements by means of bonded-wire resistance gages. Artificial 
fracture initiation by a slight noteh at mid-gage will eliminate 
any possibility of wave transmission across the intact area during 
fracture, This method of studying the compression wave should 
be valuable since in it a wave of large magnitude is produced 
and this magnitude is known, ie., the fracture load is measured. 
The latter gives a basie check on the results obtained from the 


dynamic measuring technique emploved 
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The future experimental work should produce data on the 
validity of the basic assumptions made in the present work. 
Some electronic strain-time records already have been obtained 
and some agreement is indicated with the theoretical curve in 
Fig. 7. More quantity is needed, however, before definite con- 
clusions are justified. 
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Appendix 


Based on the elementary theory of beam bending, the bound- 
ary-value problem for the couple case shown in Fig. 5(¢), may be 
stated as follows 
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V,(z, t) + a?V,,,2(z, t) = 0 
V(z,0) = Vf{z,0) = 0 
Vv(0, {)= V,(0, t)= 0, FIV,,(l, t) 
= M(t 
(t) 


where 


M(t) = 


sir 
k 


= 0 
In these equations, the effects of rotary inertia, shear force, and 
damping are neglected. The boundary condition V,,,(i, t) = 0 
is supported physically by the fact that normal sections such as 
the initial fracture section C-C, Fig. 4, are shearless. 
The transformed solution is 
(: + 4 
where 
W(q, z) = (sin gl — sinh gl) (sinh gz — sin gr) 
+ (cosh gl + cos ql) (cosh gr — cos gz), 
and 
I'(q) = 1 + cos ql cosh ql 
The inverse transform V(z, t) is equal to the sum of the resi- 
dues corresponding to the poles of v(z, s). 
For the region 0S t <k, the e~* factor does not contribute to 
the inverse transform. For this region the beam deflection is 
given by 


V(z, t) = 


M,,a 


2) 


sin aq,"t | 


- 


| 
where = 1 da | 
| 


For the region ¢ 2 k, we add the translation function due to e~*, 
which yields 


2) 


Elkt E 
n 


[sin aq,? ¢ +- sin ag,? (t — k)] 


V(z, ¢t) = 


[100] 


Equations [10] have been verified as the solution of the problem 
given by Equations [9]. 
* More of the details in the solution that follows may be found in 


a NOTS Report (NAVORD No. 1961) by the author. Similar 
problems are treated in the works of Churchill (8) and Nothmann 


(12). 


. 4 @ 
| 
| 
. {10a} 
sin 
ak 


A description is given of a method for computing the 
influence coefficients in bending of a nonuniform canti- 
lever beam using a basic code devised for the National 
Bureau of Standards electronic automatic computer 
SEAC. The given data for a particular problem are n, 
the number of stations at which influence coefficients 
are desired; Eh, ... El, the bending stiffnesses 
at the root and at successive stations; and l, bL,... 1, 
the distances bet ween these stations. The basic code can 
be used in any case where the number of stations n is 
fewer than 23. Inanexample for a beam having 9 stations, 
the computing time was 3 min. 


INTRODUCTION 

N the design of machines and structures, an important factor 

in the choice of methods of analysis is the time available. 

Limited time results in the use of estimates and approximate 
formulas where more accurate though cumbersome formulas are 
available, and in the study of only a few design variables where a 
more thorough search might vield a more efficient design. Any 
means of reducing analysis time, particularly if it does not result 
in an increase in cost, is therefore of prime importance in deter- 
mining what design methods will be used. The advent of high- 
speed digital computing machines shows promise of reducing 
analysis time. 

The results given in this paper were obtained on the National 
Bureau of Standards Eastern Automatic Computer, SEAC.2— The 
high speed with which this machine performs all of the simple 
arithmetical operations makes it possible to obtain much more 
accurate approximate solutions to important engineering prob- 
lems than could be obtained in a reasonable period of time by 
conventional computing methods, Addition or subtraction of 13- 
digit numbers is completed in about a millisee; multiplication 
or division in about 3 millisee. The machine will carry out basic 
orders of the following types: addition, subtraction, multiplica- 
tion, division, comparison, logical transfer, and input and output 
control, Coded instructions and numerical data are supplied to 
the machine by means of magnetic wire or tape. Once the code 
has been written for a given problem it is a simple matter to solve 
all similar problems, since only the numerical data need be 
changed. The application of SEAC to the computation of in- 
fluence coefficients, a tedious problem in the dynamic analysis of 
aireraft, is given in this report. 

1 Chief of Aireraft Structures Group, National Bureau of Standards. 
Mem. ASME. 

?Anon: SEAC, Tech. News Bulletin, National Bureau of Stand- 
ards, vol. 34, 1950, pp. 121-129. 

Contributed by the Appled Mechanies Division and presented at 
the Annual Meeting, New York, N. Y., November 30-Deecember 5, 
1952, of Tue American SoctetTy of ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1953, for publication at a later date. Diseussion re- 
ceived after the closing date will be returned. 

Nove: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, June 30, 1952. Paper No. 52 —A-25. 
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The influence coefficients of an elastic structure are defined as 
the deflections of selected points on the strueture when a unit 
force is applied to any one of these points, The array, or matrix, 
of influence coefficients describes the flexibility of a structure in a 
form suitable for the computation of the normal modes of vibra- 
tion.®* They are also of value in determining the deformation 
of a structure due to static loads, 

The computation of influence cocflicients for uniform cantilever 
beams in bending is customarily carried out by methods similar 
to those given by Timoshenko.® In those cases where the beam is 
of nonuniform section, equation [121],° is applicable, If the 
variation of bending rigidity with position along the beam can be 
expressed in analytical form, this equation can be used directly. 
In some built-up structures, where the variation of bending rigid- 
ity cannot be expressed analytically, it is convenient to assume 
that either the bending rigidity or its reciprocal varies linearly 
from station to station along the beam.’ 

The methods of computing deflections of nonuniform beams, 
though clear and straightforward to apply, are time-consuming, 
particularly since the number of individual deflections needed in- 
creases as the square of the number of stations along the beam, 
Thus, in the case of a beam with 10 stations, 100 deflections are 
needed. The basic computational procedure is the same for each 
of these deflections. This procedure has been coded to be applica- 
ble without modification to beams with any number of stations 
between 1 and 23 in order to avoid the necessity for writing a new 
code for each new beam to be analyzed. 

The present paper gives the development for the equations 
based on beam theory, used in coding SEAC; the essential com- 
putational procedures carried out automatically by SEAC; and 
the results of the computations by SEAC for a beam having @ 
stations, 

This work was conducted at the National Bureau of Standards 
under the sponsorship and with the financial assistance of the 
Bureau of Aeronautics, Department of the Navy. 


oF bquations Basep ON Beam Turory 


It has been shown by Timoshenko® that the bending of beams 
is governed by the equation (taking positive moment in the sense 
as Causing positive curvature) 


= M/EI 


where 


Solution of Oseitlation Problems by Matrices,’ by W. J. Dunean 
and A. Collar, Philosophical Vayazine, vol. 17, 1954, pp. S66 
904, 

Loads on Aireraft Structures During Landing,” by 
M. A. Biot and R. L. Bisplaghoff, NACA ARK No. 4H10, October 
1044 

Strength of Materials, Part by 8. Timoshenko, D. Van Nos- 
tranad ¢ ompany, New York, N. ¥ second L940 pp. 140 142 

*Thid., p. 210 

7°A Simple Tabular Method of Caleulating Defleetions and In 
fluence Coefficients of Beams,"’ by N. Myklestad, Journal of the 
Aeronautical Sciences, vol. 13, 1946, pp. 25 2S 

® Reference 5, p 135 


I; 
«| 
| 
4 
we 
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x = distance along axis of beam 
y = lateral deflection of beam 
M = bending moment in beam 


(1/E1) = 


flexibility of beam 


The beam for which it is desired to compute influence coef- 


ficients is shown in Fig. 1. The stations, 0 to n, are shown in the 


Station 


hia.) Beam vor Waren Corrricrents Are Desikep 
figure. The flexibility at stations 0, 1, 2...n is denoted by 1/EJp, 
respectively. The distance from station 
0 to station Lis denoted by 4, from station 1 to station 2 by b, 
and so on, 

The method to be used in the computation will make use of the 
behavior of the individual segments of beam between successive 
stations.? 
m + 1, Fig. 1. 
by and the moment at station m + Lby we can write 
the following equations for the increase in deflection y, and slope 


Consider the piece of beam between stations m and 
If we denote the shearing force in this segment. 


6, in going from station m to station m + 1 


Ym vn ™ + + M mss 


mii 


Station 
m m+ 
Ono) + Dine!Mine! 


nel 


mel 
y Smel 


AND Loap ror ELemMentr or Beam 
STATIONS m AND m + I 


where, Fig. 2 


Amit deflection per unit shear load at station m + 1 with 
station m considered clamped 

deflection per unit moment at station m + 1 (or rota- 
tion unit shear) with station » considered 

clamped 


= rotation per unit moment at station m 4 


1 with sta- 
tion m considered clamped 


The unit: constants Omer, and in Equations [2] and 
[3] depend on the flexibility at stations m and m + 1 and on the 
distance between them, [ni determining expressions for 
these constants, it is assumed that the variation in flexibility ean 
be approximated by a linear variation from 1/27,, at station m 
to at station m + 1. 
more suitable for machine computation than the assumption of a 


This assumption leads to equations 


linear variation in 2/7 used by Myklestad,? which leads to the use 


of logarithms. Referring to Fig. 2 


1/El = (1 + [4] 


MARCH, 1953 
Also, since the moment varies linearly from station m + | to 


station m 


M = M T 


Substituting Mquations [4] and [5] into [1] gives 


dty/dz? = [Mas (1 


+ (2 (1/El 1/ET,,)| 


Multiplying and integrating gives, with dy/dc = Oat xr = 
dy/dz = 2(Mass + UmiiSmii (1 /ET,,) 4+ 


+ 1/ET — /(2lm+1) 


and with y = Oatz = 0 
Y= + (1 ‘kl 


mir 
1/EI,,) + 


2/EI,,)| (Glms1 
1/ET,,)/(12lm 


Setting = gives 


Y(2 = /4ET,, + m1) 
+ 4+ 


1/GET 41) 
(dy dr + 1/6ET,+;) 
+ + 1/2EI msi). . [10] 


tt) 


Comparing with Equations [2] and [3] 
Qa+: = + 1 12ET } 
bast = (1 + 1/6ET 


[11] 
= Imvi(1/2EIm + 1/2EI mss) 


COMPUTATIONAL ProcepurE Carriep Our spy 


The computational procedure carried out by SEAC is based on 
the use of Equations [2], [3], and [11] together with the given 
data of E7,, and 1,, for each station and of n, the number of sta- 
The steps in the procedure followed by SEAC auto- 
matically are as follows: 

1 Store in the memory of the machine the basie code for the 
computation of influence coefficients in bending for tapered 


tions. 


cantilever beams having no more than 23 stations. 

2 Store in the memory of the machine the values of £7,, 
ey, The method of choos- 
ing them is explained in step 8). 

3 Compute and store in the memory of the machine the 


ad r (note, rand & are seale factors, 


values Of and for each segment of the beam using 
Equations [11] as the basis for the computation. 

4. Compute and temporarily store the values of shear S,.4; and 
moment M,,4,; at the successive stations with a unit load con- 
sidered applied at station 1, 

5 Compute and temporarily store the values of slope @,..; at 
the successive stations using Equation [8] and the previously 
computed values of and (take = 0). 

6 Compute and print the values of y,4; at the successive sta- 
tions using Equation [2] and the previously computed values of 
and Mays (take yo = 0). 

7 Repeat steps 4, 5, and 6 successively for a unit load con- 
sidered applied at station 2, station 3, ... station n. 

8 The operation of SEAC is such that all numbers used by it 
in computation must be less than 4 in absolute value. The values 
of E7,, and 1, therefore must be divided by seale factors. The 
code stored in step | has been written on the assumption that the 
seale factors, r for EJ,,, and k for U,, have been determined as 
follows: 

(a) Choose k such that each /,, 
n 


k is equal to or less than 1 and 


k) is less than 4 but greater than 1, 


= 
+ 
4 
1) 
— 
| 
| 
. .. .. [3] 
| 
Mw — — 
| 
| 
| 


(b) Choose r such that the largest value of (E/,, /r) is less than 4 
but greater than 1. 

(c) Choose an additional constant f such that for the smallest 
value of E/,, the value of (rf/ET,,) is less than 4 but equal to or 
greater than 0.4 and such that 4°/rf = 10”, p being an integer. 
The constant f is included in the data given to SEAC for use in the 
computation. 

(d) The answers obtained by SEAC must then be multiplied by 
10”, which merely entails shifting of the decimal point. 

Due to the great speed of computation in SEAC, the time re- 
quired to carry out such an influence-coefficient computation is 
little more than the time required to print the answers. 


Typicat Resuits or 


As a check of the coding and over-all method, computations 
were carried out for the influence coefficients of the tapered beam 
used in landing-impact tests.? The flexibility of the beam, 
at the root and at Y successive stations along the beam as well as 
the distance between stations is given elsewhere.'° The reciprocal 
of the flexibility #7, and the distance between stations are given 
in Table 1 of this paper. 

For this case, the values of the seale factors k, r, and f were 


** Experimental Verification of Theory of Landing Impaet,” by 
Walter Ramberg and Albert E. MePherson, Journal of Research, 
National Bureau of Standards, vol. 41, 1048, pp. 509-520 

10 table 2 


TABLE 1 BENDING STIFEPNESS ET, AND DISTANCE 1, BETWEEN 
STATIONS OF TYPICAL BEAM 


Distances Distanee / Bending 
from root, from preceeding stiffness, EB 
Station no. in Station, in jb-in®) 
0 0 10 526 


2 13.5 7.0 6.173 
3 21.5 0 1000 
4 4100 95 1 S48 
5 410 1 O26 
0 0 3846 
7 33.5 45 1442 
5.5 0 03636 
5.0 0 005 


TABLE 2 INFLUENCE COE 


FRICIENTS OF TYPICAL BEAM AS COMPUTED BY SEAC 
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taken as 50, 107, and 0.00125, respectively. Referring to Table 1 


and the rules i step S tor determining these factors, we see that 


the largest value of l,, de should be equal tooor less than 1 The 


largest, at station 5, is 10 50 0.2. The sum of the /,, 
should be less than 4 but greater than 1. The sum is 64/50 
1.28 Th largest value of ris at station O and has a value 


k values 


10.526 10 1.0526 which is satisf retorily between 4 and 
1. The Jargest value of rf is at station and has a value 10) 
(0.00125) (O.005 205 which is between 4 and O44 as re 


quired In addition, orf, the taetor by which the SE AC answers 
must be mult d to obtain the influence coefficients, is 508010 
x 10 

The influence coctlcients computed automatically on SEAC in 
about Oo mun are ihn ible 2 kor influence eco 
efhieients computed and cheeked by hand in about 2 days on a econ- 
ventional computing machine are given in Table 3. The lower 
half of the matrix in Table 3 was not computed since it ean be de 
termined from the upper half by symmetry about the principal 
diagonal It will be noted that Tables 2 and 3 are in excellent 
agreement. The number of decimal figures obtained by SEAC is 


much greater than is customarily required 
CONCLUSION 


It is concluded that the National Bureau of Standards electronic 
computing machine SEAC ean be used with advantage to com- 
pute influence coefficients in be neling olt yn red cantilever beams 

It is recommended that the applic ition ofl high-speed electronic 
computing machines to structural analyses such as this, where the 


analysis is relatively simple thee computations tedious, be 


pursued further 
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Unit load - - ~Millionths of an inch deflection at station 

at station 1 2 3 4 5 6 7 . ” 
1 9.177 24 260 41 498 61.968 83.516 100.754 10 450 122 402 133.075 
2 24.260 87.522 168 902 265. 541 367. 267 448 647 424 373 HO1 245 
3 41.498 168 902 387.845 668.709 064 357 1200. 876 1343 418 1406 524 1644. 449 
4 61 G68 265 541 68.700 1340. 253 2106 640 2719 750 S064 625 S486. 1358 
5 &3 516 367. 267 2106. 640 3795 5248 514 7004 17 7972.00 
6 100 754 448 647 1200 719.750 5248 514 7873. G18 So 11346. 35 13082 53 
450 404 424 1333 4064. 625 6065. 56 0436.50 11683 51 14501.77 17063. 83 
22.302 550. 373 1496 52 3486138 7064.17 11346. 33 14501 77 49 24108 8S 
u 133.075 GOL 235 1644. 349 3869 332 7972.00 13082 53 17063 83 24108 SS $5246 46 


PABLE 3 INFLUENCE COEFFICIENTS OF TYPICAL BEAM AS COMPUTED BY HAND 


Unit load - - = Millionths of an inch deflection at station 

at station 1 2 3 4 5 6 7 s " 
1 9.1771522 24. 200477 41 4085603 61. 9687900 83 516397 100.75448 45091 133. O7587 
2 87. 522363 168 265. 54189 367. 448 64770 404 42415 2458 
3 387. 84505 668. 70014 964 45767 1200 8765 1333. 1406 5250 1644. 44030 
4 1340. 2531 2106 6407 2710 7508 S064 6252 S486 1484 4422 
3705. 52485142 6065 TOGA 1748 7972. 0050 
6 TA7TS GIST 9436 5030 11346 32s 13082. 533 
7 11683 510 14501 776 17063. 836 
& 403 24108 879 
$5246. 358 
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Design Data and Methods 


It is important that the data contained in technical papers be made readily available to designing engineers. 
In order to satisfy these needs of industry, this section of the Journal includes a concise presentation of data 
and information drawn chiefly from papers previously published by the Applied Mechanics Division of The 


American Society of Mechanical Engineers. 


On the Maximum Numerical Value of the 


Tangential Stress in Thick-Walled Cylinders 


By T. RANOV! anpb F. R. PARK? 


Statements in the literature’ appear to imply that the 
numerical value of the circumferential stress in thick- 
walled cylinders is always a maximum at the inner radius. 
While this is certainly correct in the case of zero external 
pressure, the presence of both external and internal pres- 
sures creates the possibility of a numerically larger tan- 
gential stress occurring at the outer radius. This paper 
investigates this possibility and establishes a criterion for 
a check on the location of the numerical tangential stress 
maximum. A chart is presented for its convenient ap- 
plication. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
radius to any point in thick-walled eylinder 


internal radius 
external radius 


internal pressure 
external pressure 
radial stress at any radius r 
= circumferential (tangential or hoop) stress at any radius 
r, positive if tensile 
= circumferential stress at inner radius 
circumferential stress at outer radius 
r/r, = ratio of external to internal radius 
po/p, = ratio of external pressure to internal pressure 
= Su/Sr 
to circumferential stress at outer radius 


ratio of circumferential stress at inner radius 


Consider a uniform, homogeneous, circular, hollow cylinder, 
classified as “thick-walled”? by virtue of its relatively large 


radius ratio. Fig. L illustrates the dimensional symbols used and 


! Associate Professor of Engineering, University of Buffalo, Buffalo 

2 Development Engineer, Linde Air Products Company, Tona- 
wanda, N. Y., formerly Assistant Professor of Engineering, Univer- 
sity of Buffalo. 

Advanced Mechanics of Materials,” by F. B. Seely, John Wiley 
and Sons, Ine., New York, N. Y., 1948, p. 65. 

“Advanced Mechanics of Materials,” by G. Murphy, MeGraw- 
Hill Book Company, New York, N. Y., 1946, p. 120. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 20 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1953, for publication at a later date. Diseussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuseript received by the ASME Applied Me- 


chanics Division, June 26, 1952. 
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the fact that the cylinder is assumed to be subjected to both in- 
ternal and external pressures. 


Fia. 1 
LAME SOLUTION FOR CIRCUMFERENTIAL STRESS 
The well-known Lamé solution for the circumferential stress in 


a thick-walled cylinder subjected to internal and external pres- 
sures as described in the foregoing, may be written in the form 


Introducing as characteristic quantities for a given case the 


pre por? 


re? 


pr 


r,? 


r,? 


stress 
Patz? 


r;? 


pre 
qs 


and the foree _ eres 


r,? 


equation [1] may be written as 


If the radius-ratio # and the pressure-ratio 7’, as defined in the 
nomenclature, are substituted in the foregoing, the characteristic 


quantities a and b become 


- - 
Es 3 | 
| 
| 
= | 
Sa 
Sie 
P 
r? 
4 
S, =a + 
r? 
l PR? 
= 


For future reference we also form the ratio of these two expres- 


sions 


— PR? 1 
=- (2) 


It is convenient to base the search for the location of the nu- 
merical maximum of the tangential stress S, upon the ratio of the 
stresses at the inner and outer radii, respectively. In other 
words, the ratio 


Su 


must be examined and the condition found, if it exists, which will 
make this ratio smaller than unity. Once this is established, it is 
evident that the existence of a numerically larger stress at the 
outer radius has been demonstrated. The need for adopting this 
procedure arises, of course, from the hyperbolic nature of the 
tangential stress distribution, with no mathematical extremum. 

Our attention, therefore, immediately turns to a thorough study 
of the equation 


b 
S,;=at = fir) 


Depending upon the values and signs of a and b, the general 
appearance of this function may be either of two families of 
curves as shown in Fig. 2. The following limiting cases are in- 
vestigated first and typical curves plotted in Fig. 3: 


Case A: = 1 
Case B: = 0 
Case C: @ 


Case A. Inspection of Fig. 2 immediately reveals. that the 
stress ratio @ is only equal to -—1 when the two tangential stresses 
are of opposite sign, Le., when Sy = -— Se. On the other hand, 
a = +1 is only possible theoretically for the two limiting cases 
when the hyperbolas degenerate into the straight lines Sy = Sy» 
= + const, respectively. Examining the former of these two 


Fic. 2) Famiry or Curves S = a + b/r? 


DESIGN DATA AND ME 


THODS 


conditions, insertion of the appropriate radi into the general 
expression for S; and equating with opposite signs yield 


b b 
a- a+ 


Solving for a/b and substituting the radius ratio A, we find 


a + 1 
= [3] 


b 2 r,? 
Equating [3] to [2] and solving for the pressure ratio give 


Pe hk? + 3 


It may be verified that this ratio is always less than unity and 
tends to the limit 1/3 for large Rh. Physically, this result uniquely 
determines the pressure ratio for which numerically equal but 
opposite in sign circumferential stresses at the inner and outer 
radii may be produced. Examining next the latter of these two 
conditions, the internal and external stresses are now equated 
with equal signs. For this purpose it is necessary to first express 
Equation [1] in terms of the parameters ? and R. Then, by 
substituting the appropriate radii, the stress ratio o may be 
written as follows 


It is immediately seen that for P = 1, a = 1, Le, So = Se. 
It is further seen from Equation [1] thata =— py = —- pe = — p, 
and) = 0. Therefore 


Sa = Se = 


Sy 


BOUNDARY 
CURVE 


Wa P=0, 
P= 
r 


P=} 


p= =- 


: ' 
2 
= 


TyricaL Hoop-Sraess Curves ror Dirrerentr Values oF 
Pressure Ratio 


3 
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Consideration of the well-known equation for radial stress will 
show that for equal pressures, S, reduces to 
these conditions a state of hydrostatic compression exists, 

Case B, The case Sy = 0 represents all the curves in Fig. 2 
which pass through the point r = 7. From the equation of the 
family of curves we have 


p also; hence for 


Solved for 7, this gives 


For 7; to be real, band a must be of opposite sign. By inspecting 
Iquation [2], this requirement is seen to mean that here also the 
pressure ratio P? must be smaller than unity. ‘To obtain an ex- 
pression for 7’ in this case, equation [6] is combined with Mqua- 


tion [2]. Solving for ? results in 


P 1 + [Ga | 
= 
2h? 


A check of this confirms that zero hoop stress at the inner radius 
san exist, in general, only if the internal pressure is larger than 
the external. ‘This ratio tends to the limit 1/2 for large R. 
Analogous to case B, the stipulation of Se = 0 singles 
This gives 


Case C. 
out all the curves through r = re. 


b 
=0 
and 
4 
a 


Again this only yields real values of the intereept re if a and b are 
of opposite sign, and the same conclusion for the pressure ratio 7’ 
is drawn from lquation [2], namely, that 7? must be Jess than 


unity. By combining Equations [2] and [7], we have for this 
cuse 
P= 
1+ 


which checks with the requirement that 7? for this case must be 
smaller than unity. It is also noted that 7? tends toward 0 for 
increasing 

With the limiting cases investigated and corresponding typical 
curves sketehed in Fig. 3, it appears logical as a next step to pro- 
coed with the examination of the eases other than the above 
special ones, that is, to study the general ease of a curve with an 


intercept anywhere between 7, and). Consider onee again the 


equation 


The important observation is made here that the quantity a, 
whether positive or negative, obviously is the asymptotic value 


of the stress S, as r approaches infinity. 
Writing down the condition for the S,-curve to cross the r-axis 
at any point, the resulting intercept 


— [9] 


ean only be real if a and b are of opposite signs. By definition 
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i= 
and 
1—P 
= r,? 


These expressions are now inspected in the following. 
Assume Pressure-Ratio P > 1 
both a and 6 and hence a positive ratio b/a. 


This gives negative values for 
Consequently, by 
Since the 
asymptotic value a is negative, this also leads to the conclusion 
that all the S,-curves for this case must start below the r-axis 
and approach More specifically, this means 
that all the circumferential stress-distribution curves for external 
pressure greater than internal pressure will lie below the r-axis 
Compressive stress prevails throughout and 


I-quation [9], in this ease an r-intercept is impossible. 


a as increases. 


and never cross it. 
is larger at the inner radius, 

By inspection we now have b 
always positive, but a may be either positive or negative, depend- 
The two possi- 


Assume Pressure-Ratio P < 1 


ing upon the magnitude of the radius-ratio R. 
bilities are as follows: 

(a) Ris of such magnitude that a is positive. Then, by Equa- 
tion [9], there can be no intercept; the circumferential stress- 
distribution curve must start above the r-axis and converge to 
+a. 

(b) R is of such magnitude that @ is negative. Then, by 
Hquation [9], there exists a mathematical intercept and the cir- 
cumferential stress-distribution curve passes below or above the 
r-axis at the inner radius, as may be verified from Fig. 3, and 
approaches the asymptote — a as r increases. 

From an inspection of Fig. 3 it is now evident that for certain 
values of the radius-ratio 2 and the pressure-ratio P, the stress- 
ratio o must have a numercial value less than unity; that is, the 
fact has been demonstrated that the circumferential stress at the 
outer radius of the evlinder may be the numerical maximum of 
hoop stress in the eylinder. It remains to establish the range of 
stress distributions for which the foregoing situation applies. 

One of the limits of this range is known from case A examined 
This was the condition given by Equation [4], which 
1, Le., numerically equal tension and compres- 
sion at r; and fr, respectively. We are now looking for the other 
limiting relation between P’ and R& (if any), which should yield the 
highest value of ? for which the stress-ratio o may be less than 
By resorting once again to an inspection of Fig. 3, we 


earlier. 
stems from 


unity. 
observe that numerically larger hoop stress at the outer radius 
exists for all curves below the boundary one characterized by 
It will be re- 
> Las just examined, that these pressure ratios 


equation [4] as long as ? does not exceed unity. 
membered from 2? 
give always numerically larger hoop stresses at the inner wall. A 
pressure-ratio of unity then obviously represents the sought-for 
upper limit, which is clearly independent of R 


CONCLUSIONS 


It has been established, by utilizing the technique of inspecting 
a family of curves, that for certain values of the pressure ratio, for 
a given cylinder, the numericaily largest circumferential stress in 
a thick-walled evlinder may oecur at the outer radius and will be 
compressive, While the numerically circumferential 
stress will be located at the inner radius and will be either tensile 
or compressive. This fact must be taken into account in solving 
thick-walled cylinder problems when both internal and external 


smallest 


pressures are present. 

A graphical representation of the limiting pressure-ratio P 
against the radius-ratio 2 is shown in Fig. 4. By use of this 
“regional” chart, the location and the sense of the maximum 
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circumferential stress may be noted by inspeetion for any given 


combination of din nsions and pressures 


The following numerical examples will serve to illustrate the 
application of the P-R chart, Fig. 4: 


Given: Cylinder with 7, = Lunit ands Sunits. The radius 
ratio therefore is 3 

(a) Let P 0 (external pressure zero), Loeating the point 

3,0) in Fig. J, shows that this ease, being represented by a point 

on the R-axis, ie. on the lower border of one of the regions in 
which ao > 1, gives, as is to be expeeted, a larger hoop stress at 
the inner radius, namely, tension 

(bh) Let P 0.2 and O4. Both the points (3, 0.2) and (3, 
0.4) lie within the region bounded by 2? = Oand P (Rh? + 3)/- 
(1 4+ 38?) and, therefore, also represent cases of inaXximum hoop 
stress at the inner wall. However, their position below and 
above the curve P 2/(1 + R*: indieates that the first point 
corresponds to tension throughout the eylinder, while the second 
point means tension at the inner and compression at the outer 
fibers. The dividing curve involves a discontinuity in the sense 
that the stress S,. there passes from tension through zero to com- 
pression. 

(c) Let P = (R? + 3)/C1 + 3R?), Le. o = 1. This locates 
the point (3, 3/;) on the boundary curve and is the case of tension 
at the inner wall and equal compression at the outer fiber. 

(d) Let P = 0.5. This condition (point 3, 0.5) lies in the 


region bounded by the curve 1’ (R? 4+ 3)/(1 + 8R*) and the 
curve [ (1 + R®)/2R? and is representative of the cases in 
Which the cotlmpressive stress at the outer fiber numerically ex- 
ceeds the tensile stress at the inner wall 

(1 + 0. This gives in our case 
the point (3, °/9) and is a ease of zero stress at the outer fiber as 
discussed earlier in the paper. 

f lat P O75. This places the point (3, 0.75) and the value 
of o in the region whieh indicates compression throughout the 
evlinder, the larger value being at the outer radius 

(q) Let P I This means equal pressures throughout and 
CAUSeS for all R-values, which in turn contributes to the 
hydrostatic case mentioned earher 

(hy) Let P > 1. This situation is also independent of Rand, as 
stated before, results in compressive stress throughout the wall, 
the larger value, however, bemg at the inner radius 

Reviewing these results, we summarize our investigation by 
stating that for any given thick-walled eylinder, changes of the 
pressure ratio from zero to values above unity entaila correspond. 
Ing traversing ot 4 distinet sequence of “zones” representing a 
variety of circumferential stress conditions, as shown in the P-R 
graph, Fig. 4. The customarily cited ease of maximum 
tangential stress at the inner radius is contained therein as the 
two lower zones, as well as the uppermost zone. The inter- 
mediate zones comprise the generally overlooked opposite cases 
of numerical stress maximum at the outer radius. Finally, the 
commonly oecurring condition of internal pressure alone is here a 
special case represented by the abscissa-axis of the P-R chart 


ax 
P, 
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Stresses in Curved Beams—A Tabular 


Method of Solution Based on 
Winkler’s Theory 


By W. WRIGHT,! ABERDEEN, SCOTLAND 


The method outlined in this paper is one which is ap- 
plicable to all shapes of cross section. It is quicker than 
the orthodox methods and, in the case of irregular or com- 
plex sections, not only quicker but also more accurate. 


HON the initial curvature of a beam is large compared 
W with the depth of the beam, itis well known that the use 

of the straight-beam theory in such a ease results ins 
very considerable underestimation of the maxinium stress. 

Apart from the mathematieal theory of elasticity there are two 
theories available in practice which take account of the curvature 
and its effect on the stress distribution: They are Winkler’s the- 
ory and the Andrews-Pearson theory. Although the Andrews- 
Pearson theory makes rather fewer simplifving assumptions, 
nevertheless, according to Professor Morley ,? the stresses found by 
using Winkler’s theory are more in aecord with experimental 
values. Another advantage of the Winkler over the Andrews- 
Pearson formula is its relative simplicity, 
needed in using the Winkler stress formula, simee it contains a 
term (.A’ is defined as the of the 
section and A its area (A’ being small compared with A or 


A’ ‘Thus a small error in the evaluation of Aor A’ leads to a 


However, great eare is 


A) where A’ ‘modified area’ 


large error in the stress, 

When A and A’ can be found analytically, e.g., in the case of a 
rectangular or circular section, no difficulty arises since it is nee 
essary to use only a sufficient number of significant figures in the 
numerical calculation to insure the required accuracy, llow- 
ever, When the seetion is irregular, or complex as itis, for example, 
with erane hooks, A and A’ are found graphically with the possi- 
bility of a large errorin the value of CA’ A), and therefore in the 
stress, 

The tabular method of solution outlined in this paper, though 
based on Winkler’s theory, does not suffer from this linbilitw. 
However, it will not be quite so accurate as the “Ceorreet’’ Winkler 
solution obtained analytically, since the integration is performed 
by summation; the error from this cause should not exeeed 2 per 
cent, and for regular sections is very much less. 


Merriop 


Consider a small of a curved beam of ‘gravity’! axis 
length ds and radius Ay subtending an angle 6, at the center, Fig. 
1. Apply a moment and a direet compressive load Wo to the 


section of such a magnitude as to keep the gravity axis con- 


! Lecturer im Engineering, University of Aberdeen 

Materials and Structures,” by Salmon, vol 
Green and Company, London, England, 1931, p. 17S 

§ The axis about which the first moment of area is zero, 

Discussion of this paper should be addressed to the Secretary, 
ASME, 20 West 30th Street, New York, No Y., and will be accepted 
until April 10, 19538, for publication at a later date. | Discussion re- 
ceived after the closing date will be returned 

Nore: Statements and opinions advanced in papers are to be un- 
derstood as individual expressions of their authors and not those of 
the Society. Manuseript received by ASME Applied Mechanics 
Division, April 8, 1952. 
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| (5. GRAVITY AXIS 


Nie 

. 

| 

Pie. 


Then, according to Wink- 
ler’s theory, the stress at distance y from the gravity axis (y being 


stant in length and let change to 


measured + ive outward from the center of curvature) is 


Where kis a constant, 


dA 
Resultant of normal stresses on section = 4 : = W 
Ro + 4 
wdA 
Moment of resistance of section =: k 
Ry + 


This is the moment of resistanee due to MW alone, since the applien- 
tion of 4 uniform stress over the section does not change the mo- 


ment of resistance 


= + 


ie, the moment of resistanee due to MW alone is WRo. That is, 
Wk, 


Henee, if a curved beam is loaded as shown in Fig. 2, the distri- 
bution of stress at seetion wc is know n, bery 


w and if the maximum stress is taken to 


be some convenient figure (say, 1000 
psi) the stress diagram for the section 
ean be drawn. The resultant load W 
can now be found by computing SS, 
dA over the section; this can be done 
conveniently by dividing the section 
; into laminar strips and summing by 
Simpson's rule, or some such method. 


Once Wis known, the applied moment Mo = WR, ean be written 
down immediately; ie., the stress (1000 psi) due to both Wo and 
Wis known, The stress due to M alone can then be computed 
by deducting the stress due to W, ie, W/A. Thus the stress 
set up by the application of a bending moment VW acting alone 
can be computed and therefore, the stress set up by any load 
system applied to the seetion in question, easily determined. 

To illustrate the method, the ease of a rectangular section has 
been worked out since this can be cheeked easily against the cor- 
rect Winkler solution. 


EXAMPLE 


A moment of 4 in-tons (ton = 2240 Ib) is applied to a curved 
beam of radius Ry = 3 in., Fig. 3. The section of the beam is ree- 


hia. 3 


tangular, Tin. wide and 2 in. deep radially. Find the stress 
distribution, using 8 strips. 


PABLE 1 
1 Stress Sy, psi tb is Stress due to moment of 
4, Ko + y rol 2 x 200 
! 170 3 
ove iv 
243 3 
102 7 
7 
‘ O 333 7 
7 


1 Oo oo 


* The tigure 2000 was chosen so as to give a maximum stress of LOW pass 


Load SS, dA SOO 1176 228 
158.7 Ib Ww 
Stress due to pol 


* Stress due to Malone can be written down, see column 4, 
Table 
Vv Wh 3% 158.7 = 467.1 in-lb 
Le, a bending moment of 476.1 in-lb sets up a maximum stress of 
920.7 psi. 
\ bending moment of 4 in-tons sets up a maximum ceompres- 


stress of 


| 


it the intrados and 


DESIGN DATA AND METHODS 


2240 OTS = 10,900 psi 
| 
at the extrados, 

The stresses as caleulated by the Winkler formula are —17,338 
psiand 10.000 psi, respectively, showing a maximum error of 0.07 
percent, In the ease of a cireular seetion a similar calculation 
using S strips shows an error of less than 1 percent, 

One advant weoof the tabular method over the use of the 
Winkler formula in the ease of seetions for whieh A’ can be ob- 
tained analytically, as in the previous example, lies in the fact 
that the tabular solution can be obtained much more quickly 
though at the cost of 4 slight loss in aecuraey. When the section 
is irregular, however, the tabular method is not only very much 


(Tk 


| 
ET 
| 


SECTION XX 


quicker but much more accurate. This is dlustrated in the exam- 
ple Which follows 

The maximum permissible tensile stress at section N-N of the 
erane hook shown in Pig. 4, is 10,000 psi. Find the value of W. 
I .2+ 4 By taking moments about one end of the seetion 


tis found te be OS in, as shown 


ow ow Ist 


| 


Loud causing maximum stress of psi 


This solution is for the gener ease where W Is COMpressive 


loud aeting through the center of the curvature. In this ex 
Wis a tensile load aeting through the center of curvature and, 
therefore, the maximum tensile stress set up by aloud of 458 5 Ib 
Will be ¢ 2500 psi, and 10,000 psi for a load of IS34 Ib, ie, the 
required value of Wois 1b 
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Brief Notes’ 


On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
longer than 750 words (about 2'/, double-spaced type- 
written pages, including figures) and will be subject tothe 
usual review procedure prior to publication. After ap- 
proval such notes will be published in the next issue of 
the Journal. The notes should be submitted to the 
Secretary of the ASME Applied Mechanics Division. 
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Movies of Stress Waves in 
Photoelastic Rubber 
By H.C. PERKINS,? ITHACA, N.Y. 
successful recording on movie filmi of stress-wave parttertis 


7 object of the following brief note is to report the 


in gelatin and photoelastic rubber and to advocate the use 
of rubber for photoelastic studies of Impact stress 


The first photoelastic studies of stress waves were deseribed in 
1046, by D. A. Senior and A. A. Wells,? who stated: “Seo far as is 
known, no previous record exists of fringe photographs of stress 
distribution when a stress wave is traveling through the body.’ 
They showed, by a series of individual photographs, how stress- 


wave patterns are propagated through celluloid. Their waves 


traveling 5000 fps required exposures of microsecond duration, 
timed with great preeision. 
The motion-picture studies to be deseribed really started in 
1939, when W.N. Findley, direeted by Prof. T. R. Cuykendall of 
Cornell University, built a drum camera to photograph impact 
stress patterns in bakelite and celluloid. Their pictures showed 
only the relatively steady photoelastic patterns which persist 
after the initial period of stress-wave propagation, but they ob- Vewricar, 
served some interesting phenomena which would merit: further ian 
study when and if more adequate equipment (in this case a Pastas Viinder on pe 
movie camera) beeame avaliable, 
In 1051 Prof. C. Riparbell® showed 16-mim Pastax movies of 
photoelastic wave patterns in hanging gelatin specimens struck 
upward at the bottom, Tle had trouble with ereep and rupture of 
the suspended specimens, He also reported that when spectimens 
are floated on a liquid, the wave patterns are distorted by the 


! Diseussion of papers it Brief Notes should de addressed to the 
Secretary, ASME, 20 West $3oth Street, New York, N. Y., and will 
be aecepted until one month after final publication of the paper 
itself in the Journan oe Mecnantes, 
? Associate Professor of Mechanies, Cornell University. Mem 
ASME 
Photoelastic Study of Stress Waves,” by D. A. Senior and A. A. 
Wells, Philosophical Magazine, vol. 7, 1946, pp. 468 469. 
Fundamentals of Photoelasticity Applied to Dynamic 
Stresses,” by WN. Findley, Ninth Semi-Annual Bastern Photo- 
elasticity Conference, May 13, 1939, pp. I-11. Published by the 
College of Engineering, Cornell University. 
*“Photoelastic Analysis of Impact Stress Propagation in Two 
Dimensions,” by C. Riparbelli, G. Boehler, and H. Hiteh, Fluid Dy- 
namics Division, American Physical Society at Cornell University, 
September 11, 1951 (unpublished). Fic. 3 th Bx. Ox. 4 Ween Roane Vean- 
understood as individual expressions of their authors and not those of a : ; ; 
Struck 57 fps perpendieulartoa! gin. 4-in. face at its center by a 
the Society. Manuscript received by ASME Applied Mechanics anced shout S008 fren 


Division, June 16, 1952. 
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Pastax movie studies were continued by the Departments of 
Mechanies and Materials at Cornell University, under the spon- 
surship of the Applied Physics Laboratory of Johns Hopkins Uni- 
In these studies, 31 FP flash bulbs replaced the AIT 6 
lamp used by 


versity. 
mercury Riparbelli, and the specimens were laid 


flat on a horizontal lucite plate. Gelatin specimens, well lubri- 
eated with Nestle wave-set lotion, vibrated freely when struck 
ind showed mo tpparent tional effects (see sample frames In 
ig l There were no initi il Tringes and no restrictive hounds:ary 
conditions 

Best results were obtained with rubber specimens, frietion being 
prac tically eliminated by polishing the pl ite with Johnson's 


ear plate. The photoelustic movie specimens were cut from ! 


thick sheet of rubber made by the Goodrich Rubber Companys 
aecording to the formula recommended and used for static tests by 
W. Thibodenu.* 

Preliminary calculations indieated that a Variae controlled 16- 
mim Fastax camera might be too slow since, at 5000 frames pet 
the time, the 


wermits a stress wave to move 


sec (top speed ind shutter one sixth of 


soe 


in. 
that successful movies of stress waves in rubber have been taken at 


Posture 
Nevertheless, the sample frames in’ Pigs. 2 and 3 show 
speeds as low as 3300 trames per sec It is fascinating to wate h 
the stress-wave patterns deve lop on the screen, propagate through 
the ind rm tle et at boundaries, 

For quantit ifive an ilvsis, the eleetric-fl ish technique vields 
timing being much less eritieal for 
little difficult, 
taining a set of isoclinics as well as the isochromatic fringe pattern 


larger, sharper pietures, and, 


rubber than for celluloid, there should bx in ob- 
atany desired time after the be inning 


Movies, 
propagation, and rubber, although it has too high a Poisson's ratio 


however, give the best over-all pieture of the wave 


to be truly representative of engineering materials, is otherwise 


an ideal material for photoelastic studies of stress waves 


Bending of Clamped Wedge Plates 
By HERBERT REISMANN,' FORT WORTH, TEX. 


the defleetion and 


objective of this note is to determine 
moments ina uniformly loaded wedge plate of mitinite extent, 


We 


the straight, intersecting boundaries of which are elamped 
shall use the elussical, small deflection theory of thin plates and 
the notation of Timoshenko? 

find 


u(r, 8) which satisfies the parti il differential equation 


Choosing polar co-ordinates, we niust funetion w 


DAAw q 


conditions 


( 


and the boundary 


Ou 


sub- 


Assuming u aus suggested by bk. Reissner, 
The Photoelastic Properties of Soft) Vuleanized 
W.E. Thibodeau and A. T. MePherson, Journal of Re 
Bureau of Standards, vol. 13, 1934, pp. SST SU6 
7*Photoelastic Determination of Stress Around a Cireular Inclusion 
in Rubber.” by W. Ee. Thibodeau and &. A. Wood, Journal of Re 
search, National Bureau of Standards, vol. 20 S45 400 


Nireraft 


Rubber,” by 
ch, National 


ea 


Consolidated Vultee 


Project Structures bongineer Cor 
poration, 
“Theory of Plates 
jook Company, Inc 
Comments on 
Plates’ by Erie 
19, April, 1952, pp 


and Shells.” bw S. Timoshenko, MeGraw-Hill 
New York, N. 
Uniformly Loaded) 


Journal of the Ae 


Wedge sh iped 


onautical Sciences, vol, 


2S7-2SS 


NOTES 


stituting into Equation [1] resulis the 


equation 


Phe solution of Mquation 


Satisfaction of the boundary Conditions 


ments of svinmetry, wir, rr, 


y cos 2a 


16 1902 eos 


Thus the deflection may be written 


Ob Du cos 40 


qr’ 2 2a 


ordinary 


2! sand the 


results in 


cos Za cos 2 0 


The moments as from: standard fortiutas® 


It eos Ja cos 20 (1 vp) cos 


cos? Ya 


VM, ty cos cos 24 4 


« ‘ 
aqr? 2 cos? Ya 


(cos Ja cos 20) sin 20 


” 


2 cos? a(t 


Radial plots of M, and AM, are shown in Pig. 1, assuming v 


and a = 30 deg. 


differential 
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Discussion 


Comments on the Free Oscillation 
of the Centrifugal Pendulum 
ge 
With Wide Angles 
R. bk. Gorron.? The comment has been made that the angle 
of swing of the pendulum of a vibration absorber as applied to a 
crankshaft may be increased when the pendulum weight must be 
reduced to prevent spalling of the supporting pins and holes 
The question of possible damage from excessive angle of swing of 
the pendulum has been raised. [tis the writer's belief that in 
aircraft engines there has been much more difficulty with too 
little pendulum motion than with too great motion. There is 
always some sliding of the pins in their holes, rather than pure 
This causes wear, and with small pendulum: motion this 


rolling, 
The tuning of the pendulum is 


wear is localized to a small area. 
easily affeeted by a worn area which changes locally the radius of 
curvature of the surface of the hole on which the pin is riding. It 
is known that wear hardly sufficient to be visible to the eve, and 
measurable only with special gages, may change the tuning of the 
damper sufficiently to reduce its effeetiveness. Another factor 
involved may be that increased pendulum amplitudes aid in pre- 
serving an oil film between pins and holes. 


Autitor’s 


Mr. Gorton has kindly presented several practical reasons 
advocating the use of wider angles of motion in design. fis 
support for my analysis is appreciated. The reduction in the 
weight of the pendulum, however, cannot go too fur, for the 
maximum exeiting torque amplitude that a pendulum ean 
counteract depends (for a given harmonic order) upon e? sin go 


which is proportional to the pendulum: maetss. 


of a Circular Shaft 
With Diametrically Opposite 
Flat Sides’ 


This pauper presents re sults obtained by 
method for the 


WoO) Ricumonp.? 


or the numerical integration 


the relaxation 
stresses and rigidity in torsion of a shaft cross section of common 


occurrence in tiachine design. [Tt indieates, as have previous 


papers, the value of this method of solution for practical prob- 
lems Which eannot be solved by exnet methods 
The writer would like to take this opportunity of presenting 


a similar shaft) cross 


the results obtained by this method for 


section during the course of a master’s degree thesis research 
carried out by F. J. Shumaas, at the University of British Columbia 
under his direction. The cross section treated was that of a 

' By BORO. Crossley, published in the September, 1952, issue of the 
Journator Appriep Mecnantes, Trans. ASME, vol. 74, pp. 315 319, 

2 Development Engineer, Pratt & Whitney Aircraft, Mast Hartford, 
Conn, 

i By WLU. Carter and Oliphint, published in the September, 
1952. issue of the Journan or Mrenantres, Trans. ASMI 
vol. 74, pp. 240 251. 

2? Head, Department of Mechanical Engineering, 
British Columbia, Vancouver, Canada. Men. ASMI 

i’ The Effect of a Slot on the Stresses and Rigidity of a Shaft 
Subject to Torque” by FB. J. Shumas, University of British Columbia, 


University of 


master’s thesis, 


segment of a cirele with one flat side and one of constant curva- 
ture, Fig. l The values for 
the maximum shear stresses along the sides and the rigidity of the 


as shown in of this discussion. 


cross section are given in Table 1 of this discussion, using the 
notation of the authors, 


TABLE | VALUES OF MAXIMUM SHEAR STRESS AND TORSIONAL 
STIFENESS. 


Torsional 
stiffness 


Maximum shear stress 


Plat side Curved side 
SH5G6r 
765 0 158 
40 45 0.099 
540 0 059 

0 480 0 400 0 035 


—— 


bia. 
The results for the semicircular cross seetion (ie /r 0) agreed 
within 2 per cent with those obtained by Saint Venant! lor a sec 
tion of a circle with sectorial angle equal to 7. 
These results were used in an Investigation of the bending and 
shear stresses in a slotted shaft subjected to torsion 


Minimum Weight of Tapered Round 
Thin-Walled Columns’ 


Epwarp Apams Ricuarpson.? This interesting and come 
prehensive paper proceeds to determine the shapes of tapered 
struts of various forms so as to secure the minimum weight where 
principal buckling by column action and local buckling by sheet 
crippling occur. This minimum weight makes no attempt to 
consider space limitations, 

At an earlier time, when long struts were used in Airplanes, ex- 
posed to the air stream and subject to considerable drag, the 
optimum condition required that the engine power to lift: the 
strut and overcome drag should be made a minimum, Under 


such conditions, local crippling need not be a governing feature. 


**Theory of Elasticity,” by S. Timoshenko, MeGraw-Hill Book 
Company, Ine., New York, N. Y., 1984 

‘By Morris Feigen, published in the September, 1952, 
Mecnantes, Trans. ASME, vol. 74 pp. 375 380 

? Partner of Edward, (Nellie), and George Richardson: also I ngi- 
neer in Publications Department, Bethlehem Steel ‘ompany, Bethle- 


Mem. ASME. 


issue of the 


hem, Pa 


A preliminary treatment of this ease Was made in the year 1923 4 

It was assumed that an acceptable straight strut had been 
designed. It was further assumed that wall buckling would not 
set a limit. It was recognized that the differential equation 
could be made integrable quite easily by letting 


dry 4) 
= = const 

dx? El 
In other words, the defleetion curve of the column would be a 
circular are and the stiffness of the column cross section would be 
proportional to the deflection of the given column cross section as 
failure occurred by buckling. Nothing was said about local 
stress in compression, since for long columns the direct stress is 
low and ample area would be available at all sections excepting 
the very end of a strut tapered to zero moment of inertia, Small 
additions of material at the end, as suggested in the paper, were 
contemplated. 

In a later paper,* the suggestion was made that the second de- 
rivative of the deflection y of the strut could be some function of 
the longitudinal distance x. Since columns could be solid, or 
made of material of uniform thickness, or made of sheet material 
of constant cross section longitudinally (as by expanding with 
fluid pressure into a mold), or cast with walls of thickness varying 
with z, a variety of shapes were obtainable. Where fluid drag 
and weight were to be the conditions for optimum shape, very 
important savings could be made, as shown in the earlier paper.* 

Obviously, the buckling load could be calculated through inte- 
gration of the differential equation 
= F(r) 

dx* 
and the fitting of the boundary conditions. 

The purpose of this discussion is to point out that simple 
mathematical solutions of the column equation were obtained 
early and that reasonable forms of tapered column were ob- 
tained therefrom suited to a variety of modes of construction. 
It has seemed well to emphasize the facet that the optimum used 
in this paper, though of considerable interest, is merely one of 
the possible compromises that may be forced upon the engineer 


or designer, not “the” compromise, 


AcTHoR’s CLOSURE 


The author wishes to thank Mr. Richardson for his comments 
and interest in the problem. However, before replving specifi- 
eally to anv of the comments the author wishes to restate a few 
points which are implied in the original paper and because of their 
absence may be misleading 

For a given material, column load, column length, and cross- 
sectional shape there is only ene column, whose dimensions are 
then determined, that will have the minimum weight and still 
support the load Any dimensional deviation (in the cross see- 
tion) will result in a heavier column provided the changed column 
ean still support the load 

It isnot at allimphed that this minimum-weight column should 
be used in design but that it serves only as a basis for estimating 
the efficieney of other columns. In general, the minimum weight 
of a structure is also important in establishing rational methods of 
weight estimations, as shown by Shanley? in his reeent book 

Mr. Richardson is quite correet that space limitation was not 


Strength and Air Resistance of Tapered Struts,"’ by A. 
Richardson, Aerial Age, vol. 16, April, 1923, p. 173. 

Letter to the Editor, “Analysis of Long-Tapered Struts,” by 
A. Richardson, Product Engineering, vol. 14, October, 1943, p. 673 

“Weight-Strength Analysis of Aireraft) Structures,” by F. R 
Shanley, MeGraw-Hill Book Company, Ine., N. Y., 1952. 
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considered Since weight only was being optimized, the spatial 
dimensions then become tixed. Any considerations of space 
limitations will result in a heavier column 

Any Jack of consideration for loeal buckling in designing early 
airplane struts merely indicates that the strut used was heavier 
than the theoretical optimum. The author realizes that eon 
siderations other than minimum weight undoubtedly governed 
the design 

With respect to Mr. Richardson's last sentence, the author 
Wishes to clarify a point. The minimum-weight column pre- 
sented in the paper has an optimum shape for minimum weight 
and is not an all-inelusive “optimum” column, The author 
fully agrees that due to other design considerations the final 
column configuration may be different from that considered in the 
paper; however, it will also be heavier 


A Mathematical Analvsis of the 
Relaxation Type of Vehicle 
1 
Suspension 

B.S. Cain? This interesting paper compares a relaxation 
suspension with a more conventional damped suspension. The 
comparison is based on relative amplitudes of motion due to im- 
pulse and to harmonic excitation, In the case of the impulse, 
the conventional system provides no cushioning Whatever, he- 
cause the damping force approaches infinity and prevents any 
initial deflection of the spring. Therefore it is important to 
realize that real systems seldom ean be represented by this case 
even a rigid wheel passing over rigid steps does not have an in- 
stuntancous vertical displacement. Owing to the facet that the 
wheel must be large enough to roll over the steps, there will be 
sudden changes in direction but no impulse displacements. In 
practice, the displacement itself is not usually the important 
criterion of a suspension. The velocity, acceleration, or rate of 
change of acceleration is usually of more value. This rankes it 
still more important to realize that an assumption of impulsive 
motion on a conventional suspension will result in all these eri- 
teria becoming infinite. 

The authors refer to the “standard type of SUSPenSion Consist 
ing ol a spring conner ted in paralle with dashpot.”’ Real sus 
pensions are seldom of this type; either the damping foree has a 
maximum possible value, as in the ease of frietion devices, or fluid 
dampers with relief valves, or else a double suspension is used 
with two springs in series, one of which is damped and the other 
practically free The latter arrangement has one advantage in 
common with the relaxation type inasmuch as a very rapid mo- 
tion can take place without forcing the damper to follow this mo- 
tion. This system is the one used in practically all automobiles, 
railroud passenger cars, and so on. 

These comments do not affect the value of the authors’ analy- 
sis but merely point out that conclusions based on impulsive re 
sponse must be used with care when practical comparisons are 
bemg made 

The authors use Hurvitz’ criterion to establish the stability of 
motion of the relaxation SUSpetision, but it would appear that the 
stability is obvious from physieal considerations since only posi 
tive damping is present 

If only the ratio of the motion of the mass to the harmonic dis 
plac ement of the road surtace is required, as is usually the ease in 
practice, then the equations of motion can be quickly and directly 
solved for this ratio, avoiding much mathematics 

' By Joseph Gallagher and Enrico Volterra, published in the Sep- 
tember, 1952, issue of the or Mecnantos, Trans 
ASME, vol. 74, pp. 389 306 

2? Locomotive Division, General Electric Company, Eine, Pa 
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K. Kiorren.* The two systems compared are governed by the 
following differential equations: 


\ (standard type) 
+ 


= CL; 
Bb (new type) 


The authors investigate the transient responses after applying 
to the co-ordinate 2, and therefore dU’ /dt 
Me- 


a 


the discontinuity 
to wv). A discontinuity of this type is a very severe one, 
chanically speaking, it is a kind of “super-super-shock.”’ 
(regular or simple) shock O° is applied to @ and dU'/dt to x, 
A “super-shock’’ would be one where 
dll’ /dt to r.| 


makes the difference in the behavior of the two svs- 


is applied to # and 
Applying such a severe discontinuity to the co- 
ordinate 
tems very conspicuous, One may doubt, however, whether such 
a super-super-shoek is to be considered if one wants to depict 
What is happening to vehicles in reality; one may even doubt 
whether such a super-super-shock ean be produced physically at 
all, 

so, accepting the super-super-shock as applied to the eo- 
ordinate (the wheels the results may be compared on basis 
different from the one used by the authors. 

The suthors compare in the two systems the maximum dis- 
They find 


reduction of approximately 30 per cent in the maximum displice- 


placement produced by the super-super-shock, 


ment, as exhibited by comparison of Pigs. 4 and 5, or of Figs. 7 
and Sof the paper. No mention is made in the paper, however, 


of another and —as it seems to the writer more Important dif- 
ference in the behavior of the two systems, whieh alse is exhibited 
All curves in the diagrams pertaining to the 


= 0 from with a 


by the diagrams. 
new type B (Pigs. 4, 6, 7), start out at / 
finite slope. ‘This means there is at ¢ = jump or a simple 
shock. All curves pertaining to the standard type A, however, 
start out from values a > O. This means there is a jump inure, or 
a super-shock. 

In other words, the super-super-shock considered, as applied to 
the co-ordinate 2; (the wheels), results in a super-shock to the co 
ordinate ao (the body of the vehicle) in the standard sysiem, 
whereas only a simple shock appears in the co-ordinate zy of the 
new-type system, 

In order to find this out, there is no need of an e'aborate analy- 
sis at all, The differential equation itself exhibits this fuet Cand 
its generalizations, too) immediately and without any integration 
or caleulation. The differential equiations for the two systems 
have on the left-hand side highest derivatives of order 2 and 3 
on the right-hand side there appear derivatives ot 


respa tively; 
Any discontinuity on the 


both zero and first order in each case, 
right-hand side results ina discontinuity of the same order in 
the highest derivative on the left-hand side. The discontinuity 
in the derivative of highest order on the right-hand side weighs 
most. Now, apply oas the authors doa discontinuity in 
equivalent to in ay and dl’ /dt (super-super- 
It produces discontinuity of type dU dt in for syvs- 
in ‘Fo for svstem B (new type): equiva- 


shoek ). 
tem A (standard type), 
lently a jump in ry for A, 
for ie, simple shock 
These results may be generalized, 


super-shoek, and a jump 


Calling D the order of a dis- 
continuity of, say, type U, the order of type ( would be 2 + 1, 
and soon. Then we may say: If the discontinuity as applied to 
r, is of order D (and, therefore, to #4, of order D + 1) 
tinuity of order D + Lapplies to Ye in system B, to #2 in system 


a discon- 


3 Professor of Engineering Mechanics, Stanford University, Stan- 
ford, Calif 


MARCH, 1953 


A. Hence the discontinuity in zy is of order D—2 in system B, of 
order system A, 

The question of dimensions in the equations is dealt) with 
One may add that, 


apart from the dimension of an equation as a whole, Equation 


lucidly in Professor Thomson’s comment 


[39] is inconsistent as to dimensions in itself, 

It seems debatable whether the eases of a double root in the 
differential equation of second order (A) and a triple root in 
the differential equation of third order (B) are fully equivalent 
What is wanted is the limit- 
Therefore it 


and the proper thing to compare. 
ing case between oscillatory and creeping motion. 
should be sufficient to consider a double root besides a vegative 
real one. Demanding that all three roots should coimeide im- 
poses an additional (convenient, but unwarranted) condition on 
the system. 

Finally, the analysis pertaining to the steady-state response 
seems to be strangely bulky, unusual and, therefore, unconvine- 
ing. 
tween Equations [44] and [54] could be done in two or three lines 


And quite unnecessarily so, beexuse all that is done be- 


by a perfeetly routine procedure starting out from the differential 
But as the authors’ results ultimately 
do agree with the ones derived by the usual proceedure one may 
that 


equation of third order. 


leave it at but perhaps leaving some reader somewhat 


puzzled. 


H. Fucus.! 


attention to a system of mass, spring, and dashpot which is widely 


This paper is most welcome because it draws 


used in practice, has some very useful properties, lends itself to a 
reasonably simple analysis, but has been almost completely neg- 
lected in the The add to the 
authors’ analysis some Interesting, fairly simple results taken 


literature, writer wishes to 
from a study of the steudv-state response of this and similar svs- 


Motors We 


sidered a somewhat more general svstem of which that shown by 


tems made some 10 vears ago at General 
the authors’ Pig. 1, is a speeial ease and we ealled it a system with 
indirect damping. 

The stendyv-stute response can be expressed in the following 


dimensionless formulas 


Por indireet damping 


For undamped systems 


where 

A Ratio of amplitude produced by harmonie force on mass 
to static amplitude produced by same force 

Incorporated, Los Angeles, 


Research Engineer, Preco, 


ASME. 


* Chief 
Calif. Mem 


| 1+ DO 
\ 1+ DQ 
For ordinary (direct damping 
i= 
F \ ‘14 [2a] 
[1h] 
d = | Q , 
(2b) 
‘ 


square of twice relative damping, caleulated trom. miss 


and static spring stiffness (( = ¢? km in the usual 
notation 

D = (a damping factor) = CS 

ratio of maximum force on support produced by har- 


monie motion of mass to foree produced by very slow 


motion of same amplitude 


= square of ratio of forced to natural frequeney 
caleulated from mass and static stiffness 

R = ratio of stiffness with “frozen” dashpot to statie spring 
stiffness (R for ordinary damping 


S square ol ratio of state spring stiffness to stiffness of 
one dashpot terminal relative to other! when mass is 


held fixed GS = O for ordinary damping 


The formulas define two transmissibilities. The other two in- 
teresting transmiussibilities, mani ly “an plitude of mass 
produced by harmonic motion of support” te “amplitude of sup- 
port” and the ratio of toree on Support produced 
harmonic foree on mass” to “maximum exciting force’ are both 
equal to the product AF. (The curves in Fig. 1 of this diseus- 
sion show the product QAP plotted over VQ.) 

An analysis of the tr insmissibility formulas shows seme 


teresting features, chief among which are the following: 


1 With indirect d the transmissibility cannot exceed 
the ratio R. With ordinary damping, / increases indefinitely. 

2 With indirect damping the transmissibility curve depends 
on the d which ts the produr tota viscous damp- 
ing ratio Cand a stiffness ratio S; in other words, identienl effeets 
ean be obtained by various combinations of d ishpots and springs 

3 The response curve depends trite h more on the stiffness 
ratio R than on the damping factor D 

1 The amplitude-response curves for any factor Rall pass 
through a common point A = 2/(R-- = (R + 1)/2. 

5 The eommon point defined un ler (4) is the peak of the curve 
when D = 2h + 1 
D ressonably near this ‘optimum’ value. 


The peak isnot much higher for values of 


Strietly speaking, all damping used in practice is “indirect” 
beeause there are no perfectly rigid connections. Applications 
in Which this effect is particularly important include automobile 
llowever, the flexible conneetion of the dashpot 
to the exeiting irregularity is provided by the pneumatic tire and 
not by a Speer i] relaxation spring. In so far as the transmission 
of shock from the road to the ear is cones rned, the mass of the 
wheels is praethe ally me gligible so that the connection between the 
ear and the ronud be considered “indirectly damped.” 

Probably the most important application of indirect damping is 
isan approximation in the analysis of some systems with distrib- 
uted damping An engine mounted on rubber is one such sys 
tem. Attempts to represent the rubber mount as a spring plus a 
dashpot connected to engine and ground (or frame) lead to the 
difficulty that the equivalent damping of the rubber is not con- 
This difficulty 


ean be overcome easily by representing the rubber mount by a 


stunt but decreases with Inereasing frequene) 


spring and indireet damping,’ as suggested in Fig. of this dis 
cussion. The curves in Fig. 1 graphically show one of the main 
advantages of indirect damping in isolating variable-speed) en- 
ilies, 

The problem on such mountings is to eut down the amplitude at 
resonance without destroving the isolation effect at 


nbove resorinee, The figure is dr iwh on log irithimie st ules and 


the disturbing force is proportional to the square of the engine 


8 “Effectiveness of Shear Stressed Rubber Compounds in Isolating 


Machinery Vibration,” by B. C. Madden, Trans. ASME, vol. 65, 
1943, pp. 617-624 (discussion). 
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reaetion on the support is plotted over the frequency ratio (FAQ 


speed, to corre spond with forces produces unbalance 
over \ It shows ordimary damping would produce i 
very harsh niounting at speeds consider ibly above resonances ind 


how indireet damping aveids this undesirable effeet 


1 Without damping 
2 With indirect datuping (2? 2, D 2 /3) 
With ordinary datmipung (1/4 eritieal) 

big. Damping or Exaine Mounts 


(Amplitude of reaction force transmitted to velicle by unbalance of engine 
plotted over ratw of engine speed to resonant speed 


In the analysis of impulsive ol SUSpensions, 
sential to kee pon mind that the d used on vehicles is net 
The charactertsties of vartous d used in practice 
and an analysis of the resulting transient response Cobtained by 


differential analyzer) have been given previously .* 
Acrnons’ 


The authors wish to thank Mr. BOS. Cain, Dr. WK. WKlotter, 
and Mr Fuchs for their Interesting and most weleone 
comments to their paper. They also greathy appreciated Dr 
W. Thomson's contribution at the presentation of the paper and 
regret that his remarks have not been ineluded in’ the printed 
discussion 

toth Mr. Cain and Dr WKlotter eriticize the method of analysi 
used consisting of the application of an impulse to the system 
To this remark the authors reply that, given the impulsive 
response A(t) of a linear system the response to any arbitrary 


input fiQ) may be found frome the use of the convolution integral 


fit T)h(rjdr 


the response to any depends explieithy on the impulsive 
response, uid this seams a reasonable basis of comparison ol the 
two systems 

The type of suspension consisting of a) spring connected i 
parallel with a dashpot is referred to in the paper as “the standard 
type” of suspension Although the authors agree with Miro Cain 


{ 


that renal vehicles are seldom of this type, this 
term seems to be used generally in current techmeal literature in 
referring to this type of vehicle suspension, and for this reason 
iso was used in the paper 

Concerning lor. Wlotter’s query to whether the eases of a 
double root for the standard system and a triple root for the 
relasation stem are fully equivalent and the proper thing te 
compare, the authors’ answer is that as both eases require the 
stuallest values of the parameters (C for the standard type and 


& for the relaxation ty tor aperiodic motion this seems 


Modern Passenger-C'ar Ride Charactersties,”” by R. Schilling 
and H. ©. Fuehs, Journan ov Mecnantes, Trans. ASME, 
vol. 63, 1941, pp. A-59-A-6 
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to be a reasonable eriterion of comparison. However, this last 
point raised by Dr. Klotter could be answered more fully by 
presenting the results for the relaxation system on root-locus 
diagrams, Therefore the authors are now preparing a brief 
note in which such root-locus diagrams for the relaxation system 
will be given. 

The authors are grateful to Mr 
ing discussion at the presentation of the paper and for having 


Fuchs for his interest- 
pointed out several important applications of relaxation systems 

The authors agree with Dr. Thomson that the results could 
have been given in a more general form by presenting the tran- 
sient response in a nondimensional form such as 


Hw; 


versus 


Dr. Thomson also suggested that the system be subjected te 
an impulse of the form 


a(t) = HU"(t) 


where H has inch-seeond as a unit. On this question the authors 
want to point out that, although not explicitly stated in’ the 
paper, Hf was, in facet, assumed to be equal to unity. This un- 
fortunate omission raised the question on dimensions by Dr. 
Klotter. The authors reply on this point probably also will 
answer Dr, Klotter’s question about the dimensional consistency 
of Equation [39] of the paper. 

It finally should be noted that although a printing error oe- 
eurred in the expression for the angle g in Equation [77 | (in the 
numerator instead of — -2¢& one should read —-2¢n) the values 
given in Fig. 8 of the paper, which are deduced from Equation 
{77 |, are correct 


Correlation of Creep Properties 
by a Diffusion Analogy’ 


Basically, the author has accepted the 
and has de- 


R. P. Carneker, Jr? 
empirical equation for the creep curve € 
fined the quantity Cin terms of constants common in rate theory 
and a parameter, which he terms the “activation energy” Q, 
that is subject to the same variables as C itself. This parameter 
then relates the quantities strain and time, or alternatively 
strain and strain rate, and is a function of stress and temperature. 
A more conventional approach regards the activation energy as a 
parameter relating strain rate and temperature which is a func- 
In either ease, one starts with the four 


/Tm 


tion of stress and strain. 
variables stress, strain, strain rate or time, and temperature and 
by calling upon the activation-energy concept reduces the number 


of variables to three, The salient point is that the author’s use 


' By Leon Green, Jr., published in the September, 1952, issue of the 
Jounnan or Mecuanics, Trans. ASME, vol. 74, pp. 820-326, 

? Research Associate, General Electric Research Laboratory, 
Schenectady, N.Y. 
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of activation energy is quite different from the usual connota- 
tion of that term, This difference is apparent in comparing the 
numerical values of activation energy for the creep of platinum 
as determined by the author, Fig. 10 of the paper, with the values 
of activation energy obtained by the writer from the same data 
by considering the temperature dependence of the strain rate at 
constant strain and stress (8).3 Over the range of stress from 
1000 to 10,000 psi the author obtains values approximating 160 
to 60 A cal/mole while the writer’s analysis produces 75 to 25 
K cal/mole. The two approaches lead to greatly different an- 
swers, 

A second point of difference appears in the stress dependence of 
the activation energy. The author obtained the quantity Q, by 
assuming « linear decrease of his Q with increasing stress. The 
alternative analysis results in a decidedly nonlinear stress de- 
pendence, the activation energy being approximately linear in 
the logarithm of the stress. 

The utility of the author’s unconventional approach depends 
upon the apparent correlation of the temperature dependence of 
Q, with the temperature dependence of the activation energy for 
self-diffusion, contained in his Fig. 12. In this case the burden of 
the correlation rests upon the silver self-diffusion data reported 
by Turnbull and associates. Considering the data represented 
by crosses in Fig. 12, the writer has attempted to locate the source 
of each data point. If his conclusions are correct, his confidence 
in the correlation is considerably shaken. Will the author please 
check the writer's interpretation of his data sources, which are 
given in Table 1 of this discussion? 

Point Lrepresents the volume self-diffusion of silver as measured 
on both single crystals and polverystals at high temperatures. 
This quantity, as measured on single crystals, remains constant 
at all temperatures down to 500 C (reference 34.)3 Points 2and 3 
represent the apparent activation energy for self-diffusion in 
polyerystalline samples measured at temperatures below 700 C, 
where the short-circuiting effects of grain-boundary diffusion be- 
come appreciable. The two points are merely two values re- 
ported at different stages of a lengthy experimental program. 
Points 4 and 5 are values obtained from the same experimental 
data analyzed so as to separate the effects of grain boundary and 
volume diffusion, and again represent values reported at two 
different stages of the experimental program. Point 6 is taken 
from the Niekerson and Parker measurements of surface diffusion 
on polyerystalline samples. Others measured similar 
numbers at times, but it is unfortunately true that the surface- 
diffusion process depends very markedly on the nature of the 
surface so that the significance of these measurements is subject 


have 


to question. 

In brief, the activation energy for self-diffusion in silver is 
characterized not by a linear dependence on temperature but by 
two quantities Which are independent of temperature, 46 Aeal /- 
mole for volume diffusion and approximately 20 K cal /mole for 
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grain-boundary diffusion, together with a third poorly defined 
surface-diffusion effect. In the light of such interpretation, the 
observed correlation of the temperature dependence of self- 
diffusion activation energies with the temperature dependence of 
creep-activation energies seems more fortuitous than funda- 
mental. 

It may be worth mentioning that the results of some un- 
published work on the creep of silver show that a@ of the equation 
€ = Ct", is not always equal to 7) 7m but in some eases is much 
less. 

The writer would be truly interested in the author's remarks 
concerning these points, and i. grateful to him for the stimulation 


his analysis has provided. 
CLOSURE 


Mr. Carreker’s valuable comments raise several points which 
deserve amplification. The first) concerns the definition of 
activation energy. In his study of the creep of platinum wires, 
Carreker employs the conventional definition in terms of instan- 
taneous stram rate 

= ke Kr 
dt 


This approach was deliberately avoided by the author, since in a 
constant-stress experiment the strain rate de/dt decreases 
continuously with time, thus requiring the activation energy Q to 
increase accordingly. Reference to the platinum-wire  ex- 
periments (see Fig. 22 of the author's reference 8) shows that at 
a stress of 1000 psi, for instance, Q (as defined by the foregoing 
conventional expression) increased from about 60° Keal/mole at 
€ = 0.005 to about 74 WKeal/mole at €= 0.030. The existence 
of such a strain (or time) dependence of the activation energy 
would appear physically questionable, Rather than postulate 
such a dubious dependence (which, moreover, complicates the 
empirical representation to a degree precluding engineering 
application of creep data) the author chose to express the ereep 
strain as €= (1 7)% where, by invoking an analogy with the case 
of self-diffusion, the time parameter 7 was expressed as a function 
of an activation energy. It has been pointed out in the foregoing 
discussion that the two alternative definitions of the activation 
energy for creep yield numerical values of different magnitudes, 
It also was noted that the conventional definition vielded values 
of Qwhich vary with stressin a decidedly nonlinear fashion, where- 
as the author's definition vi lds values which ippear to show a 
linear stress dependence. This linear depend nee Was not as- 
sumed priori it was selected on the basis of the data for copper 
and tin presented in the author's bigs Gand Tl, the only data 
which permitted a reliable fit. The author originally noted the 
need for further experimental work upon the stress-dependence 
problem, and wishes to emphasize this point again. While 
awaiting additional data, the author believes that his proposed 
definition of (is recommended by the feature that (in contrast to 
the activation energy defined by the conventional eXpression 
given in the foregoing) it is indeype ndent of strain and appears to 
vary linearly with stress, 

Mr. Carreker’s prime ipal reservation concerns the temperature 
dependence of the apparent aetivation energy for creep, as de- 
fined by the author. The utility of the proposed approach, how- 
ever, does not depe nd (as he states upon the agreement between 
the temperature depe ndence of Qo and that of the apparent 
activation energy for self-diffusion. The practicsl value of the 
method lies in the fact that the apparent activation energies for 
creep of several dissimilar metals have been unified in the author's 
Fig. 12 by presentation in the group @ (RT7,,) as a function of 


reduced temperature The self-diffusion data are presented only 
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for purpose of a comparison which indicates that the “apparent” 
activation energies for self-diffusion, presented the group 
(RT, show a qualitatively similar temperature dependence 

The author regrets that the significance of the word apparent 
(which he was careful to insert in his Fig. 12) was not given more 
emphasis. In his concise enumeration of the mechanisms of self- 
diffusion in silver and in his detailed tabulation of the diffusion 
data for silver presented in the author's Fig. 12, Mr. Carreker 
correctly points out that the activation energies for volume, 
grain boundary, and possibly surface diffusion are not funetions 
of temperature. The author certainly did not intend to imply 
otherwise Nevertheless, the relative degree in which these 
different mechanisms contribute to the total amount of diffusion 
(or ereep observed polverystalline metal is necessarily a 
function of temperature as well as grain size, The author's Pig. 
12 merely suggests that this temperature dependence of the ap- 
parent observed aetivation energy may be represented by a linear 
ApPpProNtmiation The author noted that this approximation was 
less satisfactory in the case of the diffusion data than for the creep 
data: certainly he is not laboring under the delusion that either 
approximation is “fundamental”  Sinee all creep correlations 
Gif not all knowledge) are necessarily empirical in nature, the 
author is inelined to feel that Mr. Carreker’s confidence in the one 
presently proposed has been shaken without due cause, 

The facet that the exponent a in the expression €= Cl is not 
necessarily equal to 77, is indeed worth mentioning. The 
author noted that the Woes not generally valid, and 
suggested that deviations might possibly be attributable to the 
presence of impurities and Cin the case of small wire specimens) to 
nonrandom grain orientations, Metals whieh strongly abserb 
gases at high temperature, for instance, would not be expected to 
obey this rough rule. Eengineeringwise, the important point is 
that the large deviations from this approximation are downward, 
ie, < Por this reason the approximation is eon- 
servative: the ereep strain ted by the author's | quation 
{10} will be larger than that actually observed 

In conclusion, the author would again like te emphasize the 
that his proposed correlation of creep data in dimensionless 
ts inkly empiri al and Is od primarily neu possible 
method of predieting stram-time re lationships for engineering 
purposes. On the basis of the unified presentations of creep data 
in Pigs. 12 and 13, together with the approximate Pequation [11 
n rough estimate of the « reep behavior of a pure metal may be 
ventured from knowledge of its melting point, atonmie volume, 
and the prevailing conditions of stress and temperature. Despite 
the crudeness of his tentative stress-dependence correlation (Pig 
13), the author has found the “horselbns k estimates” made on 
this basis to be of value for purposes of preliminary design 


Temperature Development in a 
Heated Contact With Application 
to Sliding Contacts' 


G. An engineering paper should be of use 
to other engineers, and the author recognizes this by presenting 
a Worked-out example. This is a engineering problem 
in that it offers to start w th data, presumably easily obtainable, 


ind. by enleuletion, to predict the outeome of an « \periment 


which would be inconvenent te perform, 


i By BR. Holm, published in the September, 1952, issue of the 
or Mrenantos, Trans. ASME, vol. 74, pp. 369 
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As a minor point, the curves as printed can be read to perhaps 
Per- 


haps the original curves were drawn to a larger seale, for the 


2 per cent of the range, or two significant figures at most. 


final solution of the problem is expressed to three significant 
figures 

A more serious point concerns the data, presumably easily 
obtainable The whole solution hinges on two factors, wand 
£, each expressed to one signifieant figure, or LO per cent at the 
best Probably he 


knows those factors within 2 per cent or he would not have 


Perhaps this is not the author's intention, 


bothered to caleulate even 2 percent curves ton ake use of them 
gut let us put ourselves in the place of an engineer who wants 
touse the author's worl Not being experts on friction, we look 


ina handbook for some values of M In many causes they are 
expressed to two significant figures, itis true, but itis easy to find 
a spread of 10 per cent or more in reported values. Perhaps we 
feel that we had better try an experiment, which at least will be 
simpler than the one we are trying to predict 

With & the case iseven worse. This factor is the proportion of 
the heat generated at the contact surface, whieh flows into the 
semi-infinite plate. The part flowing into the slider would be 

It would seem to the writer that this is a faetor not even as 
simple as wo Tt would seem that this fraction must depend not 
only on the materials, the force between them, the velocity, and 
other known quantities but upon the design of the slides in respect 
to conduction, convection, and radiation, Also, forthe transient 
eases Which the author does not treat, the heat capacities of the 
sliding parts must be specified, 

If the writer is correct in this contention, then any practical 
study of these phenomena must take account of the whole 
For this purpose, step numerical 


With 


these, actual systems ean be represented closely and we are not 


system, stationary and moving. 
methods or analog methods would seem to be in order. 
limited to semi-infinite surfaces, Of the two methods suggested, 
the former would be less expensive. 

If the writer is wrong in this contention, then the author is 
urged to publish a simple, easy, and reliable method for estimat- 
ing & with a precision consistent with that of his curves 


Avurior’s CLosunt 


The author weleomes the opportunity to answer the question 
of Mr. Gi. M. Dusinberre, whieh may be shared by many other 
readers 

The readings for Table | were made on the author’s own large- 
Readings on the small-seale printed diagrams 
differences between the 


seale diagram 


would not have shown any positive 
values to be compared 

Coneerning the frietion coeflicient mentioned in the example: 
A dependable frietion coeflicient should be based on an experi- 
ment. The values given in handbooks are averages and often 
leased on quite obsolete mensturements, 
There are 


Concerning the faetor & in the exaniple: euses in 


Which a sufficient determination of Eiseasy. Porinstance, when a 
poorly cooled slider runs on a large (stationary) contaet member 
the fraction of the heat which is transferred to the slider is small 
and a rough computation of it will be sufficient, giving & between 
OS and 1. No simple rules can be given for the ealeulation of £ 
is more complicased cases 

Most often the large contact member will be well represented 
by a semi-infinite body 

In practice even the order of magnitude of z for a given B(z) 
may be of interest. Figs. | and 2 of the paper are well suited 
for the accuracy that can be based on practically defined condi- 


tions 
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Measurement of Recovery Factors 

and Friction Coefficients for Super- 
sonic Flow of Air in a Tube 


Part | Apparatus Data and Results 


Based on a Simple One-Dimen- 


sional Flow Model! 


The wealth of data contained in this paper 
The care used to 


should be a boon to investigators in the field. 


Brown. 


eliminate errors and to obtain accurate data is to be commended 

The difference in the f-values between the two flow models used 
shows the importance of having one that is eorreet and should 
stimulate the theoretical this field. In the two- 
dimensional model presented, the values found for f depend ap- 
In the numerical 


workers in 


preciably on the assumed ratio of V, to V.. 
example given, a change in this ratio from 0.5 to 0.6 changes the 
resulting value of f about 20 per cent. 

A momentum thiekness that takes into aecount simultaneously 
the effeets of curvature of the wall, high Mach number, variable 
fluid properties, and pressure gradient would be suitable. Sinee 
the separate effects have been analyzed in three recent papers, 
curvature by Seban and Bond,* high Mach number, and variable 
properties by Klunker and MeLean,* pressure gradient and varia- 
ble fluid properties by Brown and Donoughe, © perhaps the com- 
bined effects ean be ealeulated before long. The tables of eare- 
fully measured and tabulated data offer an attractive inducement 
totry. Remember Kepler! 
Cant It is gratifving to note that the authors’ 
results, when evaluated with the “two-dimensional flow model’? 
agree approximately with recent data obtained on flat plates 
llowever, the precision of the authors’ data appears to be con- 
siderably less than that obtained in boundary livers on flat plates 
and bodies of revolution. It is not sufficiently precise, for ex- 
ample, to enable evaluation of the effeet of Mach number on skin 
friction This lack of precision Is probably due to (a) the ex- 
tensive and approNimiate methods necessary to evaluate the skin- 
friction coefficient and recovery tactor from the measured data, 
(hb) the sensitivity of the compressible boundary layer to. its 
“history” (ie., upstream conditions as well as to local conditions, 
and (e) the complienting effects of wall curvature which probably 


necessitate a three-dimensional flow model” for accurate eval- 


tation of the data In connection with pout it may be 
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7*Part 2 Results Based on a Two-Dimensional Flow Model for 
Entrance Region,” by J. Kaye, T. Y. Toong, and R. H. Shoulberg, 
published in the June, 1952, issue of the JourNaL or Appliep Me- 
cHaNtios, Trans. ASME, vol. 74, pp. 104. 


noted that a laminar compressible boundary liver on flat plate 
{zero pressure gradient) is affected appreetably by small changes 
in leading-edge radius or Waviness.* Furthermore, a laminar 
compressible boundary laver in a pressure gradient is affeeted not 
only by the local pressure gradient at a given point but also by 
the pressure gradients existing everywhere upstream of that 
point.’ 

This brings us to the question as to why the authors chose to 
study supersonic boundary layers in a tube rather than on a flat 
plate or body of revolution. The writer ean think of no practical 
application of supersonic tlow ina tube of constant eross section, 
If the Purpose of the study was aeademic or basie research, it 
would appear that it might better have started with a simpler flow 
configuration with subsequent introduction of sueh complexities 


as pressure gradient and wall curvature 


Richarp Scubrrer.” The authors have condueted an ex- 
ceedingly careful and saeecurate experimental investigation and 
have proved conclusively that the results obtained are practically 
unaffected by the design of the test equipment or instrumentation 
ACCUrACY, It Is miteresting that for the ease of laminar boundary 
lavers at the highs r Revnolds lout not near the end of 
the tube, that the theoreties] and e perinent il values of recovery 
factor and friction coeflieient are in good nygreement This is 
where the boundary laver is thinnest and therefore is where the 
best agreement could be « \pren ted The fact that the location of 
transition is in good agreement with that measured ona flat plate 
tends to indieate a relatively shoek-free flow in the m yor part of 
the tube with laminar boundary lavers. The one-dimensional 
flow model appears to be adequate for luminar boundary hivers 
at high Reynolds numbers and the two-diniensional model? seenis 
adequately to represent the low-Reynolds-number luminar-thow 
condition, 

In the ease of turbulent boundary lavers, (a) the inelusion of 
lines on the figures tor I would have been belotul, and (4) at 
is apparent that there is something unusual about the skin- 
frietion date in addition, the values of recovery factor are 
rather low relative to values measured on flat plate = It is the 
Writer's opinion that the enuse tor the results shown is that with 
turbulent boundary lavers the flow is no longer shoek-free. The 
inseparability of weak shock waves and turbulent boundary 
lavers ean bre observed in clear rete shi low phloto- 
graph of such a boundary layer, espeetally on bodies of revolu- 
tion, tube of large length-to-diametor ratio the effect of 


many Weak 


s could be expected to compound rapidly and 
it is possible that strong shocks could exist in the flow toward the 
end of the tube. The pressure changes from shoek and possibly 
expansion Waves in the tube with a turbulent boundary laver are 
possible causes for the unusual echaraeter ot the frletion-coetlicient 
data. Whether or not the longitudinal pressure drop ean be used 
to obtain the trietion coctheient nels upon the relative 
tudes of the pressure loss due to frietion and that due to shoek 
Waves, 

The loeal values of reeovery factor are likely to be too low 
When the boundary liver is thick beeause the ealeulated free- 
stream) Mach number based on the assumed one-dimensional 
flow model would be low. This ts obviously what led to the two- 


dimensional flow model of the second half of this Investigation, 


Interferometer Corrections and Measurements of Laninar 
Boundary Layers in Supersonic Stream," by Blue, NACA 
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Laminar Boundary Layers in Compressible blow by Hl. Weil 
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DISCUSSION 


It Appears that the most Important taetor in obtaming more ac 
eurate values of turbulent boundary-layer reeovery faetor in 
future experiments would be to measure the radial velocity cdis- 
tribution and if possible the radial temperature distributions at 
several stations in the tube This could be ae complished by mak- 
Ing tnensurements at the exit of separate tubes of various lengths 
“us a separate set of test runs. With this information accurate 
flow models for the various flow regimes could be selected direct] 
ind the friction coeflicient possibly could be determined with 
better aecuraes 

Whether or not the need exists for more aecurate frietion and 
recovery-factor measurements tubes depends entirely on the 


use for which the data are inte nded 


The pots raised in the discussions deal mainly with the in 
terpretation of the experimental data. The authors have long 
recognized the ditheulties of Interpretation of these data and have 
get a better rstanmding of the ol 
supersonic tlow a round tube by use of the two flow models 
discussed in the also by a still more method 
This exaet method consists ¢ ssentiolly of the Integration ol the 
partial differential equations of motion, continuity, and energy for 
compressible laminar boundary laver in the entrance region of 
around tube, with the boundary conditions corresponding to the 
experimental ones Although the results of this integration, 
using the differential an ilyzer, are not complete at pres nt, thi 
preliminary results tndieate execellont agreement between inter- 
pretations based on our erude two-dimensional flow model and 
those based on this exaet method, where it appears that oa 
laminar boundary Lever exists in the tube.  Tlowever, this exaet 
rethad is not applicable to those data where «a turbulent bound 
ary liver exists in the tube, 

In regard to Mr. Brown's discussion, we would be pleased to 
see hus results of combining the effeets of wall curvature, high 
Mach number, variable fluid properties, and pressure gradient 
with respect to the 

Mr. Scherrer’s summary of the results where, appears, 
laminar boundary lever exists in the tube agrees with our ow: 
His -<tatement, “that for the turbulent boundary laver, the flow 
is ne longer shoek-free” is probably correct We plan to 
similar toe those he suggests, for radial velocity 
ind temperature profiles in the boundary layer near or upstream 
of the exit pline of the tube, in order to study the phenotiena 
eccurring in the downstream portion of the tube We do not 
wree with Mir. Seherrer’s statement that the values of the tur 
bulent recovery factors for the tube flow are rather low relative 
to values on flat plates survey of such recovery 
fuctors on flat plates and other shapes indieates that our tubs 


recovery agree within 2 per eent with most data 


Mr. Giazley’s contention that the precision of the tube data is 
eon iderall le than thiset obtained in boundary layers on flat 
plate Sand bodies of revolution is incorrect bor eXample, 


expertuental study of skin friction supersonic flow over flat 
plates by interferometric tieans yielded results whieh seattered 
considerall ind were from 7 to 40 per cent larger than the 
theoreticn! values. Similarly ino another study, shin-fnetion co 
efficients based on impaet-pressure surveys of the boundary layer 
In supersomie flow were from 37 to Gb per eent larger than the 
theoretical values and stattered appreciably In contrast the 
tube-recovery taetors for a laminar boundary layer agreed within 
2 per cent with experimental values based on flat plates and on 
Cones, 

Mr. Gazley raises the question of why the authors chose to 
study supersonic boundary layers in a tube rather than on a 


flat pl iteorona body of revolution Theeo tof 
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with supersonic flow in a tube is very much less than the cost of 
In addition, 
the entrance portion for supersonic flow in a tube should give 


experiments on a flat plate of similar dimensions, 


essentially the same result as the upstream portion of supersonic 
flow over a flat plate. This hypothesis has been verified recently. 
The supersonic flow over a flat plate is disturbed by the type of 
leading edge as well as by the radius of curvature of the leading 
edge. Comparable effects are absent in a well-designed tube 
experiment. 

experiments made with a flat plate of finite width have edge 
effects which contaminate the flow. These effects can be pushed 
further downstream at the longitudinal center line of the plate 
by increasing the width, which means a larger and more expensive 
wind tunnel, Similar limitations exist in supersonic flow in a 
tube because the boundary layer encroaches on the core of the 
fluid and affects its pressure. These effects can be pushed further 
downstream by enlarging the tube diameter with a relatively 
small inerease in cost. Thus the experiments with a tube yield 
precise results at low cost on recovery factors, friction coeffi- 
cients, and heat-transfer coeflicients which are applicable to tube 
flow or plate flow for low-length Reynolds numbers up to and 
through transition to turbulent flow. It is recognized that the 
data obtained for the downstream portion of the tube require 
considerable interpretation. 

It is not a foregone conclusion that heat transfer for supersonic 
flow in tubes or ducts is of no engineering consequence. The 
design of supersonic wind tunnels for high stagnation tempera- 
tures is one example of a problem where data obtained in experi- 
ments of the sort under discussion would prove to be important. 


On the Stresses in a Rotating Disk 
of Variable Thickness' 


ManKin.? 
to design problems the general solutions of the strength problem 


From the point of view of practical application 


of rotating disks represent the basis for selection of special solu- 
tions, characterized by a minimum number of constant param- 
eters, favorable stress distribution, and simplicity of the eom- 
putations involved. Two convenient special solutions of the 
latter kind have been developed by the writer without use of 
general solutions? The author's contention that the writer's 
solutions are expressed in infinite series is not quite correct; the 
second solution appears in closed form for profile as well as for the 
two stress components. General solutions are the subject of a 
considerable number of publications not mentioned by the author 
and apparently not known to him.* profile curve [8], 
affected by two parametric constants (generalized exponential 
profile) and leading to a solution by confluent hypergeometric 


' By Ti-Chiang Lee, published in the September, 1952, issue of 
the JourNaL ow Mrcnantes, Trans. ASME, vol. 74, pp. 
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Scheiben,”” by Malkin, 
Julius Springer, Berlin, 1985; see also the author's reference (5), 

‘Beitrag zur genauen Berechnung der Dampfturbinensehei- 
benrider mit verfinderlicher Dicke,"” by A, Fischer, Zeitschrift des 
Oecsterreichischen Ingenicur und Architekten-Vereines, vol. 74, 1022, pp. 
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“Neue Lésungen Problems 
R. Grammel, Ingenteur-Archiv, vol. 7, 1936, pp. 187-139, 

“Uber einige Lésungen des Problems der rotierenden Scheibe,”” by 
KR. Olsson, Ingenieur Archiv, vol. 8, 1937, pp. 270 275 and 3873 

“Losungen des Problems der rotierenden Scheibe zu vorgegebenen 
A. Held, Ingenieur Archiv, vol. 10, 1939, 
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series, already has been treated extensively in the two papers of 
R. G. Olsson.* The second of his two publications also contains 
numerical tables. Therefore it might be advisable for the author 
to compare his tables with those of Olsson and to see whether and 
in how far his own paper offers new material, which might be a 
valuable addition to Professor Olsson’s work. 


AutTuor’s CLOSURE 


The author acknowledges with appreciation the discussion of 
Dr. Malkin, particularly the comment on the general solutions 
from the practical point of view. The present work was, in fact, 
carried out in an attempt for improving the design of the turbine 
disk of a certain engine; the disk was formerly designed in a 
uniformly tapered form, 

The author wishes to thank Dr. Malkin for his mentioning some 
additional German publications dealing with the same subject, 
but unfortunately such publications are not available here. He 
will gladly make such comparison as suggested by Dr. Malkin 
when they become accessible. 

Besides, the author wishes to correct a loose statement in the 
The sentence referring to Dr. Malkin’s 
previous solutions should be read as follows: “In 1934, Malkin 
developed two analytic solutions for disks of two particular 
exponential profiles, one expressed in infinite series and the other 


” 


introduction of his paper. 


in closed form by a clever choice of Poisson’s ratio, 


An Airy Integral Analysis of 
Beam Columns With Distributed 
Axial Loading Having a 
Fixed Line of Action’ 


R. K. Korcier.?. The application to beam columns of the 
recently developed methods of solving the equation 1” yr = 
f(r), using Airy integral functions is very interesting and very 
well done and the authors are to be congratulated. It represents 
a Worth-while advance toward the development of closed solutions 
for some of the more complicated column cases Which are so often 
met in practice. 

The authors point out that the case solved is that in which the 
distributed axial loads are along the undeflected beam axis. 
They also mention that for beam curvature all of one sign, this 
solution is conservative for the cases (1) where these loads move 
with the beam but remain parallel to their initial direction, and 
(2) where the distributed axial loads act tangentially to the 
deflected beam axis. Since these latter two types of conditions 
are more frequently met in practice, it is hoped that the investiga- 
tion will progress further to cover either a closed solution for these 
latter cases, or an investigation by tests or theory of the degree of 
conservatism incurred by analyzing typical cases by the method 
given in this paper. With this information at hand, designers 
may Well find the method and other data given in this paper very 


useful in many eases, 


CLOSURE 


The authors appreciate Mr. Woegler’s kind remarks and agree 
that the two eases not treated are of more practical interest, 
especially in wreraft design. The analysis presented provides 
an upper bound for these other cases. A lower bound can be 


obtained readily by considering that the axial loading acts at 


G. Christiano, published in’ the 
Mercuantes 


'By C. M. Tyler, Jr., and J. 
September, 1952, issue of the JourNaL or APPLIED 
Trans. ASME, vol. 74, pp. 275-283. 

? Cornell Aeronautical Laboratory, Ine., 


Buffalo, N.Y. 


the caleulated deflection curve and then finding the reduction 
in bending moment by simple statics. This lower bound will 
provide an estimate of the degree of conservatism involved. 

W. T. Rouleau, graduate student in mechanical engineering, 
Carnegie Institute of Technology, and the senior author have 
developed a closed-form solution for case 1, where the axial 
loads move with the beam but remain parallel to their initial 
direction. To date, publication sponsorship has not been ob- 
tained for this work including a tabulation of integrals of Airy 
integrals necessary for numerical calculations, 


Large Plastic Deformations of 
Beams Under Transverse Impact 
T. HOE. Pran.?) The writer has recently made an extension 
to this problem. The authors’ method is adopted to determine 


the plastic strains in a simply supported uniform beam subjected 
to a concentrated impulsive load at the center of the beam, 
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Based on “plastic-rigid’ theory, it is shown again that under 
moderate loads a plastic hinge is formed at the mid-span of the 
beam, While at very high loads, two additional plastic hinges 
are formed, one on each side of the mid-span. The hinge point 
op either side has been shown to travel along the beam as the 
loud varies. The caleulation of this phase of the motion involves 
the solution of a nonlinear differential equation. The writer has 
shown that when the impulsive load has a square shape, this 
equation can be solved in closed form, and the time histories of 


By Lee and P. Symonds, published in the September, 
1952, issue of the op Trans. ASME, 
vol. 74, pp. 30S 314. 

? Assistant Professor of Aeronautical Engineering, Massachusetts 
Institute of Technology, Cambrndge, Mass 

“A Note on Large Plastic Deformations of Beams Under Trans- 
verse Impact’ MULT. Aero-lastie and Struetures Research Lab. 
Report for ONKR (Contract: N5ori-O7833) May, 1952 Paper pre- 
sented at the Faghth International Congress of Theoretical and 
Applied Mechanics, Istanbul, Turkey, Aug. 20-28, 1952 


DISCUSSION 
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the acceleration, the velocity, and the displacement of the beam 
ean be evaluated easily 

hig. 1 of this discussion shows the variation of the final per- 
manent deformation at the center of the beam as a funetion of the 
magnitude of the impact force. Fig. 2, herewith, shows the 
variation of the mid-span displacement with respect to time 
In these figures, the following nomenclature is used: 


Vy = fully plastic moment 

T = duration of impact 

d = length of beam 

m mass of beam per unit length 
permanent mid-span deformation 
P,, = amplitude of impact 
= 

T (/T 


The employment of plastie hinges to facil 
tate the determination of collapse loads of structures has gener 
ally neglected changes in the shape of the structures and of 
inertial effeets which would be present under dynamic conditions 
The present paper applies the plastic-hinge concept to a problem 
where the effects of changes in shape are not as important as in 
more complicated multipleconnected structures and where the 
dynamic ispects are the longer neglected but are principal cone 
siderations of the problem. The present approach provides a 
powerful and relatively simple method for determining the plastic 
deformations of a beam when subjected to a transversely applied 
force 

However, a solution giving the plastic deformation under trans- 
verse impacts of simple bars and plates having finite boundary 
conditions cannot be obtamed practs ally without rather drastic 
assumptions. The degree to which the assumptions affect the 
accuracy of the results can best be determined expert ntally 
In the present case experumentalists normally would design tests 


first using materials that most closely fulfilled the assumed physi 


* Mechanical Division, Naval Laboratory, Washington, 
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Plastic Flow in a V-Notched Bar 
Pulled in Tension’ 


cal properties and second, employing others that had more 
practical interest. They would attempt to apply a suitable force 
to the beam so that they could plot experimental points corre- 
sponding to the theoretical curves shown by the authors’ Figs. 
and 9. 
sponse of the beam to a given force, as one goes from one “phase” 


However, because of the change of acceleration re- 


of motion to another, they would find great experimental diffi- 
culties in applying many mathematically simple types of force 
functions, in particular, the triangular-shaped one used in the 
authors’ present illustration. Uf it ean be done with reasonable 
effort it is suggested that the authors indicate how these tech- 
niques are applied when the method of exeitation, instead of being 
a triangularly shaped foree function, is one of the following: 


(a) A sudden attainment of a constant velocity in the manner 
as assumed by Duwez, et al ® 

A square wave-force function, whieh could be obtained by 
a greatly extended spring acting between closely spaced stops 


It would of course be appreciated if the authors would sugyest 
other methods of excitation that would be suitable from both a 
theoretical and experimental viewpoint 


Autruons’ CLosuRE 


The authors thank Messrs. Pian and Vigness for their per- 
tinent comments. They are interested in the finite-beam appli- 
cation with pin-jointed ends 

The simplification introduced by the assumption of a ree- 
tangular force pulse had been observed already by the authors, 
but since the application in which we were particularly interested 
involves a pulse which is approximately triangular in form, the 
influence of the different form must be investigated before the 
simpler analysis can be utilized in this connection, Such a study 
has been carned out,® and it is found that if a triangular force 
pulse is replacec by a reetangular one, having the same total 
and force, the final deformation will be over- 
estimated by about 20 te 30 per cent. simple empiriesl 
formula is suggested® by which the plastie deformation can be 
estimated from a knowledge of the impulse and the peak-force 
value It would be valuable to have this result subjeetod to 
tests to define its limits of practical usefulness 

Dr. Vigness’ suggestion (4) is diseussed fully in the reference 
eited.® 
applied constant velocity involves some difficulty of interpretan 


Suggestion (a) of using an impact comprising a suddenly 


tion, since the Impact commences with an impulsive foree which 
leads to a singularity in the solution: initially, three hinges are 
produced locally at the point of impact. One remains there, the 
other two move out and eventually disappear "This situation 
for an infinitely long beam: has been discussed by Conroy? In 
view of the ease of realizing this type of impact experimentally, 
this solution perhaps should be evaluated, but some difficulty is 
tobe expected adjacent to the point of impact owing to the effect 
Thus 
it seoms that the most convenient ease for experimental cheek is 


Such 


of the impulsive force and the high loeal strains produced 
the rectangular foree pulse a cheek would provide a 
Valuable adjunet to the theoretical analysis, as a means of assess- 
ing the idealizations involved 
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MecHantes, 


Long Beams Under Impact 
S. Wood, Journar on 
1050, 44 

Load Characteristies 


of 
Duwez, DOS. Clark, D 
ASME, vol. 72, 

Tnfluence of 
of Beats Under Concentrated dynatiie Loading,” 
Report No. Gof Brown University to Office of Naval Research under 
Contract N7onr-35S8 10 (to be published 

Plastie-Rigid Analysis of Long Beams Under Transverse Impact 
Loading.” by M. 1 or Appriep Mercuantes, 
Trans. ASME, vol. 74, W5ATO 
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G. Sacus? anp D. Horrman.* The author has presented a 
very interesting analysis of the spreading of the plastic region in « 
notched tensile test bar under conditions of plane strain, This 
method of analysis has been initiated by Prandtl (1)4 and applied 
Hill's (2) 


on notched bars deals essentially with the same problem and ar- 


to the indentation of a narrow punch, and Lee's work 
rives at the same final answer for full plasticity, namely, that the 
stress should then be (1 + 2/2 2.57 times that required ton 
homogeneous plastic flow, 

Unfortunately, however, the author does not present any ex- 
perimentation which supports his analysis. It is also rather re- 
grettable that he has p iid no attention to the limitations of the 
theory and its relation to available experimental evidence. —Ap- 
parently he is not aware of the fact that the results of Prandtl’s 
analysis were shown to disagree with the results of experimenta- 
While some tests by Nadai (3 
Liider’s lines in agreement with Prandtl, Sachs (4 


tion. on steel appeared to vield 
has shown 
that the plastic region, revealed by recerystallization, as well as 
the actual resistance to indentation are obtained more readily and 
accurately on the basis of the arbitrary assumption that the onset 
of plasticity does not change materially the stress distribution in 
the elastic state. As a result of this work, one of Prandtl’s and 
Nadai's associates, Mesmer (5) reinvestigated this problem com- 
pletely and arrived essentially at the same results as Sachs. 

We are greatly indebted to Hill and Lee for their excellent 
work on the mathematical theory of plasticity which may be 
considered as the outstanding development in this field during re 
cent vears. However, in his excellent book summarizing all the 
work on plasticity, Hill (6) is well aware of the limitations of 
rigorous analysis and, in a rather unusual fashion for a matheme 
tician, he gives full eredit to the results of somewhat arbitrary or 
“elementary”? approaches to the problem (7). Tle expresses his 
opinion on this book as follows “There is littl: point in making 
extensive calculations of the small error in the elementary theory 
unless it ts done with reasonable securacy.”’ 

In this connection attention also may be called toa recent Thar 
vard University dissertation by G. Hoffman (S) on the extrusion of 
Wax mixtures. In this paper it is shown that under conditions 
Where the extruded mixture is rather brittle the plustie region de- 
velops much inagreement with the concepts of Prandtl, Hencky, 


Hill, and Lee 


tie region is vers extended and nme limits between pl istic and elus- 


However, if the mixture is truly plastic, the plas- 


tie regions are apparent, This observation also explains the faet 
that Lider’s lines develop in accordance with the mathematicat 
analysis. Their development is generally considered to be more 
closely related to fracturing than to plasticity 

On the basis of his experimental work on notched tensile test 
bars, Sachs (9) already has called attention to the fact that the 
strength of a deeply and sharply notched bar is usually determined 
by plastic flow and not by fracturing An experimental analysis 
ol pulled notehed tensile test bars also has shown that their hard- 
hess pattern corresponds to the elastic stress distr ution (10) 
Unfortunately, no experimental data are available tor the eondi- 
tion of plane strain, todate. It may be predicted, however, that 

. By I. HL. Lee published in the September, 1952, issue of the Jour 
nator Mecnantes, Trans. ASME, vol. 74. pp 331-3356 

fesearch Professor and Direetor Metallurgical Research, Svracuse 

University, Syracuse, N.Y. Mem. ASMI 

* Professor of Civil Engineering, Case 
Cleveland, Ohne. 

* Numbers in parentheses refer to the Bibliography at the end of 


Institute of Technology, 
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the ratio of the limiting strength under such conditions to the 
regular tensile strength will be close to 2, in agreement with the 


results of indentation tests, rather than the figure 2 . postulated 


by ind Pill’s analvsis 
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AvrHor’s CLosuRE 


The author greatly appreciates the detailed discussion of the 
paper and agrees that the onset of plasticity is associated with 
the elastic solution, and that plastie effeets are observable which 
are in the main associated with that solution. Such influences 
are concerned with plastie strains which are of the order of elastic 
strains, and such is not the concern of the paper under discussion 

Prandtl’s solution® is what has been termed an initial motion 
solution; it assumes strains sufficiently small to permit use of the 
underformed boundaries to preseribe the stress and strain analy- 
SIs problems, and vet sufficiently large to neglect elastic strains 
in comparison with plastie straims. In many problems these 
opposing inequalities can be satisfied beeause elastic strains for 
most metals are of the order 1073, and strains much larger than 
this, sav, 100% produce no appreciable change in boundary geome- 


€ Reference (1) of the Bibliogr ipliy at the end of the discussion 


trv. The problem under discussion does hot suffer from these 
restrictions, since it offers a stress and velocity field at each stage 
during the deformation, and takes xaccount of the resulting bound 
ivy motion, so that at each stage the stress and velocity fields 
ire based on the instantaneous deformed shape of the boundaries 
hus we have a large strain solution, and the conditions tor ap 
plication are that the strains sheuld be large compared with 
elastic strains, which is certainly true, and that the material 
should approximate to the assumed ideally plastie behavior 

The present type of solution thus offers a much better oppor 
tunity for comparison with experiment than does the initial 
problem Where the development of plastic flow be 
linuted to that which does not produce appreciable deformation ot 
the Some experimental checks of large strain 
solutions have appeared in the literature,’ and good over-all 
wreement with the theory was exhibited 

Phus in considering comparison with experiment we are con- 
cerned with the regions of large plastic flow and the strain dis 
tribution in them. The regions of observable plastic flow, in 
general, will extend far bevond these. This is well illustrated in 
the work of Mesmer’ Presumably the reerystallization work of 
Sachs? pertains nlso to these regions The experiment il work 
by G. using wax, showed an appreciable stramn-rate 
influence which would be expected to smooth out the strain 
discontinuities of the ideal theory, at which point the computed 
strain rate would approach infinity. This was, in fact, found to 
vecur With the “plastic” wax, but the general form of the straim 
distribution computed on the basis of ideal plasticity Was re- 
produced experimentally. 

In connection with the notch-constraint factor which the dis 


cussers state can be expected to be close to 2, rather than the 


figure 2.57 given by the plane-strain theory, it is interesting to 
note that the experimental figure given by Orowan, Nye, and 
Cairns!! is about 2.6 for annealed mild steel 

The author apologizes to Professor Sachs, and his collaborators, 
J.D. Lubahn and L. J. Bbert, for overlooking their statement! 
that plastie-flow characteristics determine the strength of sharply 
notehed bars, when he referred to the similar suggestion by 
rowan 
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Book Reviews 


Dynamics of Systems 
Mecuanik, Vol. 3. Dynamik der Systeme. By Hans Ziegler. Verlag 


Birkhauser, Basel, Switzerland, 1952. Cloth, in., 306 
pp., 191 diagrams, 46.80 sw. fr 


Revirwep py J. N. Gooner! 


ps is the last of three volumes for engineering students form- 
ing «a unified presentation of the principles of engineering 
mechanics, The fundamental equations, theorems, and prin- 
ciples of solid and fluid mechanics, including strength of materials 
and hydrostatics, are the author’s principal concern throughout. 
They are systematically illuminated by specific systems and their 
problems, but, in accordance with the author's plan of providing a 
co-ordinated introduction to the numerous specialized works, 
these represent limited selections from the extensive resources 
available 
This volume is in three parts 
of rigid bodies is in terms of the Lagrange equations (‘die 
heute auch der Ingenieur beherrschen musz’’) illustrated by a few 
problems drawn from elementary dynamics. Ino the second 
part, they are applied to vibrations. Here the treatment of n 
degrees of freedom covers the eigenvalues, their reality, the ortho- 
gonality of the normal modes, Rayleigh’s principle, and, what is 
not so usual, Courant’s maximum-minimum principle, Stability 
of motion, with the Routh-Hurwitz criteria, appears in a vehicle 
trailer problem.  Seetions on longitudinal, torsional, and flexural 
motions in bars follow in orthodox fashion, and briefly touch 


The first. dynamies of systems 


on Fourier series and Sturm-Liouville systems. It is in the plan 
of the book to introduce each subject in all its generality rather 
than in its barest simplicity, as in the flexural motions, where the 
bar is at first not uniform, and rotatory inertia is included 
However, shear deformation, usually a correction of at least 
equal importance, is not included. 

The third part of the volume is on continua, beginning with an 
extended general analysis of stress and small strain, although 
the equations of compatibility are merely mentioned, Tt is 
in the main in veetor terminology.  Hooke’s law enters in the 
general anisotropic form. The simple stress distributions of 
strength of materials are examined, and the Saint-Venant 
torsion theory developed and applied to the thin’ rectangle 
The treatment of plane stress is concerned with the variations in 
the thickness of the plate. The wave equations and velocities 
of the elastie solid, the equations of the taut elastie diaphragm 
(in-plane motion included at. first), with the vibrating rectangular 
membrane, close the account of elastic solids. It is followed 
by a brief section on plastic-flow criteria 

Some 80 pages are devoted to fluid dynamics the general 
equations of the frietionless fluid and the Bernoulli and Kelvin 
theorems preceding the sample problem of steady incompressible 
flow round a sphere. The Joukowsky airfoil theory is given in 
detail, followed by the Prandtl finite airfoil sheory with evalua- 
tion for the elliptic distribution of circulation, The last part 
on the viscous fluid derives the Navier-Stokes ecauations, gives 
Poiseuille flow as a simple solution, and obtains the differential 
equations of the boundary layer. ‘There is an appendix on 
tensors (Cartesian), co-ordinating the aspeets which have made 
their appearance at various stages throughout the text. 


Professor of Engineering Meechames, Stanford University, 
Stanford, Calif. Mem. ASME. 
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Nonlinear Vibrations 
NONLINEAR VIBRATIONS IN MeCHANICAL \ND ELECTRICAL SYSTEMS. 
By J. J. Stoker. Interscience Publishers, Inc., New York, N. Y.. 
1950. Cloth, 6 * Yin., figs., appendixes, bibliography, index, xix 
and 273 pp., $6. 


Revirwep py J. PL Dex Harrod? 


TTTHIS book is one of a “series of texts and monographs of Pure 

and Applied Mathematies’ edited by Bohr, Courant, and 
Stoker of New York University. Although the author is a 
mathematician, the book is readable for engineers as well and it 
takes a worthy place among the few books now existing on the 
subject. In difficulty it is about on a par with the book of An- 
dronof and Chaikin and it is easier than Minorsky. The book 
starts with an introduction on linear systems and then systemati- 
eally treats the various nonlinear problems, introducing the 
“phase plane” (the displacement versus velocity graph) quite 
early. [It gives a particularly good and readable account of Duff- 
ing’s method for forced vibrations of systems with nonlinear 
springs. Also remarkable is the last chapter in which the solu- 
tion to the linear problem of systems with variable coefficients is 
apphed to nonlinear systems. The book ends with six short 
appendixes on mathematical questions, giving existence and uni- 
queness proofs that are of great importance to the mathematicians 
and that are usually accepted by engineers by physical intuition. 

In general, the book is warmly recommended to all who want 
to study the subject of nonlinear vibrations 


Heat and Thermodynamics 


Hear anp THermMopvynamics. By Mark W. Zemansky MeGraw- 
Hill Book Co., Ine., New York, new third edition, 1951. Cloth, 
xiv and 465 pp., illus., $6 


Revirwep py Joseru Kaye! 


ue third edition of this popular textbook in thermodynamics 

is recommended to engineers as one of the best books availa- 
ble either for use in elassroom instruction or for a refresher 
course of self-instruction in thermodynamics. The material is 
covered in a logical fashion with a clear stvle and with interest 
maintained by constant introduction of appropriate historical 
material, 

The first half of the book, consisting of eleven chapters, covers 
the concepts of temperature, equilibrium state, work, heat; the 
zeroth, first and second laws; reversibility, ideal gas, pure sub- 
stance; and contains a single chapter on the rate of transfer of 
heat by conduction, convection, and radiation. The material in 
these eleven chapters could be considered as the foundation for an 
introductory course in thermodynamics for engineering students. 
The macroscopie approach to thermodynamics is used through- 
out, and a few of the pitfalls based on the microseopie approach 
are discussed. Many problems for classroom use, as well as il- 
lustrative problems, are included. 

Applications of thermodynamics are discussed in the remaining 
half of the book. One chapter is devoted to the steam engine 
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and the refrigerator; the introduction of the steady-flow energy 
equation appears to have been added at the end of this chapter as 
an afterthought. The Maxwell equations are discussed in chap- 
ter 13. Special topics are discussed next; these include the por- 
ous-plug experiment, black-body radiation, stretched wire, surface 
film, reversible cell, dielectric, piezoelectric effect, thermoelectric 
phenomena, and paramagnetic solid. Chapter 15 presents the 
thermodynamics of phase changes for first-order and second-order 
transitions. Chapter 16 is a fairly complete summary of modern 
developments in the physies of low-temperatures and contains 
also a good discussion of the third law. Chemical thermodynam- 
ics, ideal-gas reactions, and heterogeneous svstems are discussed 
in the last three chapters of the book from the viewpoint of the 
basic contributions of Gibbs. 

The treatment of the applications of thermodynamies, given in 
the second half of the book, is suitable for physicists and chemists 
but not for undergraduate engineering students, Experience in 
teaching has demonstrated that engineering students require 
many and varied applications in order that the fundamental con- 
cepts and uses of the first and second laws be mastered in the 
period of time available for undergraduate instruction, 

On page 76 the author states incorrectly that there is no ap- 
preciable change in any thermodynamic co-ordinate of a heat res- 
ervoir when « finite amount of heat flows in or out; that he really 
means “per unit mass of the heat reservoir’’ is seen from the dis- 
cussion on page 178 wherein he ealeulates the finite change of en- 
tropy of the heat reservoir for a finite heat flow in or out, 
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INSTRUMENT ENGIneeRING. Volume 1 Methods for Deseribing 
the Situation of Instrument Engineering. By ©. 8. Draper, W. 
MeKay, 8. Lees. MeGraw-Hill) Publications in’ Aeronautical 
Science, MeGraw-Hill Book Company, Ince., New York, N. Y., 
1952. Cloth, in., xvi and 269 pp., illus., $6. 


Reviewep BY Exnico Vourerra* 


TT'HIS work, whieh will consist of three volumes (of which 

volumes 2 and 3 are expected to be ready in the near future), 
has been planned with the object of furnishing a texthook of easy 
reference for everyone, and for the professional engineers in 
particular, interested in problems of measurement and control 
of instrument engineering. Fulfilling such an ambitious scheme 
must certainly not have been an easy task due to the vastness 
of the material to be deseribed and, particularly, to the aim of 
exposing in an easy and clear way (without losing the scientific 
rigor) concepts which often are rather difficult. 

One of the principal merits of the first volume of this work, 
which has just been published, consists in the presentation of 
principles and methods in such a selected and organized form 
that it is easily accessible to evervone familiar with college 
physics and differential equations. It deals with the description 
of physieal devices and variations in physical quantities by 
graphical and analytieal methods. The exposition proceeds 
clearly and rapidly without being arid and without the authors’ 
losing contact with possible practical applications of the theories 
developed. 

One can be sure that this work will be particularly welcome 
to students of both graduate aad undergraduate levels, as well 
as to practicing engineers who will be glad to finally see com- 
pleted a treatise which will fill a gap which existed in the teeh- 
nical literature 
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Flames and Furnaces 
Pur or Frames anp Furnaces. By Thring. John 


Wiley & Sons, Ine., New York, N. Y., 1952. Cloth, 5' & 
in., xiv and 416 pp., illus., $6.50 


Revirewrep by Warren M. 


TEUE intent of the author is to bridge the gap between indus 

trial furnace design and such fundamental serences as phy Ses, 
chemistry, and physical chemistry; to emphasize the aspect of 
“diagnosis of ailments of existing furnaces; and to present the 
problems of furnace heating in such a way as to be of interest 
to academic scientists as well as to engineers in charge of design 
and operation of furnaces. Only flame-heated furnaces are 
considered and problems associated with the material being 
heated are considered only in so far as they set furnace-design 
limitations. The 410 pages of this book contain an excellent and 
interesting survey of the problems and the current literature 
associated with furnace design. 

Chapter 1 contains a survey of various types of furnaces in 
different industries. 

Chapter 2 discusses the application of thermodynamics laws 
to furnace heating. The Centigrade Heat Unit (CTIU), the 
amount of heat required to raise Ltb of water through LC, is 
used in discussing heat balances and the construction of Sankey 
diagrams for various types of furnaces, In discussing the second 
law of thermodynamics the author prefers to introduce a quan- 
tity which he calls the eirtue of energy V, detined as the amount 
of an energy quantity Q which eould be converted to work in an 
ideally perfect system. For a quantity of heat Q, transferred 
from a system at temperature 7, the virtue Vi= Q 
which is the work obtainable from a Carnot cycle operating 
between 7, and the temperature of the atmosphere lo. \ 
virtue diagram of (1°77) versus Q is constructed; then the 
area under the curve representing 4a particular combustion itis 
is the change in virtue of energy 

This entire concept of virtue of energy is a limited form of the 
more generally applieable concept of availability. The virtue 
of energy concept has only limited usefulness. Por most fur- 
ne processes its application Is valid 

Chapter 3 discusses the combustion processes. After a dis 
cussion of combustion chemistry and equilibria there follows an 
excellent survey of the modern coneepts of combustion taking 
up the subjects ol speeds of reaction in gas mixtures, diffusion 
flames, solid fuels (both pulverized and inp beds) and liquid 
fuels. The various factors influencing these phenomena are 
diseussed and where possible quantitative methods of evaluation 
ive introduced. There is also a brief discussion on combustion 
control 

Chapter 4 discusses the heat-transfer processes ino furnaces 
Following a discussion of Leni methods the 
empirical heat-transfer relations for conduction, convection, and 
radiation are presented in forms useful for furnace ealeulations 
These heat-transfer “laws are then apphed to heat-transfer 
process inthe furnace. Here a discussion of radiation from flames 
is introduced. Both steady state and unsteady state heat-trans- 
fer processes are lise d 

Chapter 5 the fuid mechanics of the air and gas flow processes 
assectited with furnaces Susie principles are discussed includ- 
ing the introduction of an eleetrical analogy of the flaw ceireuit 
Producers of flow such as fans, ejectors, and the mechanism of 
natural convection or bouvaney are deseribed. After a survey 
of various flow resistances, the methods of measurmg gas flow 


are presented. There is also an excellent survey of recent litera 
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ture on gas flow patterns and experimental methods of studying 
them 

Chapter 6 deseribes furnace construction — refractory in- 
sulating materials and walls and crown construction, 

The final chapter, The Application of Seientifie Methods to 
Furnaces, deals with the consequences of the faet that furnaces 
are usually not exaetly specified, isolated systems and with 
methods for obtaining benefit: from seientific results in spite of 
it. These methods differ depending on the four objectives 
which are discussed separately: (1) diagnosis of a single furnace, 
(2) statistical study of furnace types, (3) design of a modifica- 
tion of an existing type furnace, and (4) invention of new fur- 
nace. 

Most of the material treated in the book is discussed briefly 
To make the material useful, the reader will probably find it 
necessary to study the references. Por example, only one page 
burning pulverized coal. The 
This makes the 


The person desiring more decailed informa- 


is devoted to the process al 
author's intention, however, was to be brief, 
book easily read. 
tion is lead to pertinent reference material. 

This beok is interesting to read and contains an excellent 


survey of the up-to-date literature treating the processes 
elated with furnaces heated by flames 


Pechnical Reports 
Warring tHe Teennieat Rerorr. By J. Raleigh Nelson. MeGraw- 


Hall Book Company, Ine, New York, N. Y., third edition, 1052. 
Cloth, 6 xviand 356 pp., $4.50, 


Revirwrep py Joun M. Lessenis® 


Cr association with senior and graduate engineering 
students clearly shows that the ability of the students to 
express their thoughts in written form, clearly and distinetly, 
is greathy lacking in miany eases.  Beeause of this the publication 
of this new edition of this text appears to be timely in stimulating 
interest in professional writing. 
The book consists of five parts devoted to the design and com- 


position of a report with specific directions as to short and long 
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reports. A further section outlines a procedure for the critical 
examination of a report which is followed by a summary of the 
fundamentals for ready reference. 

One of the lniportant duties of an engineer must be to state 
clearly and suecinetly the nature and evaluation of the salient 
features of a particular problem. Possibly more student time 
could be profitably devoted to this particular phase of engineer- 
ing education. In this respect, the publication should prove 


helpful. 


Supersonic Flow and Shock Waves 


anp Waves. By R. Courant and kK. O 
Interscience Publishers, Ine., New York, N. Y., 104s. 
9 in., tables, bibliography symbols and subject indexes 


SUPERSONIE 
Priedrichs 
Cloth 6 » 
xvi and 464 pp., illus., $7.50. 


Revirwep py Ascuer H 


when a book reaches the hands of the editor 


Norm ALLY 
“ * four years after publieation it would be deemed superfluous to 


review it. But when. as in this ease, the book seems destined to 
become a classic, it is altogether desirable that a brief review 
grace the pages of this Journal. 

The major contribution of this book is in its unified treatment 
of nonlinear wave phenomena, covering such varied topics as 
(1) two-dimensional, steady, supersonic flow, (2) one-dimensional 
unstendy motion, (3) wave propagation in elastic-plastic ma 
terial, and (1) spherical waves — Besides these subjects there sare 
valuable discussions of the mathematical theory of hyperbolic 
equations, shock waves, detonation, and deflagration waves, and 
the interaction of various types of waves. 

The authors are mathematicians, and so it is natural that the 
strongest aspect of the presentation is that of mathematiesl rigor 
and generality. For the same reasons, however, the audience 
for the book is restricted to those with considerable mathematical 
facility. Nevertheless, this work is bound to have an influence 
on mathematicians, physicists, and engineers alike, for it is a rich 
source Which writers in the field of compressible fluid dynamics 
will draw on for many vears to cou 
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Its Preparation, 
Submission and 


THE AMERIC 


AN ASME PAPER 


and Presentation 


Publication, 


To a large degree the papers prepared and presented under the 
ASME sponsorship are evidence by which its professional standing 
and leadership are judged. It follows, therefore, that to qualify 
for ASME sponsorship, a paper must not only present suitable 
subject matter, but it must be well written and conform to recog- 


nized standards of good English and literary style. 


The pamphlet on “‘AN ASME PAPER”’ is designed to aid authors 
in meeting these requirements and to acquaint them with rules 
of the Society relating to the preparation and submission of 
manuscripts and accompanying illustrations. It also includes 
suggestions for the presentation of papers before Society meetings. 


CONTENTS 


PREPARATION OF A PAPER— 


General Information—Style, Preferred Spelling, Length Limitation, 
Approvals and Clearances. 


Contents of the Paper—Title, Author’s Name, Abstract, Body of Paper, 
Appendixes, Acknowledgments, Bibliographies, Tables, Captions, Photo- 
graphs, Other Illustrations. 


Writing the Paper—Outiine Tabulations, Tables, Graphs, Charts for 
Computation, Drawings, Mathematics, Accuracy, Headings and Number- 
ing, Lantern Slides, Motion Pictures, Typing, Number of Copies. 


SUBMISSION AND PUBLICATION OF A PAPER— 


Intention to Submit Paper Required in Advance, Meeting Dates, Due 
Dates for Manuscript, Discussers, Review and Acceptance, Proofs, Ad- 
vance Copies and Reprints, Discussion and Closure, Publication by 
Others. 


PRESENTATION OF A PAPER— 
Time Limit, Addressing Your Audience, Public Address Systems, Use of 


REFERENCES— 
References on Writing and Speaking, Engineering Standards. 


Price 40¢. No discount allowed. A remittance must accompany 
all orders for $5.00 or less. U.S. Postage Stamps are acceptable. 
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